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Preface 


t  like  so  many  of  my  fellow  workers  in  underwater  acoustics,  I  entered  the  field  with  a 

backgrouitd  in  physics  and  engineering  but  without  any  formal  education  in  this  specific  subject. 
Following  the  theory  that  a  good  way  to  learn  about  any  subject  is  to  teach  it,  1  have  participated 
as  much  as  possible  in  formal  courses  and  professional  meetings.  Over  the  past  sixteen  years  I  have 
organized  and  taught  graduate-level  courses  on  underwater  acoustics  at  M.I.T.,  Catholic  University, 
I  American  University  and  the  University  of  California  at  San  Diego  in  addition  to  industry- 

sponsored  commercial  courses. 

While  there  now  are  a  number  of  books  covering  various  aspects  of  underwater  sound,  none 
covers  the  area  of  underwater  noise  in  depth.  Aware  of  this,  and  knowing  that  this  aspect  of 
underwater  sound  has  been  my  particular  interest,  Marvin  Lasky,  then  Head  of  the  Acoustics 
I  Branch  of  the  Office  of  Naval  Research  (O.N.R.),  proposed  that  I  write  a  book  on  this  subject  to 

be  used  as  a  self-education  text  and  as  a  reference  for  workers  in  the  field. 

This  is  the  book.  It  represents  the  culmination  of  thirty  years  of  research  and  teaching  and  has 
been  written  over  a  period  of  three  years  with  contractual  support  from  O.N.R. 

My  approach  has  been  to  stress  physical  explanations  of  the  basic  mechanisms  by  which  noise 
I  is  generated,  transmitted  by  structures  and  radiated  into  the  sea.  Despite  the  complexity  of  many 

of  these  phenomena,  most  can  be  explained  in  straightforward  ways  which  emphasize  dominant 
mechanisms  and  which  have  considerable  practical  application. 

Qiapter  organization  is  by  basic  source  mechanisms.  Descriptions  of  practical  manifestations 
follow  discussions  of  the  pertinent  fundamental  phenomena.  Thus,  the  topic  of  wind-generated 
^  ocean  ambient  noise  is  treated  in  Chapter  4  following  a  discussion  of  splash  noise,  which  in  turn 

has  been  related  to  noise  produced  by  oscillating  gas  bubbles.  Similarly,  ship-generated  ambient 
noise  is  found  in  Chapter  8  on  propeller  cavitation  noise  which  is  its  main  source.  The  engineering 
topics  of  vibration  isolation  and  structural  damping  are  covered  in  Chapter  5  on  structural  vibra¬ 
tions.  Flow  noise,  which  often  involves  the  excitation  of  plates  by  turbulence  and  their  subsequent 
radiation,  is  treated  in  Chapter  6  on  radiation  by  plate  flexural  vibrations.  I  have  attempted  to 
cover  the  field  completely,  and  have  at  the  same  time  placed  particular  emphasis  on  topics  with 
which  I  am  personally  most  familiar. 

Much  of  the  work  done  in  underwater  acoustics  is  classified  and  such  areas  have,  of  course, 
been  omitted.  Most  of  the  topics  discussed  in  the  book  have  been  the  subject  of  articles  in  the 
open  literature  to  which  I  have  referred  extensively. 

In  addition  to  acoustics,  I  have  drawn  from  the  disciplines  of  fluid  mechanics,  aerodynamics, 
thermodynamics,  electrical,  mechanical  and  marine  engineering,  and  naval  architecture.  This 
breadth  of  material  has  led  to  occasional  difficulty  in  selecting  symbols  to  represent  the  more  than 
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450  different  quantities  included  in  equations.  Care  has  been  taken  to  avoid  confusion,  but  some 
problems  may  still  exist  for  readers  who  are  more  familiar  with  these  other  fields  than  with 
acoustics.  In  this  case,  use  of  the  lists  of  symbols  and  abbreviations  in  Appendix  A  will  be  of 
assistance. 

To  the  extent  that  this  book  is  more  readable  than  my  usual  writings,  full  credit  goes  to  the 
editing  done  by  Nancy  I.  Ross. 

San  Dicgf).  California  Donald  Russ 

July  1976 
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INTRODUCTION 


1.1  Noise:  Unwanted  Sound 

Usually  when  a  person  uses  the  word  noise  he  is  referring  to  sounds  such  as  those  of  jet  aircraft 
flying  overhead,  the  rumble  of  trucks  from  a  nearby  highway,  or  the  racket  being  made  by  his 
neighbor’s  children.  These  sounds  are  annoying  because  they  intrude  on  him  and  interfere  with 
activities  such  as  conversation  and  sleep;  they  may  even  interfere  with  his  ability  to  think.  Noise  is 
unwanted  sound  that  interferes  with  the  nornml  functioning  of  a  system.  The  seriousness  of  the 
noise  and  the  degree  to  which  noise-control  measures  are  required  depend  not  so  much  on  the  level 
of  the  noise  as  on  the  amount  of  interference  it  causes  with  other  functions. 

Underwater  Noise 

Underwater  noise  is  sound  in  water  that  limits  the  military  effectiveness  of  naval  systems. 
Submarines  are  particularly  prone  to  experiencing  such  limitations,  since  sounds  which  they  radi¬ 
ate  can  reveal  their  presence  to  an  enemy.  In  addition,  they  depend  upon  acoustic  signals  for 
communications  and  use  sonar  to  detect  the  presence  of  any  enemy,  which  functions  are  also 
limited  by  noise. 

Submarines  are  not  the  only  naval  systems  for  which  noise  plays  a  vital  role  in  limiting  ability 
to  perform  assigned  functions.  Sounds  radiated  by  surface  ships  reveal  their  presence  to  enemy 
submarines;  and,  like  the  submarine,  sonar  self-noise  limits  their  ability  to  detect  targets.  In  some 
cases,  sounds  radiated  by  one  surface  ship  may  even  interfere  with  sonar  performance  on  another. 
Another  example  of  limitation  by  self-noise  is  that  of  passive  acoustic  homing  torpedoes  which  use 
sounds  radiated  by  ships  and  submarines  to  locate  these  targets.  Finally,  the  effectiveness  of 
otherwise  quiet  systems,  such  as  buoys,  may  be  determined  by  the  ambient  noise  background  of 
the  sea. 

That  underwater  noise  plays  a  dominant  role  in  naval  warfare  is  today  recognized  in  most  Navy 
circles.  Appreciable  efforts  are  devoted  both  to  reducing  noise  and  to  developing  methods  to 
exploit  it.  Of  necessity,  much  of  this  work  is  classified.  However,  the  phenomena  involved  are 
related  to  topics  in  physics  and  mechanics  and  can  be  discussed  in  a  general  way  without  divulging 
classified  aspects  of  specific  military  systems. 

Noise  Is  Unavoidable 

According  to  the  Second  Law  of  Thermodynamics,  no  useful  mechanical  process  can  take 
place  without  generating  some  heat.  If  heat  were  not  produced,  it  would  be  possible  to  create  a 
perpetual  motion  machine.  It  is  not  as  well  recognized,  but  it  is  probably  equally  true  that  no 
useful  mechanical  process  can  occur  without  generating  some  vibration  and  therefore  at  least  a 
little  noise.  Thus,  noise  is  also  an  unavoidable  by-product  of  machines.  Associated  with  each 
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Steady,  work-producing  force  there  are  always  small  unsteadinesses,  or  vibrations,  and  these  vibra¬ 
tions  are  transmitted  to  the  surfaces  of  the  machine,  from  which  they  radiate  as  sound.  Likewise, 
when  a  body  moves  through  a  fluid,  turbulent  motions  are  created.  Not  only  do  these  turbulent 
motions  eventually  decay  into  heat,  but  also  they  radiate  a  small  amount  of  sound.  Only  in  a 
vacuum  would  it  be  possible  to  do  useful  work  without  producing  sound.  The  acoustician  may 
well  be  tempted  to  modify  the  well-known  Second  Law  of  Thermodynamics  to  include  sound 
along  with  heat  as  necessary  by-products  of  mechanical  processes. 

The  amount  of  sound  power  radiated  into  air  by  various  mechanisms  varies  from  as  low  as  a 
microwatt  for  a  very  small  fan  to  many  kilowatts  for  airplanes  and  over  a  megawatt  for  a  large 
rocket.  Power  levels  in  water  tend  to  be  much  lower.  A  modem  submarine  proceeding  at  slow 
speed  produces  on  the  order  of  10  mW  acoustic  power,  while  surface  ships  generally  radiate  from 
five  to  100  Watts.  When  one  realizes  that  mechanical  powers  of  the  order  of  many  thousands  of 
horsepower  are  involved  in  operating  ships  and  submarines,  it  is  apparent  that  only  a  very  small 
fraction  of  this  mechanical  power  is  actually  converted  into  underwater  sound. 

Although  power  levels  radiated  into  water  by  ships,  submarines  and  torpedoes  are  relatively 
low,  this  does  not  mean  that  radiated  underwater  noise  is  of  no  consequence.  Sources  that  radiate 
as  much  as  one  Watt  of  acoustic  power  can  be  detected  at  relatively  long  ranges  by  modern  passive 
sonars.  The  same  power  in  air  might  carry  only  several  blocks.  The  reason  for  this  difference  is  that 
in  water  relatively  high  acoustic  pressures  are  associated  with  low  power  levels;  since  detection 
systems  respond  to  acoustic  pressures  rather  than  to  power  density  (intensity),  it  is  pressure  levels 
rather  than  power  levels  that  determine  the  detectability  of  underwater  sounds. 

Acoustic  Conversion  Efficiency 

A  useful  concept  in  analyzing  noise  mechanisms  is  that  of  acoustic  conversion  efficiency, 
defined  as  the  ratio  of  the  sound  power  radiated  to  the  mechanical  power  of  the  source: 

Acoustic  Power 

fiac  = - = - ^ 

Mechanical  Power  ^mech 

This  ratio  finds  its  greatest  use  in  sorting  out  noise  sources,  since  different  sound-producing 
mechanisms  have  different  relationships  for  their  acoustic  conversion  efficiencies. 

Acoustic  conversion  efficiencies  are  much  lower  in  water  than  they  are  in  air.  Conversion 
efficiencies  as  low  as  10'*  are  common  for  sources  in  water,  while  values  as  high  as  10**  to  10'^ 
are  often  found  for  sounds  radiated  into  air.  This  difference  between  the  two  media  is  caused  by 
their  relative  compressibilities;  water  is  much  less  compressible  than  air.  Since  it  is  the  compressi¬ 
bility  of  a  medium  that  makes  sound  possible,  the  same  mechanical  power  generates  more  sound 
power  in  air  than  it  does  in  water. 

The  parameter  that  measures  the  relative  importance  of  compressibility  is  the  Mach  number, 
M,  defined  as  the  ratio  of  a  pertinent  mechanical  speed  to  the  speed  of  sound  waves: 


c 


If  a  medium  were  totally  incompressible,  its  speed  of  sound  would  be  infinite,  and  the  Mach 
number  would  always  be  zero.  Thus,  although  water  is  for  many  purposes  practically  incom¬ 
pressible,  it  does  have  slight  compressibility:  and  Mach  numbers,  though  low,  are  finite.  In 
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Chapter  3,  which  covers  basic  sound  radiation  mechanisms,  it  will  be  shovm  that  acoustic  conver* 
sion  efficiencies  can  usually  be  expressed  as  functions  of  Mach  number  of  the  form 


where  the  exponent  n  is  equal  to  or  greater  than  unity.  The  low  acoustic  conversion  efficiencies 
found  in  underwater  sound  are  related  to  relatively  low  values  of  the  Mach  number  in  water. 

In  dealing  with  many  noise  sources,  it  is  useful  to  divide  the  noise-production  process  into 
three  parts:  generation  of  a  vibratory  motion,  transmission  of  this  vibration  to  a  radiating  surface, 
and  radiation  of  sound  into  the  medium.  The  acoustic  conversion  efficiency  can  thus  be  expressed 
as  the  product  of  three  conversion  efficiencies,  one  for  each  of  the  three  processes: 

=  %ibr  '  ^trans  '  ^rad  ■ 

It  is  the  last  term,  the  radiation  efficiency,  which  is  controlled  by  the  Mach  number  and  which 
differs  most  between  air  and  water.  The  other  terms  are  usually  independent  of  the  fluid  medium. 
Obviously,  the  over-all  acoustic  conversion  efficiency  is  always  less  than  the  radiation  efficiency. 

Noise  Control 

It  is  not  practical,  economical  or  even  desirable  to  attempt  to  eliminate  all  noise  from  mechan¬ 
ical  systems.  Noise  control  is  the  technology  that  evaluates  the  need  for  noise  reduction  and  then 
attempts  to  achieve  acceptable  noise  levels  in  a  manner  consistent  with  economic  and  operational 
considerations.  An  understanding  of  basic  noise  mechanisms  is  essential  to  successful  noise  control. 

Equation  1.4  serves  as  a  useful  guide  to  the  principles  used  in  noise  control.  Noise  reduction 
can  be  accomplished  in  three  different  ways: 

1.  by  reducing  the  fraction  of  the  source  mechanical  power  converted  into  vibratory  power, 
or  by  selecting  machinery  with  lower  rated  mechanical  powers; 

2.  by  isolating  the  source  from  radiating  surfaces,  i.e.,  by  reducing  the  efficiency  of  vibration 
transmission:  or 

3.  by  reducing  the  radiation  efficiency  of  the  radiating  surfaces. 

Of  the  three,  the  second,  isolation  of  the  source  from  the  radiating  surface,  is  generally  the  most 
easily  accomplished.  Reduction  of  noise  at  a  source  often  requires  redesign  of  a  mechanical 
system,  and  reducing  the  radiation  efficiency  may  require  extensive  application  of  anti-radiation 
coatings.  Although  noise  reduction  per  se  is  not  the  purpose  of  the  present  volume,  many  topics 
pertinent  to  noise  control  are  considered;  the  reader  may  expect  to  gain  some  understanding  of 
methods  of  noise  reduction. 

Types  of  Underwater  Noise 

There  are  a  number  of  different  manifestations  of  underwater  noise.  While  consistent  defini¬ 
tions  for  all  of  the  principal  types  encountered  in  naval  systems  have  not  been  universally  adopted, 
the  following  definitions  are  consistent  with  those  adopted  by  the  American  Standards 
Association: 

Radiated  Noise  -  noise  radiated  into  the  water  that  can  be  used  by  a  passive  listening  sonar  to 
detect  the  presence  of  a  vehicle  at  a  considerable  distance. 

Ambient  Noise  -  all  noises  associated  with  the  medium  in  which  a  sonar  operates  that  would 
exist  in  the  medium  if  the  sonar  platform  or  vehicle  itself  were  not  present. 
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Platform  Noise  —  that  noise  measured  by  a  single,  omnidirectional,  platform-mounted  hydro¬ 
phone  in  the  presence  of  an  operational  platform.  Conceptually,  platform  noise  should  be 
simply  noise  attributable  to  the  presence  of  the  platform,  but  actual  measurements  of  platform 
noise  invariably  include  the  contribution  of  ambient  ocean  noise. 

Sonar  Self-Noise  —  noise  associated  with  a  platform  and  its  sonar  hydrophones  and  pre¬ 
amplifiers,  as  measured  through  the  sonar  hydrophone  array. 

Sonar  Background  Noise  -  all  noise  at  the  output  of  a  sonar  array  that  limits  the  detection  of 
signals  by  a  signal  processor.  Sonar  background  noise  includes  the  contribution  of  the  medium 
as  well  as  platform  noise  and  any  noises  contributed  by  hydrophones,  cables  or  preamplifiers. 
(Actually,  most  sonar  self-noise  measurements  are  really  background  noise  measurements, 
since  such  measurements  are  generally  made  under  circumstances  that  do  not  permit  separate 
measurement  of  ambient  noise  and  there  is  no  practical  method  to  estimate  the  contribution 
of  the  medium.) 

1.2  Decibels  and  Levels 

Acoustic  measurements  are  almost  invariably  expressed  in  decibels,  which  are  units  involving 
logarithms  of  various  ratios.  The  need  for  a  logarithmic  measurement  unit  arose  in  acoustics  for 
two  reasons:  first,  the  range  of  sound  intensities  found  in  practice  varies  from  about  lO*’  W/m* 
for  a  barely  intelligible  whisper  to  over  a  kW/m*  near  a  jet  aircraft;  second,  human  response  to 
acoustic  stimuli  is  approximately  logarithmic.  For  these  reasons,  it  seemed  logical  to  adopt  loga¬ 
rithmic  units  for  acoustic  measurements.  Use  of  logarithmic  measures  is  not  unique  to  acoustics; 
such  quantities  are  quite  common  in  thermodynamics.  Problems  have  arisen  in  acoustics  due  to 
inconsistent  choices  of  reference  quantities. 


Decibels 

Decibels  were  originally  defined  in  the  early  1920’s  by  workers  in  the  electrical  communica¬ 
tions  industry  who  were  interested  in  the  power  transmission  capability  of  networks.  They  noted 
that  as  long  as  a  network  was  linear  the  output  power  maintained  a  constant  ratio  to  the  input 
power.  Since  these  ratios  were  often  quite  large,  they  expressed  them  by  a  logarithmic  quantity : 


transmission  ratio  =  logiQ  — 


(1.5) 


The  unit  was  named  Bel  after  Alexander  Graham  Bell,  inventor  of  the  telephone.  To  avoid  dealing 
in  fractions  of  Bels,  a  unit  one-tenth  as  big  was  chosen,  namely,  the  decibel: 


trans.  ratio  in  dB  =  10  log 


B'l 


(1.6) 


When  high  impedance  networks  became  common,  interest  switched  to  voltage  ratios  rather  than 
power  ratios.  Since,  for  constant  resistance,  power  is  proportional  to  the  square  of  the  voltage, 
twenty  times  the  logarithm  to  the  base  ten  was  chosen  for  voltage  ratios. 


trans.  ratio  in  dB  =  20  log  ■ 
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thus  maintaining  constancy  of  numerical  values  of  transmission  ratios  when  expressed  in 
decibels. 

Transmission  Loss 

In  acoustics,  intensity  is  a  power-like  quantity  and  pressure  corresponds  to  voltage.  When  the 
use  of  decibels  was  extended  from  electric  networks  to  acoustics,  it  was  logical  to  define  acoustic 
transmission  ratios  by 

I 

irons,  ratio  in  dB  =  10  log =  20  log  —  .  (1.8) 

I\  Pi 

Actually,  in  underwater  sound  it  is  more  common  to  express  transmission  ratios  as  transmission 
losses,  since  pressures  and  intensities  usually  decrease  with  increasing  distance  from  a  source. 
Assuming  position  one  to  be  closer  to  the  source,  the  transmission  loss  in  dB  is  defined  by 

TL  =  20log—.  (1.9) 

Pi 

where  the  pressures  are  usually  root-mean-square  (rms)  values.  While  Invariably  positive,  transmis¬ 
sion  loss  is  usually  plotted  in  a  negative  sense  since  received  signals  decrease  as  transmission  loss 
increases. 

Levels 

Use  of  decibels  in  acoustics  causes  no  concern  when  the  application  involves  comparison  of 
intensity  or  pressure  close  to  a  source  with  that  at  a  distant  measurement  point,  as  in  transmission 
loss.  Some  confusion  has  arisen,  however,  from  the  practice  of  expressing  quantities  measured  at  a 
single  location  in  terms  of  their  decibel  values,  called  levels.  The  intensity  and  pressure  at  a  point 
are  expressed  as  levels  by  taking  logarithms  of  their  ratios  to  reference  values, 

IL  =  lOlog—,  (1.10) 

(o 

SPL^20log—.  (1.11) 

Po 

where  Ig  and  Pg  are  reference  values.  This  procedure  is  in  itself  straightforward.  However,  prob¬ 
lems  have  arisen  in  the  selection  of  reference  quantities,  especially  for  underwater  acoustics. 

Reference  Pressures 

It  would  seem  logical  to  write  a  pressure  level  simply  as  20  log|  o  P-  where  p  would  be 
measured  in  Newton/m*  if  one  were  using  the  MKS  system,  or  in  dyne/cm*  if  one  were  using  cgs 
units.  The  problem  is  that  most  measured  acoustic  pressures  are  smaller  than  1  N/m*  or 
1  dyne/cm*,  and  the  corresponding  levels  would  be  negative.  The  eariy  producers  of  sound  level 
meters  wanted  their  decibel  readings  to  be  positive.  They,  therefore,  sought  to  measure  intensity 
and  pressure  not  relative  to  unity  in  cgs  units  but  relative  to  a  value  small  enough  to  assure  positive 
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levels.  In  the  eariy  1930’s,  a  number  of  references  were  proposed,  varying  from  2  X  10'*  to 
1.4  X  10**  dyne/cm*. 

In  1932,  a  subcommittee  of  the  newly  formed  American  Standards  Association  Sectional 
Committee  Z24  for  Acoustics  tackled  the  problem  of  finding  a  standard  reference  for  noise 
measurement.  Its  deliberations  were  strongly  influenced  by  a  desire  to  consider  intensity  as  a 
fundamental  quantity.  It  chose  10*'*  W/cm*,  which  equals  10'*  *  W/m*,  as  the  primary  reference. 
However,  intensity  is  seldom  measured  directly;  it  is  usually  inferred  from  a  pressure  measurement. 
For  unidirectional  plane  and  spherical  waves,  acoustic  intensity  and  pressure  are  related  by 

/  =  .  (1.12) 

where  Pg  is  the  density  and  Cg  the  speed  of  sound  of  the  medium.  For  standard  air,  pressure  levels 
will  equal  intensity  levels  if  the  reference  pressure  is  taken  to  be  0.000204  dyne/cm* .  Since  the 
difference  is  small,  this  has  been  rounded  off  to  0.0002  dyne/cm* ,  which  is  now  the  reference  for 
all  pressure  measurements  in  airborne  acoustics. 

While  the  selection  of  0.0002  dync/cm*  had  validity  for  airborne  sound,  it  had  no  physical 
significance  for  other  media.  While  many  workers  in  underwater  acoustics  adopted  this  reference, 
others  chose  1  dyne/cm*.  This  use  of  two  references  by  different  groups  has  lasted  until  very 
recently.  Only  in  the  past  several  years  has  the  underwater  sound  community  agreed  on  a  single 
pressure  reference.  It  is  interesting  to  trace  the  history  of  reference  pressures  in  underwater 
acoustics  and  to  see  how  a  new  third  unit  came  to  supplant  two  established  ones. 

When  underwater  noises  of  ships  and  other  vehicles  were  first  measured,  workers  used  existing 
noise  measuring  gear  already  calibrated  relative  to  0.0002  dyne/cm* .  Graphs  were  simply  marked 
“sound  pressure  level  in  decibels.”  However,  groups  involved  in  transducer  calibration  during 
World  War  II  desired  a  larger  unit.  Noting  that  the  then  standard  pressure  had  no  physical  signifi¬ 
cance  relative  to  intensity  in  water,  they  chose  1  dyne/cm* .  often  called  one  microbar,  as  their 
reference  pressure.  Use  of  this  reference  spread,  and  by  the  end  of  WWII  about  half  of  the 
community  was  using  each  standard. 

An  attempt  at  standardization  after  WWII  failed,  and  the  situation  continued  for  about  20 
years.  It  might  have  continued  indefinitely,  but  naval  personnel  were  making  increased  use  of 
acoustic  data,  and  presentation  of  such  data  using  two  different  references  caused  much  unneces¬ 
sary  confusion.  In  1961,  Writing  Group  S1-W44  was  appointed  by  the  American  Standards  Asso¬ 
ciation  at  the  request  of  the  U.S.  Navy  Bureau  of  Ships  to  recommend  a  reference  sound  pressure 
for  underwater  acoustics.  A  survey  of  the  community  revealed  a  near  SO-SO  split,  and  neither  side 
was  willing  to  concede.  After  several  years  of  debate,  support  gradually  developed  for  the  idea  of 
adopting  a  new  fundamental  unit  to  be  used  in  the  MKS  system  and  small  enough  that  all 
measured  levels  would  be  positive.  The  reference  pressure  ultimately  recommended  was 
10**  N/m*,  called  a  micropascal  and  abbreviated  pPa.  In  1970,  by  order  of  the  Qiief  of  Naval 
Operations,  this  unit  was  adopted  by  the  U.S.  Navy,  and  it  is  rapidly  becoming  the  standard  for  all 
underwater  measurements.  All  numerical  values  presented  in  the  present  volume  are  referenced  to 
this  unit. 

Since  the  new  standard  reference  pressure  is  so  new,  many  currently  used  texts  and  reports  use 
the  old  references.  Values  relative  to  1  dyne/cm*  can  be  converted  to  mtcropascals  by  simply 
adding  100  dB,  while  values  referenced  to  0.0002  dyne/cm*  require  the  addi:ion  of  26  dB. 
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Source  Level 

Acoustic  noise  measurements  are  sometimes  presented  as  measured,  but  more  often  they  are 
presented  in  terms  of  constructs  that  are  derived  from  actual  measurements  through  certain 
assumptions.  One  of  these  constructs  is  source  level.  It  would  be  convenient  if  the  total  acoustic 
power  radiated  by  a  source  were  itself  measurable,  but  power  is  not  a  directly  measurable  quan¬ 
tity.  What  is  usually  measured  is  acoustic  pressure  at  some  distance  from  the  source.  Since  pressure 
varies  with  distance,  pressure  alone  is  not  a  unique  measure  of  source  strength.  Some  attempts 
have  been  made  to  standardize  measurement  distances:  3  and  10  feet  from  machines  in  air,  and  20 
and  100  yards  or  meters  from  ships  and  submarines.  However,  it  is  not  always  possible  to  make 
measurements  at  standard  distances.  Source  level  is  a  construct  which  enables  measurements  made 
at  a  variety  of  distances  to  be  used  as  comparable  indicators  of  source  strength. 

Source  level  is  defined  as  the  pressure  level  that  would  be  measured  at  a  reference  distance  of 
one  foot,  one  yard  or  one  meter  from  an  ideal  point  source  radiating  the  same  amount  of  sound  as 
the  actual  source  being  measured.  Since  most  practical  sources  have  directional  radiation  patterns, 
source  level  is  properly  a  function  of  direction.  Source  levels  are  never  measured  directly.  Rather, 
they  are  inferred  from  measurements  at  greater  distances.  The  complete  specification  of  source 
level  includes  the  reference  distance,  thus: 

(IB  re  0.0002  dynelcm^  at  I  foot  (in  air),  and 
(IB  re  1  uPa  at  I  meter  or  1  yard  (in  water). 

The  concept  of  source  level  as  a  measure  of  the  strength  of  a  noise  source  has  become  entrenched 
in  underwater  acoustics  largely  because  of  its  role  in  sonar  performance  prediction. 

Power  Level 

While  not  usually  directly  measurable,  acoustic  power  is  often  calculated  directly  in  theoretical 
equations.  It  can  be  expressed  as  a  logarithmic  quantity,  called  power  level,  by 

W 

FWL  =  10  log  ,  (1.13) 

K 

where  the  reference  power,  W^,  is  usually  1  pW  (10''*  W)  in  airborne  acoustics  and  1  W  in 
underwater  sound.  Power  levels  and  source  levels  are  related  in  a  simple  manner  only  when  sources 
radiate  uniformly  in  all  directions.  In  air  the  relationship  is 

PWL  =  Lg  .  (11^> 

where  is  the  source  level  in  dB  re  0.0002  dyne/cm*  at  1  ft  and  PWL  is  power  level  in  dB  re 
10'*  *  W.  In  water,  the  relationship  is 

PWL  ^  Lg  -  171  ,  (1.15) 

where  L^  is  in  dB  re  1  pPa  at  1  yd  or  1  m,  and  power  level  is  relative  to  I  W. 
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Spectrum  Level 

When  dealing  with  single-frequency  tonal  components,  source  levels  refer  to  the  total  pressure 
of  the  signal.  The  situation  is  not  so  simple  when  dealing  with  broadband  sources,  since  the 
measured  level  is  th^n  a  function  of  filter  width.  Since  different  measurement  activities  use 
different  filter  widths,  their  results  are  not  directly  comparable.  In  order  to  be  able  to  compare 
and  average  values  obtained  using  different  filters,  the  concept  of  equivalent  spectrum  level  is  used. 
This  is  defined  as  the  level  that  would  have  been  measured  using  an  ideal  1-Hz  filter.  Measured 
spectra  are  readily  converted  to  spectrum  level  if  the  distribution  of  energy  is  relatively  uniform 
throughout  the  measurement  band.  In  this  case 

Lj  =  Ls  -  lOlogAf  ,  (1.16) 

where  A/  is  the  filter  bandwidth  and  a  lower  case  subscript  refeis  to  spectrum  level,  while  upper 
case  continues  to  represent  total  or  band  level.  Even  when  a  spectrum  is  not  flat,  Eq.  1.16  is  used 
as  the  definition  of  equivalent  spectrum  level.  Thus,  calculated  equivalent  spectrum  levels  are 
measures  of  average  levels  within  a  filter  band. 

It  is  common  practice  to  plot  each  spectrum  level  at  the  effective  center  frequency  of  the 
filter,  defined  as  the  geometric  mean  of  the  upper  and  lower  cut-off  frequencies: 

h-fUl 

Calculated  spectrum  level  is  a  good  measure  of  the  actual  spectrum  level  at  the  filter  center 
frequency  provided  the  spectrum  is  continuous  and  does  not  change  much  within  the  filter  band. 
It  can  be  shown  by  integrating  over  a  filter  band  that  this  procedure  is  valid  provided  actual  levels 
do  not  vary  by  more  than  about  9  dB  within  the  band.  If  the  variation  is  greater  than  this,  errors  in 
excess  of  a  decibel  will  be  introduced. 

One-third-octave  filters  are  widely  used  today.  While  it  is  common  practice  to  convert  one- 
third-octave  data  to  spectrum  level,  some  measurement  groups  prefer  presenting  their  results  as 
actually  measured,  rather  than  making  the  conversion.  The  reason  is  that  many  actual  spectra 
contain  tonal  components,  and  spectrum  levels  can  then  be  quite  misleading.  Spectrum  levels  are 
distinguished  from  band  levels  by  adding  an  s  to  dB.  Thus,  dBs  means  “dB  in  a  I -Hz  band,"  not 
the  plural  of  dB. 

Decibel  Arithmetic 

When  using  decibels,  equations  that  otherwise  would  have  involved  multiplication  or  division 
of  numbers  become  simple  additions  and  subtractions.  Difficulties  occur,  however,  when  per¬ 
forming  operations  that  would  be  additions  or  subtractions  of  linear  functions.  Thus,  the  addition 
or  subtraction  of  sounds  from  several  sources  requires  transformation  of  the  decibel  values  to 
linear  values  by  use  of  antilogs  and  transformation  back  to  logarithmic  values  after  performance  of 
the  addition  or  subtraction.  Results  of  source  addition  and  subtraction  also  depend  on  whether  the 
several  signals  are  at  the  same  single  frequency,  or  are  either  broadband  or  at  different  frequencies. 
In  the  first  case,  the  signals  are  coherent;  otherwise  they  are  incoherent.  Formulas  for  coherent 
and  incoherent  decibel  arithmetic  are  given  in  Appendix  B. 
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1.3  Significance  of  Spectra 

In  recent  years,  emphasis  in  noise  measurements  has  increasingly  been  placed  on  narrowband 
spectra.  There  are  several  reasons  for  this  trend.  Most  important  is  the  fact  that  its  detailed  spectral 
distribution  is  a  most  important  clue  as  to  the  nature  of  a  noise  source.  Before  noise  reduction 
measures  can  be  applied,  it  is  essential  that  dominant  sources  be  identified.  Narrowband  spectral 
analysis  is  a  potent  tool  in  diagnostic  noise  studies. 

The  reason  that  spectral  analysis  enables  classification  of  noise  sources  is  that,  through  the 
Fourier  transform,  there  is  a  direct  relationship  between  the  shape  of  a  signal  in  the  time  domain 
and  its  spectrum.  The  simplest  signal  to  contemplate  is  a  pure  sine  wave,  of  frequency  /^.  In 
frequency  space,  the  spectrum  of  a  pure  sine  wave  is  a  spike  of  near-zero  width  at  frequency/^. 
Nearly  pure  sine  waves  are  generated  by  mechanical  unbalance  forces  of  rotating  machinery 
running  at  constant  speed.  In  practice,  slight  variations  in  speed  usually  modulate  the  frequency, 
thereby  producing  tones  with  finite  width  in  spectral  space.  Tlie  spectral  width  of  a  tone  is  a  direct 
measure  of  source  stability.  It  can  be  expressed  in  terms  of  the  Q  of  the  tone,  defined  as  the  ratio 
of  its  frequency  to  its  bandwidth. 


Q  ,  (1.18) 

A/ 

where  A/  is  the  half-power  bandwidth. 

Some  sources  produce  noise  through  repeated  impacts,  with  each  impact  generating  a  sharp 
pulse  in  the  time  domain.  The  resultant  spectrum  consists  of  a  large  number  of  tonal  components 
separated  in  frequency  by  the  fundamental  pulse  repetition  frequency,  the  number  of  strong  tonal 
components  being  a  function  of  the  decay  time  of  the  individual  pulses.  Since  time  between 
impacts  is  never  exactly  constant,  individual  tones  have  finite  spectral  widths  which  are  dependent 
on  source  stability.  Other  noise  sources,  notably  cavitation,  produce  noise  through  impulses  which 
are  random  both  in  time  of  occurrence  and  in  amplitude  and  duration.  They  produce  continuous 
spectra  having  some  energy  at  all  frequencies,  and  generally  having  a  broad  spectral  peak  at  a 
frequency  which  is  related  to  the  most  prevalent  decay  time. 

The  important  point  is  that  characteristics  of  a  spectrum  are  directly  related  to  the  nature  of 
the  phenomena  producing  them,  and  that  through  detailed  spectral  analysis  one  can  deduce  a  great 
deal  about  noise  sources.  In  the  present  volume,  as  each  type  of  source  is  discussed,  the  nature  of 
its  spectrum  will  be  developed  and  any  special  characteristics  noted. 

1 .4  Passive  Sonar  Equation 

The  sonar  equation  is  an  expression  in  decibels  of  signal-to-noise  relationships  for  a  passive 
sonar.  Figure  1.1  is  a  simplified  schematic  of  a  passive  sonar  system,  showing  its  essential  elements. 
The  signal  level  in  the  water  at  the  hydrophones  of  a  receiving  sonar  can  be  expressed  by 

SL  =  -  TL  ,  (1.19) 

provided  the  reference  distance  for  transmission  loss  is  taken  to  be  the  same  as  that  used  in 
defining  the  source  level.  Thus,  in  underwater  sound,  transmission  loss  at  distance  r  is  defined  by 
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Fig.  1.1.  Passive  Sonar  System 
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where  p(I)  the  rms  pressure  that  would  be  measured  one  yard  or  one  meter  from  an  ideal  point 
source.  Representing  the  background  noise  level  in  the  water  by  Lyy,  the  signal-to-noise  ratio  at  a 
hydrophone  is 


—  SL  "  Lj^  —  Lg  ~  TL  “  Z.yy 


(1.2U 


The  array  of  a  sonar  is  a  spatial  processor  that  discriminates  against  background  noise.  It  improves 
the  signal'to-noise  ratio  by  an  amount  equal  to  the  array  gain,  AG.  The  output  of  an  array  is  the 
input  to  the  signal  processor,  so  that 


(4  41 


AG  =  Lg  -  TL  -  (Lv  -  Ag)  . 


(1.22) 


The  level  of  signal-to-noise  into  the  signal  processor  for  which  the  probability  of  detection  is  50% 
is  called  the  detection  threshold.  DT,  or  recognition  differential,  of  the  processor.  Detection 
is  more  likely  whenever  the  signal*to-noise  ratio  into  the  processor  exceeds  the  detection  thresh¬ 
old,  and  is  less  likely  when  it  is  lower.  The  difference  is  called  signal  excess: 


■(4 


•  h-TL  - 


(1.23) 


This  equation  for  signal  excess  is  one  form  of  the  passive  sonar  equation. 

The  pasjsive  sonar  equation  is  relatively  simple,  but  its  application  is  complex.  One  problem  is 
that  most  sonars  are  broadband  sonars,  and  quantities  such  as  array  gain  and  transmission  loss  are 
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not  constant  across  a  frequency  band.  Another  problem  arises  from  effects  of  temporal  and  spatial 
fluctuations  of  various  quantities.  Still  another  difficulty  is  that  the  effective  transmission  loss  for 
a  directional  receiver  may  differ  from  the  omnidirectional  value  that  is  usually  measured.  Nor¬ 
mally,  the  sonar  equation  applies  to  a  relatively  short  sample  time,  yet  often  what  is  wanted  is  a 
prediction  of  detection  performance  over  long  periods.  Despite  these  difficulties  in  its  application, 
the  sonar  equation  is  nevertheless  the  basic  framework  used  in  treating  topics  in  underwater 
acoustics. 

l.S  Some  Mathematics 

While  emphasis  in  the  present  volume  is  on  physical  principles  and  on  understanding  funda¬ 
mental  mechanisms  whereby  noise  is  generated,  a  number  of  mathematical  derivations  are  included 
and  equations  are  used  extensively  to  describe  functional  relationships.  Tlie  following  paragraphs 
discuss  a  number  of  mathematical  concepts  and  also  serve  to  indicate  the  nomenclature  used. 


Scalars,  Vectors  and  Tensors 

Physical  quantities  are  classified  as  scalars,  vectors  or  tensors,  according  to  their  dependence  on 
direction. 

Scalars  are  physical  quantities  that  are  fully  described  by  numbers  and  are  independent  of 
direction.  Examples  are  temperature,  density,  speed  and  energy. 

Vectors  are  physical  quantities  that  involve  direction  as  well  as  magnitude.  Examples  are 
velocity,  force  and  momentum.  Vectors  are  indicated  by  arrows  over  symbols.  In  cartesian 
coordinates 

X  =  +^A.,.  (1.24) 

X  y  z 

where  f  and  ^  are  unit  vectors  in  the  .v,  y  and  z  directions.  The  magnitude  of  a  vector  is 
related  to  its  components  by 


(1.25) 


A  tensor  of  the  second  rank  is  a  physical  quantity  whose  full  description  requires  specification 
of  two  directions.  Examples  are  mechanical  strain  and  stress,  for  which  both  the  direction  of  a 
surface  and  that  of  a  force  must  be  specified.  Such  quantities  can  be  written  in  cartesian 
coordinates  in  terms  of  nine  independent  components,  each  of  which  is  given  a  double  sub¬ 
script  to  account  for  the  two  directions. 

In  the  most  general  sense,  all  physical  quantities  are  described  by  tensors  of  various  ranks.  A  vector 
is  a  tensor  of  first  rank,  while  a  scalar  is  a  tensor  of  zero  rank.  Second  rank  tensors  are  sometimes 
called  dyadics. 


Tensor  Notation 

In  the  present  volume,  a  mixture  of  vector  and  tensor  notation  is  used  in  such  a  way  as  to 
attempt  to  convey  the  physics  being  described  by  the  equations.  In  tensor  notation,  directions  are 
represented  by  subscript  indices  and  quantities  are  summed  for  all  values  of  the  index  whenever 
the  same  index  appears  twice  in  a  single  term  of  an  equation.  The  rank  of  the  tensor  is  indicated 
by  the  number  of  indices  required  to  specify  it.  Thus,  the  components  of  a  vector  are  represented 
by  a  symbol  having  a  single  subscript,  as  A^.  Tensor  notation  is  most  readily  interpreted  when 
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using  cartesian  coordinates,  for  which  the  subscript  indices  represent  the  x,  y  and  z  directions  in 
sequence. 

A  useful  symbol  in  tensor  notation  is  the  Kronecker  Delta  symbol.  This  is  a  delta  with  two 
subscript  indices.  When  the  two  indices  are  the  same,  its  value  is  unity;  otherwise  it  is  zero.  Using 
this  symbol. 


M,. 

dA, 

dA  dA 

9/1, 

1 

~  1 

X  +  - L 

-  + 

dXj 

dx,. 

dx  dy 

dz 

(1.26) 


When  several  tensor  quantities  of  various  rank  are  combined,  the  rank  of  the  resulting  combination 
is  equal  to  the  number  of  indices  that  do  not  appear  twice.  Thus  Eq.  1 .26  is  a  scalar  equation, 
since  each  index  appears  twice. 


Vector  Operations 

Vectors  may  be  added,  subtracted,  multiplied  and  differentiated,  but  the  rules  differ  somewhat 
from  the  corresponding  operations  for  scalars. 

Vector  addition  and  subtraction  are  performed  by  carrying  out  the  specified  operation  on  each 
of  the  components; 

7  ±T=  ±  B^)  +  ±  By)  +  ^(a^  ±  bJ  .  (1.27) 


Scalar  multiplication  of  two  vectors  produces  a  scalar  having  its  value  equal  to  the  product  of 
their  magnitudes  times  the  cosine  of  the  angle  between  them: 

T  •  T  =  /l.B.  =  A^B^  +  AyBy  +  A,B^  =  ABcos(A.B)  .  (1.28) 


The  scalar  product  is  sometimes  called  the  dot  product. 

Vector  multiplication  of  two  vectors  yields  a  vector  perpendicular  to  their  plane  in  the  direc¬ 
tion  of  a  right-handed  screw,  having  its  magnitude  equal  to  the  product  of  their  magnitudes 
times  the  sine  of  the  angle  between  them: 


(1.29) 


\X  \T\  =  AB  sin(A.B)  .  (1.30) 

Since  direction  depends  upon  order, 

FxT=-[TxT].  (1.31) 

The  vector  product  is  often  referred  to  as  the  cross  product. 

The  derivative  of  a  vector  is  a  vector  having  as  its  components  the  derivatives  of  the  individual 
components: 

ds  ds  ds 


dA 

ds 


(1.32) 
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Derivatives  of  scalar  and  vector  products  are  obtained  by  applying  the  product  rule  for  differ¬ 
entiation: 


d(A  •  B) 


(IB  —  dA 
-  +  .  - 

ds  ds 


X  B*]  ^  dT  dX  -* 

- ±  =  -  -I-  -  XB  . 

s  ds  ds 


(1.33) 


(1.34) 


Vector  Operators 

There  are  three  vector  differential  operators  that  are  used  extensively  in  physics  when  dealing 
with  field  quantities  defined  over  a  region  of  space: 

The  gradient  of  a  scalar  is  a  vector  having  the  magnitude  and  direction  of  the  greatest  space 
rate  of  change  of  the  scalar: 


I  A.  A  ,  A  ^ 

grad  0  =  I -  +  I -  -I-  k  — 

bx  by  bz 


(1.35) 


The  components  of  the  gradient  are  the  rates  of  change  in  each  direction.  The  symbol  V  is 
commonly  used  to  represent  the  gradient  vector  differential  operator: 


V  =  r - +  r - 3-  k -  . 

3.V  by  bz 


(1.36) 


It  can  be  applied  to  vectors  as  well  as  to  scalars. 

The  divergence  of  a  vector  is  a  scalar  obtained  by  taking  the  scalar  product  ot  the  gradient 
operator  and  the  vector: 


^  —  bA,  bA^  bA^  bA, 

div  A  =  V  •  ^  =  - -  =  — -  ^  +  — - 

3.V,.  bx  by  bz 


(1.37) 


It  represents  the  net  outward  flow  of  a  quantity  from  a  differential  volume. 

The  curl  of  a  field  vector  is  a  vector  giving  the  magnitude  and  direction  of  its  rotation.  It  is 
obtained  by  taking  the  cross  product  of  the  gradient  operator  and  the  vector: 


I'  ?  «  . 

curlT=  V  X  T-  —  —  —  -•i'pis.  -  ils 

3.V  by  bz  ydy  bz 

A^  Ay  A^ 


(1.38) 


Since  the  curl  of  a  vector  is  a  measure  of  its  rotation,  vector  fields  having  zero  curl  are  termed 
irrotational  fields. 

Scalar  Potentials 

Many  fluid  flows,  in  acoustics  as  well  as  in  fluid  mechanics,  are  irrotational.  Whenever  the  curl 
of  a  vector  quantity  is  zero,  it  is  possible  to  define  that  vector  quantity  in  terms  of  the  gradient  of 
a  scalar  potential, 
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±  grad^  .  (1.39) 

where  the  sign  is  arbitrary,  but  is  generally  taken  as  negative.  It  can  readily  be  shown  that 
existence  of  a  scalar  potential  implies  irrotationality,  since  the  curl  of  a  gradient  operator  is  always 
zero.  Potentials  are  used  frequently,  since  they  allow  irrotational  vector  fields  to  be  treated  in 
terms  of  scalar  fields,  thereby  essentially  replacing  the  three  equations  for  the  three  vector  com¬ 
ponents  by  a  single  equation. 

In  many  instances  the  differential  equation  defining  a  scalar  potential  is  of  second  order, 
involving  the  divergence  of  the  gradient  of  the  potential.  This  second-order  differential  operator  is 
called  the  Laplacian  and  is  represented  by  V* : 

3^0  3*0  3*0  .  .  , 

^*  0  =  divgrad^  =  V  *  V0  *  -  +  -  - -  •  (1.40) 

3jf*  3.V*  3z*  3x? 

The  Laplacian  operator  plays  a  central  role  in  equations  of  acoustics. 


Spherical  Symmetry 

Thus  far  the  various  vector  operators  have  been  described  in  cartesian  coordinates.  However, 
many  problems  of  fluid  mechanics  and  acoustics  exhibit  spherical  symmetry  and  are  better  treated 
in  spherical  coordinates.  Spherical  coordinates  involve  a  radial  unit  vector,  and  two  angular 
coordinates.  When  spherical  symmetry  exists,  spatial  derivatives  with  respect  to  all  directions 
except  the  radial  direction  are  zero,  and  the  vector  operators  take  on  relatively  simple  forms: 


line.  Surface  and  Volume  Integrals 

Line  integrals  of  a  function  are  carried  out  between  two  points  along  a  specified  path.  They  are 
written 


where  ds  is  a  differential  segment  of  the  specific  path.  If  the  quantity  is  a  vector,  then  the  line 
integral  is  the  integral  of  the  component  of  the  vector  in  the  direction  of  the  segment,  given  by 
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(1.45) 


In  general,  line  integrals  depend  upon  the  specific  path  chosen.  However,  for  the  important  class  of 
fields  for  which  rotation  is  zero  and  for  which  a  scalar  potential  exists,  the  integral  is  independent 
of  path  and  dependent  only  on  its  end  points: 


/■“  ^  -/'Y— +  i*  dy  +  dA  = 

’'a  /  -'a 


=  4>b  ~  • 


(1.46) 


A  contour  integral  is  a  line  integral  taken  around  the  edges  of  a  surface,  returning  to  the  starting 
point.  The  value  of  a  contour  integral  is  a  measure  of  the  rotation  enclosed  by  the  contour  and  is 
zero  for  irrotational  fields. 

Differential  elements  of  surface  are  described  by  a  magnitude  and  by  the  direction  of  the 
outward-drawn  normal  to  the  surface.  Tlie  surface  integral  of  a  vector  function  is  the  integral  of  its 
normal  component  over  the  surface; 


(1.47) 


The  surface  integral  gives  the  flux  of  the  quantity  through  the  surface  and  is  a  scalar  quantity. 

Volume  integrals  are  used  to  sum  a  quantity  over  a  specified  volume.  They  can  be  applied  to 
vectors  as  well  as  to  scalars.  For  example,  the  mass  within  a  volume  is  given  by  the  volume  integral 
of  density 


(1.48) 


G>mplex  Quantities 

It  is  often  useful  to  express  a  physical  quantity  as  the  real  part  of  a  complex  quantity.  This 
procedure  is  used  extensively  when  dealing  with  sinusoids,  since  the  projection  on  either  axis  of  a 
uniformly-rotating  two-dimensional  vector  is  a  sinusoid.  A  complex  number  may  be  written  either 
as  the  sum  of  a  real  and  an  imaginary  part  or  as  a  magnitude  and  phase  angle,  or  argument, 

4=4,  +  iAi  =  /te*®  .  (1.49) 

where  the  magnitude,  A ,  is  given  by 
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and  the  argument,  $,  by 


6  =  tan" 


(1.51) 


A 1  is  called  the  real  component  and  A  x  the  imaginary  one. 

The  complex  conjugate  of  a  complex  number  has  the  same  amplitude  but  negative  argument 


A*  =  Ai  -  iAx  =  Ae''*’  , 

from  which  an  alternative  expression  for  the  amplitude  is 


(1.52) 


A  =  \^A  •  A*  . 


(1.53) 


When  using  complex  quantities  in  physical  equations,  it  should  be  remembered  that  the 
physical  quantities  they  represent  are  their  real  parts,  sometimes  written  RP(A).  Often  the  RP  is 
omitted,  since  it  is  understood  that  physical  quantities  are  real.  Equations  written  between  com¬ 
plex  quantities  are  also  valid  equations  between  their  real  components.  It  is  useful  to  think  of  i  as  a 
90®  rotational  operator; 


=  J  =  . 


(1.54) 


From  this  it  also  follows  that  -  1,  which  isi  multiplied  by  itself,  represents  a  rotation  of  180°,  or  Jr 
radians. 

Interpretation  of  the  real  and  imaginary  parts  of  a  complex  number  as  projections  of  a  vector 
on  the  real  and  imaginary  axes  leads  to  several  relations  between  exponential  and  trigonometric 
functions.  Thus,  Eq.  1.49  can  be  written 


A  =  A\  •\r  iAx  =  A  cos  6  +  iA  sin  d  =  /le'®  . 


(1.55) 


from  which  it  follows  that 


e*"  *  cos  6  4-  i  sin  d 


(1.56) 


and  that 


e"*^  =  cos(~  6)  +  isin(-  Q)  *  cos  B  -  isinB 


(1.57) 


By  simultaneous  solution  of  Eqs.  I.S6and  1.57, 


B  »  —  (e'®  -f-  e"*®) 
2 


(1.58) 


2i 


sin  B 


(1.59) 
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Fourier  Series 

Provided  only  that  linearity  can  be  assumed,  any  arbitrary  function  can  be  represented  by  an 
infinite  series  of  functions  of  a  prescribed  set.  Functions  that  are  useful  in  mathematical  analyses 
of  physical  problems  include  trigonometric  functions,  Bessel  functions  and  Legendre  polynomials. 
The  Fourier  method  using  trigonometric  functions  is  the  most  popular.  Trigonometric  functions 
have  the  important  property  that  all  their  derivatives  are  trigonometric  functions,  and  that  every 
even  derivative  is  the  same  function. 

U  f(x)  is  a  continuous  function  defined  in  the  interval  -L<.x<  L,  then  Jlf.x)  can  in  general  be 
represented  by 

a  /  nnx  ,  nirx\  ,, 

f(x)  -  +  b^sm -  j,  (1.60) 

2  «=/\  L  L  ) 

where  the  coefficients  of  the  cosine  and  sine  series  satisfy  the  relationships: 

n  =  0,1,2,...  (1-61) 


n  =  1.2 .  (1.62) 

The  coefficient  calculated  from  Eq.  1.61  with  n  =  0  is  twice  the  average  value  offfx)  over  the 
interval. 

Another  useful  form  of  this  series  makes  use  of  the  relations  between  trigonometric  functions 
and  exponentials  given  in  Eqs.  1.58  and  1.59  to  replace  the  sine  and  cosine  terms  by  a  complex 
exponential. 


OO 

ffx)  »  23  . 

n  =  -  oe 


(1.63) 


where  can  be  expressed  in  terms  of  and  b„  or  calculated  directly  from 


1 

2L 


K^)^-i(nllxlL) 


n  =  0,1,2 . 


(1.64) 


Normally  the  number  of  terms  required  to  represent  a  given  function  over  a  restricted  interval  is 
fairly  small,  ten  terms  usually  being  sufficient. 

Fourier  Integrals  and  Transforms 

To  analyze  continuous,  non-periodic  functions,  it  is  necessary  to  let  L  approach  infinity.  The 
number  of  important  terms  increases  accordingly,  and  in  the  limit  the  sum  becomes  replaceable  by 
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an  integral.  The  Fourier  integral  expression  for  a  non-periodic  function  may  be  written 

OO 

fix)  =  2  Jtj  ,  (1.65) 

-  OO 

where  17  replaces  nv/L  in  Eq.  1.63  as  n  and  L  both  approach  infinity.  The  function  is  called 
the  Fourier  transform  of  f(x)  and  is  given  by 

/OO 

f(x)e'^^*  (lx  .  (1.66) 

Fourier  transforms  are  frequently  used  in  acoustics  in  transferring  from  the  time  domain  to 
spectral  space.  It  is  the  validity  of  the  Fourier  transfomi  concept  that  makes  spectral  analysis  of 
complex  signals  so  valuable. 
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SOUND  WAVES  IN  UQVIDS 


2.1  Description  of  Waves 


A  wave  is  an  energy-carrying  disturbance  moving  through  a  distributed  medium.  Familiar 
examples  include  surface  waves  on  water,  waves  in  strings  and  electromagnetic  (radio)  waves. 
Sound  energy  is  carried  by  longitudinal  waves,  which  involve  alternating  compressions  and  rare¬ 
factions  of  the  medium.  Sound  waves  occur  in  gases,  liquids  and  solids.  Derivations  of  the  perti¬ 
nent  equations  are  sli^tly  different  for  the  three  types  of  media,  although  the  basic  nature  of  the 
wave  motion  is  the  same.  Discussions  and  derivations  given  in  this  book  are  specific  to  liquids,  but 
apply  almost  equally  well  to  gases.  The  equations  for  sound  waves  in  solids  are  more  complex  (see 
Officer,  1958). 

Figure  2.1  illustrates  the  simplest  example  of  wave  motion,  such  as  that  on  a  string.  A  simple 
disturbance  moves  along  the  x-axis  with  wave  speed  c,  maintaining  its  shape  as  it  progresses.  The 
most  general  function  describing  such  a  motion  is  of  the  form/fx  -  c/J,  which  is  a  solution  of  the 
second-order  differential  equation 


dV  7 


(277 


c*  dt^ 

as  can  readily  be  shown  by  performing  the  indicated  partial  differentiations.  This  equation  is  the 
wave  equation  for  a  wave  progressing  in  the  x  direction. 


Xo  X| 


X2 


Fig.  2.1.  A  Simple  Progrening  Wave 
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Plane  Waves 

A  general  analytic  expression  for  a  plane  wave  in  space  is  of  the  form  F(r-  ct),  where  r  is 
distance  traveled  by  the  wave  in  the  direction  of  propagation.  In  cartesian  coordinates 

F(r  -  ct)  =  FfWjjX  +  n^y  +  n^z  -  ct)  .  (2.2) 

where  the  various  /I’s  are  the  three  direction  cosines,  i.e.,  the  three  coordinate  projections  of  a  unit 
vector  normal  to  a  plane  of  constant  phase.  The  direction  cosines  satisfy  the  relationship 

+ (f)'  *  > 

The  function  F  satisfies  the  generalized  wave  equation  for  disturbances  in  three-dimensional  space, 


/  3*F  „ 

- + -  -y  - - =  0  , 

0ix^  3z*  £■*  3/* 

which  can  also  be  expressed  in  terms  of  the  Laplacian  defined  by  Eq.  1.40, 

V*F - =  0  . 

c*  3/* 

This  general  form  is  applicable  in  numerous  coordinate  systems. 


Retarded  Time 

Physically,  functions  such  as  /  and  F  represent  action  at  a  distance  retarded  in  time.  Thus,  a 
disturbance  at  point  at  time  /  =  0  in  Fig.  2.1  is  experienced  at  a  remote  point  .X2  at  later  time 
/j  =  f.tj  -  Xg)lc.  introducing  retarded  time  as 


t'  St  -  —  ,  (2.6) 

c 

wave  functions  such  as  /  and  F  can  be  expressed  simply  as  functions  of  retarded  time,  t'.  Equa¬ 
tion  2.S  implies  action  at  a  distance  retarded  in  time.  Whenever  action  at  all  locations  occurs 
simultaneously,  disturbances  are  essentially  propagated  with  infinite  speed  and  the  second  term  in 
Eq.  2.5  is  zero.  Thus,  when  a  change  occun  at  a  boundary,  instantaneous  reaction  everywhere  can 
be  described  mathematically  by  an  equation,  called  Laplace's  equation,  in  which  the  Laplacian  is 
zero.  An  equation  of  the  form  of  Eq.  2.5,  on  the  other  hand,  implies  a  propagating  disturbance  for 
which  action  at  a  distance  is  retarded  in  time. 

Equation  2.5  is  a  general  wave  equation  applicable  to  many  types  of  propagating  disturbances. 
Acoustic  disturbances  obey  this  wave  equation  when  certain  physical  conditions  are  satisfied.  In 
Chapter  5  it  will  be  shown  that  bending  waves  in  rods  and  plates  are  described  by  a  different 
differential  equation. 


Harmonic  Representation  of  Waves 

If  amplitudes  of  waves  are  small  enough  so  that  linear  relationships  between  stress  and  strain 
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apply  in  the  medium,  then  several  waves  may  be  superimposed,  creating  new  waves.  More  impor¬ 
tant,  any  arbitrary  disturbance  may  be  decomposed  into  a  number  of  component  periodic  waves. 
The  simplest  periodic  waves  are,  of  course,  sinusoids  associated  with  simple  harmonic  motion.  A 
sinusoid  propagating  in  the  x  direction  may  be  written 


f(x  -  ct)  =  A 


(  “  \ 

1  cost  tor  -  — X  j 


+  /4  j  sin  I  tor 


7')- 


(2.7) 


where  to  =  2itf  is  the  angular  frequency  measured  in  radians  per  second.  The  angular  frequency 
divided  by  the  speed  of  wave  propagation  is  essentially  a  spatial  frequency.  It  is  proportional  to 
the  number  of  wave  cycles  occurring  in  a  unit  distance,  and  is  termed  the  wave  number: 


to  _  2irf  _  2it 
c  c  X 


(2.8) 


Wave  number  plays  a  role  in  space  similar  to  that  of  angular  frequency  in  the  time  domain. 
The  sinusoid  of  Eq.  2.7  may  be  expressed  by  a  single  cosine  term; 


f(x  -  ct)  =  j  +  Al  cos  I  cot  -  kx  -  tan'' — “)• 

Ai 


(2.9) 


Using  the  convention  that  the  cosine  is  the  real  part  of  a  complex  exponential,  as  in  Eq.  1.56, 
Eq.  2.9  can  be  written 


f(x  -  ct)  =  Rp(a  e‘(^‘  -  , 


(2.10) 


where  the  complex  amplitude,  4.  expresses  the  phase  angle  as  well  as  magnitude  of  a  rotating 
complex  vector.  In  what  follows,  we  will  represent  most  sinusoids  as  complex  quantities  and  omit 
RP,  since  “real  part  of’  is  always  understood  in  physical  equations. 

The  harmonic  approach  to  wave  phenomena  is  used  almost  universally.  This  is  because  it  is 
consistent  with  spectral  analysis,  and  because  there  are  cases  for  which  the  effective  wave  speed,  c, 
is  a  function  of  frequency  and  for  which  the  general  wave  equation  is  therefore  invalid. 


Helmholtz  Equation 

When  the  solution  of  the  wave  equation  is  expressed  by  sinusoids,  the  equation  itself  takes  a 
somewhat  modified  form.  Since 

—  »  (io))^F  =  -  k^c^F  .  (2.11) 

Eq.  2.5  becomes 

yj/r  +  =  0  .  (2.12) 


This  is  the  Helmholtz  equation,  and  is  a  common  form  of  the  wave  equation. 
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Wave  Vectors 

The  wave  number  deHned  by  Eq.  2.8  as  a  kind  of  spatial  frequency  is  a  scalar  quantity,  i.e.,  it 
is  characterized  by  a  number  without  any  directional  implications.  However,  position  in  space 
implies  direction  from  an  origin  and  is  a  vector.  It  is,  therefore,  quite  useful  to  define  a  vector 
quantity  for  the  spatial  domain  representing  not  only  the  magnitude  of  the  wave  number,  but  also 
the  direction  of  propagation  of  the  wave.  In  cartesian  coordinates 

T  =  +  lik^  =  k(^n^  +  ^  .  (2.13) 

where  the  various  «’s  are  the  direction  cosines  of  a  unit  vector  normal  to  the  plane  of  constant 
phase,  as  previously  discussed.  Since  the  sum  of  the  squares  of  the  direction  cosines  is  unity,  it 
follows  that 

k^  =  kl  +  *2  +  kl  .  (2.14) 

Using  the  wave  vector,  the  general  expression  for  a  plane  harmonic  wave  in  space  may  be  written: 

F(x.y,2.cj,t)  =  A  .  (2.15) 

The  significance  of  the  wave  vector  can  be  illustrated  in  connection  with  the  solution  of  the 
wave  equation  by  the  method  of  separation  of  variables.  If  the  function  F  is  expressed  as  the 
product  of  three  spatial  functions  and  a  time  function, 

F(x,y,z.cJ.t)  =  X(x,(Ai)  •  Y(y,ui)  •  Z(z.(jj)e‘^‘  ,  (2.16) 


(2.17) 


(2.18) 


it  is  clear  that  the  components  of  the  wave  vector  are  the  constants  that  separate  the  three- 
dimensional  wave  equation  into  three  separate  equations. 

Just  as  waves  can  be  analyzed  in  terms  of  their  spectral  components  in  the  frequency  domain, 
they  can  also  be  analyzed  in  terms  of  their  wave-number  spectra.  The  only  difference  is  that  the 
analysis  involves  all  three  coordinate  directions  and  resolves  into  three  wave-number  spectra.  .. 
Fourier  transforms  are  consequently  somewhat  more  complex. 

Radar  antennas  and  acoustic  arrays  that  discriminate  in  direction  can  be  treated  as  wave-vector 
filters,  analogous  to  spectral  filters  that  respond  to  a  band  of  frequencies.  Wave  vectors  are  also 
quite  useful  when  dealing  with  propagation  between  two  media,  since  the  boundary  can  be  treated 
as  a  wave-vector  transformer.  Radiation  problems  invariably  concern  two  media  and  so  are  often 
analyzed  by  means  of  wave  vectors. 
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2.2  Wave  Equation  for  Sound  in  Fluids 

There  are  a  number  of  possible  approaches  to  the  derivation  of  the  differential  equation  for 
propagation  of  acoustic  disturbances  in  a  fluid  medium.  Tire  approach  which  is  taken  here  treats 
acoustics  as  small-signal,  non-steady  (a.c.)  fluid  mechanics.  In  this  approach,  differential  equations 
governing  sound  propagation  are  derived  from  equations  of  fluid  mechanics  by  treating  acoustic 
signals  as  small  fluctuating  disturbances.  Relations  used  are:  the  continuity  equation,  expressing 
conservation  of  mass;  the  equation  of  motion  (law  of  conservation  of  momentum),  which  is  the 
statement  for  fluids  of  Newton’s  second  law;  and  the  stress-strain  relationship,  or  equation  of 
state,  for  a  fluid. 

In  one  approach,  the  continuity  and  momentum  equations  are  combined  prior  to  making  any 
special  acoustic  assumptions.  This  approach  is  taken  in  Chapter  3  in  deriving  a  more  general 
equation,  from  which  the  wave  equation  can  be  derived  as  a  special  case.  In  the  present  section, 
the  acoustic  wave  equation  is  derived  by  making  a  number  of  restrictive  assumptions  and  applying 
them  to  the  continuity  and  momentum  equations  before  their  combination.  This  process  is  illumi¬ 
nating,  since  the  wave  equation  is  strictly  valid  for  sound  only  when  all  of  the  assumptions  given 
below  are  satisfied,  and  it  is  important  to  understand  the  roles  of  the  assumptions. 

Assumptions 

The  physical  assumptions  used  in  deriving  the  acoustic  wave  equation  from  fluid  mechanics 
are: 

1 )  the  fluid  is  isotropic,  homogeneous  and  continuous: 

2)  the  fluid  cannot  withstand  static  shear  stresses  in  the  manner  of  a  solid: 

3)  viscous  stresses  are  negligible; 

4)  there  is  no  conduction  or  radiation  of  heat; 

5)  any  chemical,  electromagnetic  or  other  external  forces  experienced  by  the  fluid  are 
negligible; 

6)  there  are  no  local  sources  of  sound: 

7)  the  only  steady  motion  of  the  medium  is  a  uniform  constant  translation: 

8)  the  stress-strain  relationship  is  linear; 

9)  the  relative  compression  of  the  medium  is  very  small  (Ap  <  <p^); 

10)  particle  motions  associated  with  sound  waves  are  irrotational;  and 

11)  spatial  variations  of  the  ambient  pressure,  density  and  temperature  are  relatively  very 

/  small. 

These  assumptions  are  required  in  order  to  derive  a  simple  equation.  To  the  extent  that  they  are 
not  valid,  additional  terms  occur  in  the  final  equation.  Most  of  these  additional  terms  may  be 
treated  as  source  terms,  but  some  of  them  invalidate  the  wave  solution. 

The  basic  acoustic  assumption  is  that  physical  quantities  in  fluid  mechanics  can  be  expressed  as 
sums  of  steady-state,  time-independent  values  plus  fluctuating  acoustic  values.  Thus,  the  static 
pressure  is  expressed  by 


p(.x,y.:,t)  =  pjx.y.z)  +  p'(.x.y,z,t)  , 


(2.19) 
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where 


-7/ 

'  •'o 


(2.20) 


is  the  ambient  value  that  exists  when  sound  is  absent  and  p'  is  the  acoustic  component,  the 
long-time  average  of  which  is  zero.  Similar  expressions  apply  to  density  and  to  the  components  of 
velocity.  However,  the  seventh  assumption  listed  above,  that  of  constant  translational  velocity, 
implies  that  the  equations  can  be  written  for  a  coordinate  system  moving  with  the  fluid,  for  which 


Equation  of  State 

The  equation  of  state  of  a  substance  is  a  relationship  between  static  pressure,  density  and 
temperature.  At  a  fixed  temperature,  pressure  may  be  expressed  as  a  power  expansion  of  density. 


P  =  Po  +  «(P  -  Po)  Hp  -  Po)  +  •  •  •  . 


(2.21) 


where  the  coefficients  a  and  b,  as  well  as  and  p^,  are  functions  of  temperature.  From  the  eighth 
and  ninth  assumptions,  it  follows  that  in  linear  acoustics  higher  order  terms  are  negligible  and  that 
the  acoustic  pressure,  p',  can  be  related  to  the  acoustic  component  of  the  density,  p',  by 


P  =  P  -  Po  =  -  Po)  “  ' 


(2.22) 


which  is  the  equation  of  state  for  an  acoustic  disturbance.  From  the  eleventh  assumption,  co¬ 
efficient  a  is  assumed  to  be  constant  or,  if  varying,  to  be  a  slowly  varying  function  of  position. 

Equation  of  Continuity 

The  continuity  equation  of  fluid  mechanics  expresses  conservation  of  mass.  It  can  be  derived 
by  either  of  two  approaches.  In  one  approach,  named  after  Lagrange,  attention  is  focused  on  a 
particular  mass  of  fluid  as  it  moves  through  space.  Continuity  simply  states  that  this  mass  must  be 
constant: 


Dm  _  D  f 

nr  nt  J.. 


pdV  =  0  . 


(2.23) 


The  special  type  of  derivative  represented  by  DIDt  applies  to  a  particle  as  it  moves.  It  is  called  a 
material  derivative,  or  substantial,  and  has  all  the  mathematical  attributes  of  a  total  derivative  with 
respect  to  time.  Since  the  particle  moves  through  space,  the  material  derivative  can  be  expressed  in 
terms  of  particle  velocity,  vt  and  local  partial  derivatives  by 


D  b  ^  dx 

Dt  bt  bt 


b  ^  by 


-L  + 

by  bt 


(2.24a) 
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+  (t  •  v)  =  —  +  V.  —  .  (2.24b) 

Dt  dt  3/  av,. 

Material  derivatives  can  be  applied  to  vector  as  well  as  scalar  quantities. 

As  a  particle  moves  through  space,  its  density  may  change.  Since  its  mass  is  constant,  the 
volume  it  occupies  must  also  change.  The  transport  theorem,  originally  derived  by  Euler,  relates 
the  material  derivative  of  an  element  of  volume  to  the  divergence  of  the  velocity  field: 


D 

Dt 


J" =  J' div'T'dV  . 


(2.25) 


Using  this  relationship,  Eq.  2.23  can  be  expanded: 


Since  the  volume  is  finite,  it  follows  that  the  expression  within  the  parentheses  must  be  zero. 


—  +  P  (V  •  0  .  <2.27) 

Dt 

which  is  the  Lagrangian  form  of  the  equation  of  continuity.  Expanding  the  material  derivative 
of  the  density  by  Eq.  2.24b  yields  a  second  form, 

+  r  •  Vp  +  P  (V-  v*’)=  0  .  (2.28) 

bt 

which  is  the  one  used  in  deriving  a  continuity  equation  for  acoustic  disturbances. 

The  second  method  of  deriving  the  continuity  equation  of  fluid  mechanics  is  named  for  Euler. 
In  this  approach,  attention  is  focused  on  a  fixed  volume  and  the  time-rate-of-change  of  mass 
within  this  volume  is  equated  to  the  flux  of  mass  into  the  volume  through  its  surfaces: 


(2.29) 


The  surface  integral  can  be  expressed  as  a  volume  integral  by  invoking  Gauss’  divergence  theorem. 


div  A  dV  , 


(2.30) 


I 
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whereupon  Eq.  2.29  becomes 


and  it  follows  that 


dt  dt 


V  • 


dt  dXf 


=  0  , 


(2.31) 


(2.32) 


which  is  the  Eulerian  form  of  the  continuity  equation.  When  the  divergence  term  is  expanded,  this 
result  is  identical  to  that  of  Eq.  2.2B. 

The  acoustic  form  of  the  equation  of  continuity  can  be  derived  from  Eq.  2.28  by  expressing 
each  physical  variable  as  the  sum  of  a  time-independent  average  value  and  a  fluctuating  com¬ 
ponent,  and  taking  a  coordinate  system  moving  with  the  fluid: 


-t-  T  •  V  (Po  +  P')  +  (Po  +  P')  (V-  ■^)  =  0  .  (2.33) 

bt 

The  gradient  of  p„  is  negligible  by  the  eleventh  assumption,  and  p  is  negligible  relative  to  p^  in  the 
third  term  by  the  ninth  assumption,  leaving 

-^  +  T  •  Vp'  +  P^(V-  r)  =  0  .  (2.34) 

bt 


The  first  and  last  terms  exhibit  linear  dependencies  on  fluctuating  quantities,  while  the  middle 
term  is  quadratic.  In  the  limit,  for  very  small  acoustic  fluctuations,  this  term  must  become 
negligible  relative  to  the  other  two.  The  final  form  of  the  linear  acoustic  continuity  equation  in  a 
region  free  of  acoustic  sources  is 


V 

at 


+  p„(v-T) 


av'. 

+  ^  - L 


Po 


b.x, 


=  0  . 


(2.35) 


Equation  of  Motion 

The  equation  of  motion  for  a  fluid  may  be  formulated  directly  from  Newton’s  second  law  by 
equating  the  rate-of-change  of  momentum  of  a  fluid  particle  to  the  sum  of  the  forces  acting  on  it. 
Forces  which  are  considered  in  fluid  mechanics  include  gravity,  the  gradient  of  pressure,  viscous 
stresses  and  other  unspecified  external  forces.  However,  in  an  acoustic  derivation,  by  the  first  six 
assumptions,  it  is  only  necessary  to  consider  forces  associated  with  gravity  and  with  the  gradient  of 
the  pressure. 
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it  follows  that 


p - =  -  pgVz  -  Vp  .  (2.42) 

Dt 


which  is  the  Lagrangian  form  of  the  momentum  equation  in  an  ideal  inviscid  fluid.  Expanding  the 
material  derivative  by  Eq.  2.24  yields 


p  —  ~  -  (ftgVz  +  Vp 

Bt 


+ 


pCv  •  V)  "v 


(2.4S) 


which  is  a  form  useful  for  acoustic  derivations. 

As  for  continuity,  the  acoustic  form  of  the  momentum  equation  is  obtained  by  replacing  each 
physical  variable  by  the  sum  of  its  steady  and  fluctuating  components,  and  by  taking  a  coordinate 
system  moving  with  the  fluid,  so  that  =  0.  When  this  is  done,  Eq.  2.43  becomes 


(Po  P')—  =  -  (Po  +  P>Vr  -  V  (Po  +  P')  -  (Po  +  P')(v'  *  V)^  .  (2  44) 

Bt 

Making  the  ninth  assumption  and  retaining  only  linear  terms. 


Po  —  =  -  (Po^Vs  +  VPo  +  Vp').  (2.45) 

bt 

Since  this  equation  is  also  valid  in  the  absence  of  sound,  the  gradient  of  the  ambient  pressure 
cancels  the  gravitational  term. 


leaving 


VPo  *  -  Po«V2  . 


(2.46) 


(2.47) 


which  is  the  acoustic  conservation  of  momentum  equation  for  an  ideal  fluid  medium  free  of 
external  sources. 

It  is  in  the  next  to  the  last  step  that  derivations  for  liquids  and  gases  may  differ.  The  derivation 
given  here  is  valid  for  all  non-viscous  fluids.  However,  when  deriving  the  acoustic  momentum 
equation  for  gases,  it  is  common  practice  to  ignore  gravitational  forces  and  to  assume  that  the 
gradient  of  the  ambient  pressure  is  of  second  order.  While  valid  for  gases,  this  procedure  is  not 
valid  in  liquids.  It  is  also  common  practice  to  assume  that  pressure  fluctuations  are  small,  an 
assumption  that  is  often  not  valid  in  liquids  and  which  is  not  made  in  the  present  derivation. 


Acoustic  Wave  Equation 

Equations  2.35,  2.47  and  2.22  for  continuity,  momentum  and  state  can  be  combined  to  derive 
a  second-order  differential  equation  for  acoustic  quantities.  Taking  the  partial  derivative  of 


o 
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Eq.  2.35  with  respect  to  time, 
9'*p’  ,  ® 


bt 


+  — (P«V  •  V  )  » 


k-i-y 


(2.48) 


since  the  order  of  differentiation  is  immaterial.  Taking  the  divergence  of  the  momentum  equation. 
Eq.  2.47,  yields 


(2.49) 


where  a  term  involving  grad  has  been  assumed  to  be  of  second  order,  in  accordance  with  the 
eleventh  assumption.  Substituting  Eq.  2.49  for  the  second  term  in  Eq.  2.48. 


-  W''  =  0  • 


(2.50) 


The  equation  of  state  can  now  be  used  to  eliminate  either  acoustic  density  or  pressure.  The  results 
are  similar.  Thus,  using  Eq.  2.22  for  p'  and  assuming  that  spatial  derivatives  of  a  are  negligible. 


=  0  . 


(2.51) 


Dividing  both  tenns  by  -a  yields  a  more  common  form. 


I  b^p 

V2p'  -  L  -JL=  0  . 
a  bt^ 


(2.52) 


which  we  recognize  as  a  wave  equation,  since  it  is  similar  to  Hq.  2.5. 

Comparing  Eq.  2.52  to  Eq.  2.5.  it  is  apparent  that  the  constant  a  in  Eq.  2.52  equals  the  square 
of  the  wave  speed,  c.  Since  the  speed  of  sound  is  a  property  ol  the  medium,  it  is  represented  by  c^. 
From  Eq.  2.22,  is  a  function  of  the  compressibility  of  the  medium. 


.  ±. 

\  p'  <lp  Po 


(2.53) 


where  B  is  the  bulk  modulus  and  expresses  resistance  to  compression. 

It  is  of  interest  to  note  that  as  the  medium  becomes  more  and  more  incompressible  the  speed 
of  sound  approaches  infinity  and  the  wave  equation  approaches  Laplace’s  equation.  Solutions  of 
Laplace’s  equation  are  uniquely  determined  by  boundary  conditions;  any  changes  in  values  at  a 
boundary  are  felt  immediately  throughout  the  entire  medium.  In  acoustics,  changes  at  a  boundary 
are  experienced  throughout  a  medium  at  later  times.  Thus,  the  fundamental  distinction  between 
acoustics  and  hydrodynamics  is  the  delay  of  responses  at  a  distance,  delay  being  implied  by  the 
finiteness  of  the  second  term  of  the  wave  equation.  Stated  another  way,  Laplace’s  equation  is  valid 
when  the  largest  dimensions  involved  in  a  problem  are  small  compared  to  an  acoustic  wavelength. 
When  physical  dimensions  become  comparable  to  a  wavelength,  then  compressibility  can  no  longer 
be  ignored  and  the  wave  equation  must  be  used. 


I 
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Velocity  Potential 

Wave  equations  of  the  same  form  as  Eq.  2.52  can  be  derived  for  acoustic  pressure,/?',  and  for 
each  component  of  particle  velocity,  v'.  Since  by  the  tenth  assumption  particle  motions  in  sound 
waves  are  irrotational,  it  is  also  possible  to  define  a  scalar  velocity  potential  by 

"v'  =  -  grad<j>  ,  (2.54) 


and  to  relate  density  and  pressure  fluctuations  to  this  acoustic  potential.  Substituting  for  the 
velocity  term  in  the  acoustic  momentum  equation,  Eq.  2.47  becomes 


(2.55) 


from  which  it  follows  that 


(2.56) 


since  by  the  very  definition  of  a  fluctuating  component  all  constants  of  integration  must  be  zero. 
From  the  equation  of  state,  Eq.  2.53,  the  acoustic  density  is  given  by 


Harmonic  Solutions 

The  assumption  of  linearity  made  in  deriving  the  acoustic  wave  equation  makes  it  possible  to 
treat  any  arbitrary  disturbance  as  the  sum  of  sinusoidal  components,  each  of  the  form 

=  RP(±)  =  RP(*e^^^)  .  (2.60) 

where  the  complex  amplitude,  4>,  is  a  function  of  position  in  space  as  well  as  frequency  and  is 
found  by  solving  the  Helmholtz  equation,  Eq.  2.12: 
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=  0  .  (2.61) 

Once  the  potential  is  known,  the  acoustic  pressure  and  density  can  readily  be  found  from 

p'  =  =  iojpgip  =  ikpgCg^  (2.62) 

and 


(2.63) 


However,  the  particle  velocity,  being  a  function  of  the  gradient  of  the  potential,  depends  upon  the 
particular  spatial  solution.  Of  the  many  possible  solutions,  the  two  most  useful  are  for  plane  and 
spherical  waves.  Since  most  other  waves  can  be  treated  as  superpositions  of  either  of  these  funda¬ 
mental  types,  we  will  limit  our  discussions  of  solutions  of  Eq.  2.61  to  plane  and  spherical  waves. 


2.3  Ptone  Sound  Waves 


Acoustic  Potential 

The  scalar  potential  describing  a  plane  harmonic  sound  wave  can  be  written 

0  =  <1,  e'wr  =  ^  -  7  -Ty  =  ^  -  k^x  -  k^y  -  k^z)  ^2.64; 

which  can  be  verified  either  by  carrying  out  the  indicated  differentiations  and  substituting  the 
results  into  the  Helmholtz  equation  or  by  direct  comparison  with  the  expressions  given  in 
Eqs.  2. 1 5  and  2. 16.  The  amplitude  A  is  constant  as  the  wave  progresses. 


Pbrticle  Velocity 

The  particle  velocity,  £,  is  related  through  Eq.  2.54  to  the  gradient  of  the  scalar  potential.  In 
cartesian  coordinates,  for  a  plane  wave 


3ac  by 


+  ^kj^  ®  , 


(2.65) 


which  is  a  vector  having  the  same  direction  as  the  wave  vector  and  having  an  instantaneous  value 
given  by  the  real  part  of  ik^.  Since  the  direction  of  propagation  is  usually  obvious  from  geomet¬ 
rical  considerations,  it  is  common  to  deal  with  the  acoustic  particle  speed  and  to  write 

v'  =  ik^  .  (2.66) 

Comparison  of  this  expression  with  Eqs.  2.56  and  2.57  for  acoustic  pressure  and  density  shows 
that  for  a  plane  wave  the  particle  speed  is  in  phase  with  both  pressure  and  density  fluctuations. 
This  differs  from  hydrodynamics,  for  which  velocity  and  pressure  changes  are  often  180“  out  of 
phase. 

The  ratio  of  the  particle  velocity  to  the  sound  speed  of  the  medium  is  essentially  the  Mach 
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number,  M',  of  the  acoustic  particle  motion.  One  would  expect  that  second-order  effects  might 
become  important  if  this  Mach  number  approached  unity.  Actually,  for  plane  waves  the  expression 
for  acoustic  Mach  number  is  identical  to  that  for  the  ratio  of  the  fluctuating  density  to  its 
steady-state  value,  as  given  by  Eq,  2.63; 


Since,  by  the  ninth  assumption,  the  density  ratio  is  assumed  to  be  very  small  when  deriving  the 
wave  equation,  it  follows  that  acoustic  Mach  numbers  are  also  small. 

Specific  Acoustic  Impedance 

The  concept  of  mechanical  impedance  is  often  used  when  dealing  with  mechanical  systems  to 
express  the  ratio  of  a  force  to  a  velocity.  A  similar  concept  is  used  in  acoustics  when  dealing  with 
forces  experienced  by  a  radiating  surface.  Since  by  Eqs.  2.62  and  2.66  the  acoustic  pressure  and 
particle  speed  in  a  wave  are  both  proportional  to  acoustic  potential,  their  ratio  is  a  constant  which 
is  called  the  specific  acoustic  impedance.  For  a  plane  wave. 


<^Po 

k 


Po^o  ■ 


(2.68) 


The  quantity  p^c^  is  a  property  of  the  medium.  It  is  called  the  characteristic  impedance  of  the 
medium  and  is  measured  in  units  called  Rayls,  named  after  Lord  Rayleigh.  The  value  for  water  is 
close  to  1.5  X  10*  MKS  Rayls,  while  the  corresponding  value  for  standard  air  is  only  415.  The 
difference  is  indicative  of  the  relative  compressibilities  of  the  two  media. 


Acoustic  Intensity 

The  fact  that  there  is  both  particle  motion  and  medium  compression  associated  with  a  sound 
wave  implies  that  there  are  both  kinetic  and  potential  energies  in  sound  waves.  However,  it  is 
possible  in  a  standing  wave  to  have  kinetic  and  potential  energies  without  any  net  flow  of  energy 
from  one  place  to  another.  We  are  really  more  interested  in  the  transfer  of  power  by  an  acoustic 
disturbance  than  in  the  energy  per  se.  The  quantity  which  measures  the  transfer  of  acoustic  power 
across  a  unit  area  is  called  the  acoustic  intensity,  /.  Intensity  is  the  time-average  power  flow  per 
unit  area  normal  to  the  direction  of  travel  of  the  wave  and  is  given  by 


T 

I  s—  f p'(t)s'(t)dt  =  p'(t)y’(t)  ,  (2.69) 

T  i 

where  p'(t)  and  \'(t)  are  instantaneous  values  of  the  pressure  and  the  particle  speed. 

In  a  progressing  plane  wave,  pressure  and  particle  speed  are  in  phase  with  each  other.  The 
speed  can  be  expressed  in  terms  of  pressure  by  Eq.  2.68  and  the  intensity  is  given  by 


Po^o 


(2.  70) 
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r» 


c 


c 


r. 


r. 


c 


t 


One  could  also  use  Eq.  2.68  to  substitute  for  the  acoustic  pressure,  deriving  an  expression  for 
intensity  in  terms  of  the  rms  particle  speed, 

T 

I  *—  /  p  •  v'<t)dt  =  PoCoV’^  ■  (2.71} 

It  also  can  be  shown  that  the  intensity  of  a  plane  wave  is  simply  the  product  of  the  rms  pressure 
and  rms  particle  speed. 

In  a  standing  wave,  pressures  of  the  two  waves  are  cumulative,  but  particle  velocities  cancel  on 
average.  Hence,  Eq.  2.69  yields  zero  intensity  for  an  ideal  plane  standing  wave. 

2.4  Spherical  Waves 

Acoustic  Potential 

There  are  many  instances  in  underwater  acoustics  when  a  source  can  be  treated  as  a  small 
pulsating  spherical  surface  radiating  sound  in  all  directions.  For  this  situation,  the  Laplacian  is 
written  in  spherical  coordinates  for  spherical  symmetry  by  Eq.  1 .44,  and  the  Helmholtz  equation 
becomes 


V*0  +  k}<t>  =  —  =  0  . 

~  r  dr^ 


(2. 72) 


Multiplying  through  by  r,  one  finds 

=  0  .  (2.  73) 

which  is  of  the  same  form  as  a  one-dimensional  Helmholtz  equation,  with  (r^)  replacing  0  and  r 
replacing  x.  It  follows  that  the  solution  is  of  the  form 

^=Aei«^*-kr)  (2,74) 

r 

showing  that  the  magnitude  of  the  potential  decreases  inversely  with  increasing  distance  from  a 
source  of  spherical  waves. 

Since  Eqs.  2.56  and  2.57  for  acoustic  pressure  and  density  involve  only  time  derivatives  of  the 
acoustic  potential,  these  quantities  bear  the  same  relation  to  the  potential  as  for  plane  waves,  Eqs. 
2.62  and  2.63.  Their  amplitudes  therefore  vary  inversely  with  distance,  in  the  same  manner  as  the 
potential.  Thus 


(2. 75) 


t 
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-  *  '■/  I 

■'  t  ^ 

Furtkle  Velocity 

Equation  2.54  for  particle  velocity  depends  on  spatial  derivatives  of  the  acoustic  potential,  and 
so  depends  on  the  shape  of  the  wave  front.  For  spherical  waves, 

t'  »  -  V  i  ■ 

It  follows  that  the  particle  speed  can  be  expressed  in  either  of  two  forms, 

-  —  ]  .  f2.77J 

from  which  it  is  clear  that  basically  there  are  two  distinct  regimes.  Gose  to  a  radiating  source,  in 
the  near  field  given  by  kr  <<  I  ^  the  particle  speed  is  dominated  by  the  term  that  is  in  phase  with 
the  potential.  Far  from  a  source,  in  the  far  field,  the  particle  speed  is  dominated  by  the  term  that 
is  out  of  phase  with  the  potential  but  in  phase  with  the  acoustic  density  and  pressure.  In  the  near 
field,  particle  speed  varies  inversely  with  the  square  of  distance,  since  it  drops  off  faster  than  the 
potential.  In  the  far  field,  its  dependence  on  distance  is  the  same  as  that  of  the  potential. 

Specific  Acoustic  Impedance 

Since  the  particle  speed  has  both  near-  and  far-field  terms,  the  specific  acoustic  impedance  is 
also  a  function  of  relative  distance: 

_  p'  iu3p^<f>  _  (krp  +  ikr 

la  ~  ~  - 

v'  /A:0  (/  -  aikr))  I  +  (kr)^ 

In  the  near  field,  kr  <  I,  the  impedance  is  dominantly  reactive,  while  in  the  far  field  it  is  basically 
resistive  and  for  large  kr  approaches  the  plane-wave  value. 

The  resistive  and  reactive  components  form  a  complex  number  which  can  be  expressed  in 
exponential  form. 


v'  =  ^(1  +  ikr)  =  lk±[l 


(' 


/ 

(2.  76) 


where 


Pq^o 


kr 


kr  +  I 


yjl  +  (kr)^  ^7  +  (kr)^ 

PqCo  ®  $+  i  sin  d)  -  PgCg  cos 


6  *  tan~' 


J_ 

kr 


—  -  tan'kr  . 


In  the  near  field,  kr  <<I  and  8  approaches  ir/2,  from  which  it  follows  that 


(2.  79) 


(2.80) 


la  =  (f^'Po^o  (f^<<i)- 


(2.81) 
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In  the  far  field,  on  the  other  hand,  d  approaches  0  and  Eq.  2.79  reduces  to  Eq.  2.68  for  the 
impedance  of  a  plane  wave. 

Acoustic  Intensity 

Equation  2.69  for  acoustic  intensity  involves  the  product  of  instantaneous  values  of  the  acous¬ 
tic  pressure  and  particle  speed.  In  complex  notation,  intensity  is  the  time-average  value  of  the 
product  of  the  components  of  pressure  and  particle  speed  that  are  in  phase  with  each  other. 
Combining  Eqs.  2.62  and  2.77,  the  particle  speed  of  a  spherical  wave  is  related  to  its  acoustic 
pressure  by 


The  component  in  phase  with  the  pressure  is  clearly  the  first  term,  which  is  independent  of  kr  and 
is  therefore  the  same  in  the  near  field  as  in  the  far  field.  From  Eqs.  2.69  and  2.82,  the  intensity  of 
a  spherical  wave  is 


(2.82) 


C 


C 


s: 


T 


/  =  ±  fp'fr)  .  -E^dt  =  .  (2.83) 

T  "i  Po^o  Po^o 

This  is  the  same  as  Eq.  2.70  for  plane  waves.  If,  instead  of  substituting  for  the  particle  speed,  one 
were  to  substitute  for  the  pressure,  then  from  Eq.  2.79 


,,, 

~  ~  1  +  (kr)^\ 


=  IPo^o 


(2.84) 


and  the  intensity  is 


/ 

I  =  - j  \'(t)  •  \'(t)PgC^  cos^  6  dt  =  PoCgV'^  cos’  d 


(2.85) 


which  differs  from  the  plane-wave  expression  by  cos’  0. 

Because  of  the  general  validity  of  Eq.  2.83,  pressure-sensitive  instruments  are  better  indicators 
of  acoustic  intensity  than  are  velocity-sensitive  ones.  In  vater,  because  of  the  high  impedance  of 
the  medium,  almost  all  measurements  are  made  with  pressure-sensitive  transducers  and  Eq.  2.83  is 
used  to  estimate  the  intensity.  This  procedure  is  valid  when  there  is  only  one  source  and  sound 
waves  are  progressing  in  only  one  direction.  If  waves  emanate  from  more  than  one  source,  the 
particle  velocities  will  have  different  directions  and  may  even  cancel.  For  example,  a  standing  wave 
is  formed  when  two  equal  waves  are  progressing  in  opposite  directions.  Such  a  wave  carries  no 
energy  and  has  zero  intensity,  even  though  the  rms  pressure  is  finite. 


Ideal  Transmission  Loss 

Since  the  intensity  of  a  spherical  wave  is  proportional  to  the  square  of  the  pressure,  and 
pressure  according  to  Eq.  2.75  is  inversely  proportional  to  distance,  it  follows  that  the  intensity 
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from  a  simple  source  decays  as  the  square  of  the  distance.  For  this  reason,  ideal  spherical  sound 
propagation  is  often  called  inverse-square  spreading. 

As  discussed  in  Chapter  1 ,  a  logarithmic  quantity,  transmission  loss,  is  often  used  to  express 
changes  of  acoustic  intensity  and  pressure  with  distance.  Substituting  Eq.  2.75  into  Eq.  1.20, 
which  defines  transmission  loss,  it  follows  that  in  an  ideal,  lossless  medium  transmission  loss  is 
given  simply  by 

TLf  =  20  log  =  20  log  r  .  (2.86) 

p(r) 

and  that  in  such  an  ideal  medium  sound  pressure  levels  decrease  by  6  dB  for  every  doubling  of 
distance. 

Equation  2.86  for  the  transmission  loss  for  spherical  waves  in  an  ideal  medium  is  a  direct 
consequence  of  the  wave  equation  and  of  the  assumptions  made  in  deriving  it.  To  the  extent  that 
these  assumptions  are  not  met,  actual  transmission  loss  will  differ  from  ideal  spherical  spreading. 
Transmission  anomaly,  TA,  is  defined  as  the  difference  of  the  actual  transmission  loss  from  that 
predicted  by  spherical  spreading: 

TA  ^  TL  -  TLf  =  TL  -  20  log  r  .  (2.87) 

Anomaly  is  thus  the  dB  measure  of  the  cumulative  effects  of  all  of  the  ways  in  which  the  actual 
medium  differs  from  the  ideal  medium  assumed  in  the  derivation  of  the  wave  equation.  It  is 
positive  when  the  measured  transmission  loss  exceeds  the  ideal  value. 

Acoustic  Power 

The  total  power  radiated  by  a  source  can  be  obtained  by  integrating  the  intensity  over  a 
spherical  surface: 


(2.88) 


In  the  most  general  case,  radiation  does  not  occur  uniformly  and  both  I  and  p'  are  functions  of 
angle  as  well  as  distance.  In  the  case  of  an  omnidirectional  source. 


(2.89) 


showing  that  a  consequence  of  the  inverse-square  law  is  constancy  of  acoustic  power  as  a  function 
of  distance  from  a  source. 

It  is  because  of  the  dependence  of  the  acoustic  power  on  p^c^  indicated  by  Eq.  2.88  that  the 
acoustic  power  for  a  given  acoustic  pressure  is  so  much  lower  in  water  than  in  air.  Since  the 
product  of  the  density  and  speed  of  sound  of  water  is  approximately  3600  times  as  great  as  that  of 
air,  the  same  acoustic  power  produces  acoustic  pressure  60  times  larger  in  water  than  in  air. 
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Damped  Sound  Waves 

The  wave  equation  was  derived  under  the  assumption  that  viscosity,  heat  conduction  and  other 
dissipative  phenomena  are  negligible.  In  actual  sound  transmission  in  the  ocean  these  effects,  while 
very  small,  are  not  zero.  They  may  be  taken  into  account  by  a  perturbation  approach  in  which  the 
wave  speed  is  treated  as  a  complex  quantity  for  which  the  dissipative  out-of-phase  component  is 
very  small  compared  to  the  real  part: 

£=cf/+iV  H«I  .  (2.90) 

The  wave  number  is  then  also  complex,  and  the  expression  for  a  spherical  wave  becomes 

0  =  Ae'Ytuf  -  kr)  =  e‘(^‘  ~  .  (2.91) 

~  r  r 

This  expression  represents  a  spherical  wave  whose  amplitude  decays  at  a  slightly  greater  rate  than 
inversely  with  distance. 

The  effect  of  the  real  exponential  term  in  Eq.  2.91  is  to  increase  the  transmission  loss  relative 
to  the  ideal  value  given  by  Eq.  2.86.  Thus 

I. 

TL  =  20  log - =  20  log  r  +  20  log  e^^’’  .  (2. 92) 

gkri 

since  kri  <<  I.  The  dissipative  transmission  anomaly  is  therefore 

TAjf,  =  20  log  =  (20)(0.4S4S)knr  =  8.6S6kr)r  .  (2.93) 

It  is  usual  to  write  TA  =  or  where 


a  =  8.686kr\  (2.94) 

is  the  absorption  coefficient  in  dB/m.  The  transmission  loss  in  a  slightly  dissipative  medium  is  thus 

Tl  =  TLf  +  TAj.j  =  20  log  r  +  or  (2.95) 

For  this  perturbation  approach  to  the  damping  of  sound  waves  to  be  valid,  it  is  necessary  that 
Tj  be  a  very  small  quantity  indeed.  Measurements  in  sea  water  show  that  tj  increases  with  fre¬ 
quency,  and  that  for  frequencies  under  one  megahertz  it  is  smaller  than  2X10**.  Equation  2.91  is 
thus  an  excellent  approximation  for  the  effect  of  damping  on  spherical  waves  in  water  over  the 
entire  frequency  range  generally  exploited  by  underwater  sound  devices  and  systems. 

Spherical  Waves  from  Plane  Waves 

In  most  problems  spherical  symmetry,  with  its  inverse  radial  dependence  of  pressure  and 
density,  is  easy  to  handle  analytically.  However,  for  some  cases,  such  as  the  interaction  of  spherical 
waves  with  plane  surfaces,  spherical  symmetry  is  a  handicap.  For  such  problems,  it  is  useful  to 
treat  spherical  waves  as  the  superposition  of  an  infinite  number  of  plane  waves.  Brekhovskikh 
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(1960)  lias  shown  that 


+  kyV  +  k^z) 

k. 

im 


dk.dky  . 


(2.96) 


where  the  integration  is  in  wave-vector  space.  With  this  transformation  spherical  waves  can  be 
replaced  with  plane  waves  when  that  is  desirable. 


2.5  Transmission  at  Medb  Interfaces 


Snell's  Law 

In  many  instances  sound  waves  created  in  one  lluid  medium  are  received  in,  or  reflected  by,  a 
second  medium.  Problems  involving  planar  boundaries  are  best  treated  by  considering  plane  waves. 
As  we  have  just  noted,  spherical  waves  can  be  decomposed  into  plane  waves.  If  the  second  medium 
is  a  fluid,  then  the  boundary  is  incapable  of  sustaining  a  stress,  and  the  components  ot  wave 
velocity  parallel  to  the  boundary  must  be  the  same  in  both  media.  It  follows  that  the  components 
of  the  wave  vector  parallel  to  a  boundary  surface  are  unchanged  in  crossing  between  the  two 
media.  This  recognition  of  the  constancy  of  the  components  of  the  wave  vectors  parallel  to  a 
boundary  between  two  fluids  leads  directly  to  a  derivation  of  Snell's  Law. 

Figure  2.2  represents  the  geometric  picture  of  incident,  reflected  and  transmitted  rays  at  a 


INCIDENT  REFLECTED 


Fig.  2.2.  Transmission  at  a  Boundary  between  Two  Fluid  Media 


boundary  between  two  fluids.  The  parallel  components  of  the  three  wave  vectors  are 

k,  *  ki  cos  Q:  ,  (2.97) 
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A* 


z 


z 


and 


A-  =  A',  cos  Bf. 

X 


k  =  ki  cos  B.  , 
‘x 


(2.98) 


(2.99) 


where  A|  =  w/ci  and  Aj  =  w/c2.  and  angles  are  measured  relative  to  the  plane  rather  than  to  a 
normal  as  is  more  common  in  airborne  acoustics.  Since  all  three  parallel  components  are  equal,  it 
follows  that 


=  e.  (2.100) 

and 

9,  =  JX  e,  .  (HOD 

Tlus  last  relationship  is  Snell’s  law.  It  can  be  generalized  to  cases  where  sound  speed  is  continuous, 
leading  to  the  general  statement  that  for  any  ray  in  a  refractive  medium  the  component  of  the 
wave  vector  parallel  to  the  isovelocity  surface  is  constant. 

Reflection  from  a  Plane  Boundary 

Equations  2.100  and  2.101  relate  the  angles  of  reflected  and  transmitted  rays  to  the  incident 
ray  angle.  Relationships  between  the  amplitudes  can  be  derived  by  recognizing  that  both  the 
pressure  and  normal  particle  velocity  must  be  continuous.  Continuity  of  pressure  requires  that 


where  the  various  Fs  are  amplitudes  of  the  respective  acoustic  pressures.  Continuity  of  the  normal 
particle  velocity  leads  to 

P.  -  P^  =  ^Pi  .  (2.103) 


where 

0  2  =  h-  (2.104) 

P2Cz  sin  0,  P2  Of 

Simultaneous  solution  of  Eqs.  2.102  and  2.103  leads  to  a  relation  for  the  ratio  of  reflected 
pressure  to  incident  pressure, 

a  2  A  *  ^  ^  .  (2. 105) 

'  Pf  I  +  ? 


—  ■■  ■ 
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which  is  valid  if  sin  d,  exists.  When  Eq.  101  is  solved  for  sin  fl,,  it  is  found  that 


sin  6 1 


(2.106) 


and  that  energy  is  transmitted  into  a  medium  with  higher  speed  of  sound  only  if  the  incident  angle 
is  greater  than  a  critical  angle  defined  by 


(2.107) 


When  grazing  angles  of  incidence  are  less  than  the  critical  angle,  all  of  the  energy  is  reflected. 


Transmission  through  a  Plane  Boundary 

Simultaneous  solution  of  Eqs.  2.102  and  2.103  for  P ^  gives 


a  =  fjL  =  -  .  (2.108) 

t 

Pi  1+0 

provided,  of  course,  that  0,.  is  greater  than  6^.  However,  this  equation  for  the  pressure  transmission 
ratio  does  not  tell  the  whole  story.  Because  the  specific  acoustic  impedances  of  the  two  media 
differ,  the  relative  sound  power  transmitted  is  not  simply  the  square  of  the  transmitted  pressure 
ratio.  Transmitted  power  can  be  calculated  by  subtracting  reflected  power  from  incident  power, 
from  which  it  follows  that 


t  - 


=  1 


=  y  -  -JP.— 

W,  '  (1  +  0)^ 


(2.109) 


In  treating  transmission  loss  between  two  media,  distinction  needs  to  be  made  between  pres¬ 
sure  and  power  transmission  losses.  From  Eq.  2.108  the  pressure  transmission  loss  is 


Pi  1+0 

TL  =  20log-l-  =  20  log - - 


(2.110) 


while  the  power  loss  is 


W.  (1  +  0)^ 

PTL  =  10  log  -l-  =  10  log  - =  TL  -  10  log  p  . 


(2.111) 


W, 
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Transmission  from  Air  to  Water 

Sometimes  when  calculating  noise  in  water  it  is  necessary  to  estimate  contributions  of  sources 
in  air.  For  example,  one  may  wish  to  calculate  the  sound  in  water  caused  by  aircraft  flying 
overhead.  The  speed  of  sound  in  water  is  4.35  times  that  of  air.  From  Eq.  2.107,  it  follows  that 
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4I» 
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sound  is  transmitted  from  air  into  water  only  if  the  incident  angle  exceeds  about  75“.  The  ratio  of 
the  specific  acoustic  impedances  of  the  two  media  is  3600,  from  which 

j3  =  2.5  X  70*^  sin  fl,  .  (2.112) 

The  most  efficient  transmission  of  sound  from  air  into  water  occurs  near  normal  incidence,  for 
which 


and 


2 

1  +  0 


=  2 


(2.113) 


^ _  =  l.I  X  10-^  .  (2.114) 

(1  +  0)^ 

The  pressure  level  underneath  the  water  surface  is  thus  about  6  dB  higher  than  its  value  in  the  air 
above  the  surface.  However,  the  corresponding  intensity  and  power  levels  are  about  29.5  dB  lower. 
It  follows  that,  while  airborne  sources  transmit  very  little  acoustic  power  into  water,  they  may  be 
as  detectable  by  pressure-sensitive  transducers  as  by  microphones. 

Young  (1973)  has  demonstrated  that  the  entire  sound  field  in  water  attributable  to  a  source  in 
air  can  be  calculated  with  reasonable  accuracy  by  locating  a  virtual  source  of  strength  7  dB  less 
than  the  actual  source  directly  under  the  actual  source  at  one-fifth  its  elevation,  and  assuming  a 
dipole  (cosine)  radiation  pattern  with  its  maximum  directly  under  the  source. 


Transmission  from  Water  into  Air 

Detection  of  sources  in  water  by  instruments  in  air  is  a  different  matter.  Again  considering 
near-normal  incidence. 


3600  ^ 

0  i - >  3600  . 

sin  0, 


(2.115) 


and  the  power  transmission  ratio  is 


=  _ 11 _ =  -  <  7.7  X  10-^  .  (2.116) 

W,.  (1  +  0)^  0 


Thus  the  loss  is  at  least  29.5  dB,  the  same  as  for  transmission  from  air  to  water.  However,  the 
relative  pressure  level  is  much  lower  since,  from  Eq.  2. 1 08,  the  pressure  ratio  is 


a.  =  — -  <  — ^  =  5.5  X  10-*  .  (2.117) 

I  +  0  3601 

and  it  follows  that  the  pressure  transmission  loss  is  at  least  65  dB.  Most  noise  sources  in  water  are 
therefore  virtually  undetectable  in  air;  only  large  high-power  sources  such  as  active  sonars  and 
explosions  produce  significant  signals  in  the  atmosphere. 
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To  calculate  the  pressure  field  in  air  from  a  source  in  water.  Young  (1973)  placed  a  virtual 
source  at  five  times  the  actual  source  depth,  of  strength  52  dB  less  than  the  actual  source  level,  and 
assumed  a  cosine-squared  directional  pattern.  This  calculation  confirms  the  low  levels  in  air  indi¬ 
cated  by  Eq.  2. 1 1 7. 

Reflection  of  Underwater  Sound  by  Ocean  Surfaces 

The  air-water  interface  at  the  ocean  surface  is  an  excellent  reflector  of  underwater  sound. 
From  Eq.  2.105, 


0.9995  . 


(2. 118) 


showing  that  reflection  occurs  virtually  without  loss  of  amplitude  and  with  a  phase  shift  of  180°. 
Since  the  angle  of  reflection  equals  the  angle  of  incidence,  the  effect  of  a  free  surface  can  be 
treated  by  considering  negative  image  sources  above  the  surface,  as  illustrated  in  Fig.  2.3.  Often 
the  geometrical  situation  is  such  that  a  receiver  receives  sound  by  both  direct  and  reflected  paths, 
resulting  in  complicated  interference  patterns.  This  subject  is  considered  in  more  detail  in 
Section  4.6. 

The  result  given  by  Eq.  2.1 18  has  been  derived  for  a  smooth  plane  surface.  The  actual  ocean 
surface  is  of  course  quite  rough,  causing  scattering  of  incident  sound.  Scattering  may  be  thought  to 
cause  the  image  to  dance  around,  or  it  may  be  considered  to  cause  reflection  loss  and  thus  to 
reduce  the  amplitude  of  a  fixed  image.  In  any  case,  the  effect  increases  with  frequency,  wave 
height  and  angle  of  incidence.  A  surface  can  be  considered  to  be  acoustically  smooth  and  scat¬ 
tering  loss  to  be  negligible  provided 


h  sin  Oj  ^  / 
X  4 


(2.119) 


where  h  is  wave  height.  Thus,  at  1  kHz,  for  which  X=  1.5m,  at  an  angle  of  10°  the  ocean  is 
acoustically  smooth  for  wave  heights  up  to  at  least  2  m. 


Fig.  2.3.  Image  Source  for  Reflection  by  Air-Water  Interface 
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2.6  Finite-Amplitude  Effects 

In  all  of  the  discussions  of  sound  waves  in  the  present  chapter,  linearity  has  been  assumed. 
Resolution  of  waves  into  independent  harmonic  components  depends  on  this  property.  The  deriva¬ 
tion  of  the  wave  equation  assumes  linearity.  Most  phenomena  in  underwater  acoustics  can  be 
completely  understood  in  terms  of  linear  acoustics.  However,  there  are  occasions  when  non-linear, 
finite-amplitude  effects  must  be  considered.  The  present  brief  exposition  is  intended  merely  to  call 
attention  to  this  aspect  of  acoustics  and  to  present  criteria  which  can  be  used  to  assess  the  possible 
significance  of  non-linear  effects. 

In  linear  acoustics,  a  fundamental  assumption  is  that  the  particle  velocity  is  small  compared  to 
the  speed  of  sound.  It  follows  that  all  parts  of  a  wave  travel  at  the  same  speed.  Actually,  this  is  not 
strictly  true.  The  actual  speed  is  a  superposition  of  the  local  sound  speed  and  the  local  particle 
velocity,  both  of  which  may  vary  with  place  in  the  wave.  Thus,  locally, 

^  =  c  +  v'  =  -I-  p^c^r^jv'  +  v'  .  (2.120) 

(It  o  o  I 

The  occurrence  of  non-linear  effects  is  thus  primarily  attributable  to  the  finite  amplitude  of  the 
particle  speed  relative  to  that  of  sound,  and  secondarily  to  the  fact  that  the  speed  of  sound  is  itself 
not  a  constant.  Beyer  (1960)  showed  that  the  degree  of  non-linearity  is  controlled  by  the 
parameter 


—  -  I  ^  ( I  +  Po^o  — ^  ^  • 

max  \  ^P/ 


(2.121) 


where  M'  is  the  acoustic  Macli  number  of  the  wave  at  its  peak.  For  a  gas,  L  can  be  shown  to  be 
related  to  the  ratio  of  the  specific  heats,  and  to  be  equal  to  about  1.2  in  air.  For  water,  the  value  is 
about  3.5.  Based  on  the  larger  value  of  L,  one  might  expect  greater  non-linear  effects  in  water  than 
in  air.  However,  the  acoustic  Mach  number  is  invariably  much  less  in  water  than  in  air. 

Non-linear  effects  are  also  strongly  frequency  dependent,  since  the  effects  cumulate  as  the 
wave  travels  a  number  of  wavelengths.  A  parameter  governing  non-linearity  is  the  stretched  range 
variable,  a,  defined  by 


a  =  LM'kr^ln -  ,  (2.122) 

where  is  a  reference  distance,  usually  about  one  meter.  Expressing  the  acoustic  Mach  number  in 
terms  of  the  peak  acoustic  pressure. 


o 


(2.123) 


Distortion  of  the  wave  is  negligible  as  long  as  o  is  less  than  about  0.15.  It  follows  that  non-linear 
effects  can  be  completely  ignored  in  sea  water  provided  that  the  product  of  source  pressure  level 
and  frequency  do  not  exceed  30  kilohertz-atmospheres. 
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The  only  sources  which  approach  non-linearity  in  normal  sea  water  are  large  active  sonars  and 
explosions.  However,  if  the  medium  contains  quantities  of  bubbles,  as  in  a  zone  of  cavitation,  L 
may  be  significantly  higher  than  normal  and  significantly  lower,  resulting  in  non-linear  effects 
at  much  lower  sound  pressures.  Thus,  harmonic  distortion,  intermodulation  products  and  in¬ 
creased  absorption  can  all  be  expected  to  occur  when  the  compressibility  of  a  liquid  is  significantly 
increased  due  to  the  presence  of  bubbles. 
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CHAPTERS 

ACOUSTIC  RADIATION  FUNDAMENTALS 


3.1  General  Chaiacterizarion  of  Noise  Sources 

Sound  is  generated  in  a  fluid  medium  by  any  process  that  causes  a  non-steady  pressure  field  to 
occur  in  that  medium.  Physical  processes  that  can  cause  unsteady  pressures  include  the  pulsation 
or  vibration  of  a  boundary  surface  of  the  medium,  the  action  of  a  non-steady  force  on  the  fluid, 
turbulent  motions  in  the  fluid,  and  oscillatory  temperatures.*  Each  noise  source  can  be  charac¬ 
terized  according  to  its  dominant  mechanism. 

Monopoles,  Dipoles  and  Quadrupoles 

Each  basic  physical  mechanism  that  generates  acoustic  pressure  fields  corresponds  mathe¬ 
matically  to  a  dominant  order  of  multipole.  Thus,  volume  or  mass  fluctuations  give  rise  to  domi¬ 
nant  simple  sources,  i.e.,  to  zero-order  poles  called  monopoles.  Examples  are  pulsating  bubbles, 
pistons  in  baffles  and  cavitation.  Monopoles  are  essentially  omnidirectional,  although  directional 
radiation  patterns  can  be  generated  by  forming  arrays  of  monopoles.  Fluctuating  forces  and 
vibratory  motions  of  unbaffled  rigid  bodies  are  associated  with  dipoles  and  have  cosine  directional 
patterns.  Turbulent  fluid  motions  involve  distortion  without  net  volume  changes  or  net  forces  and 
radiate  as  quadrupoles.  Monopoles  and  dipoles  occur  only  at  fluid  boundaries,  but  it  is  now 
recognized  that  quadrupoles  can  occur  within  the  fluid  itself,  away  from  fluid  boundaries,  in 
regions  of  free  turbulence  where  they  are  associated  with  fluctuating  turbulent  shear  stresses. 
Figure  3.1  summarizes  the  basic  physical  characteristics  of  the  three  lowest  order  multipole 
sources. 

Radiation  Impedance 

If  a  source  were  a  perfectly  efficient  radiator  of  sound,  the  entire  motion  would  be  converted 
into  a  radiating  pressure  field.  Actual  sources  create  a  hydrodynamic  non-radiating  field  as  well  as 
an  acoustic  field.  Local  pressures  associated  with  the  hydrodynamic  motion  are  90°  out  of  phase 
with  the  acoustic  component.  These  concepts  are  embodied  in  the  radiation  impedance 

+  iX^  .  fS.l) 

so  defined  that  the  resistance  is  proportional  to  the  acoustic  power  and  the  reactance  measures  the 
sloshing  hydrodynamic  motion.  Usually  one  can  find  a  mean  velocity  associated  with  a  noise 
source,  in  which  case  acoustic  resistance  is  related  to  acoustic  power  by 


*Tlicrnul  sources  of  sound  are  not  generally  considered  when  dealing  with  noise  in  liquids,  although  recent 
experiments  with  laser  beams  in  water  have  produced  sound  by  this  mechanism. 
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Radiation  reactance  is  related  to  hydrodynamic  reactive  power  by  a  similar  relationship. 

Radiation  impedance  measures  the  reaction  of  the  medium  on  a  source.  As  such,  it  is  generally 
proportional  to  the  impedance  of  the  medium,  p^c^,  and  to  the  area  of  the  source,  S^.  The 
specific  radiation  resistance  is  the  non-dimensional  normalized  form  of  the  radiation  resistance 

defined  by 

O  S  . 

and  the  specific  radiation  reactance,  o^,  is  the  corresponding  non-dimensional 
tion  reactance. 


(3.3) 

form  of  the  radia- 
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Fig.  3.1.  Types  of  Sound  Sources 


Radiation  Efficiency 

The  radiation  efficiency  introduced  in  Chapter  1  by  Eq.  1 .4  is  the  ratio  of  acoustic  power  to 
the  total  power  involved  in  the  acoustic  and  hydrodynamic  fluid  motions.  Thus. 
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Some  authors  prefer  to  call  this  the  radiation  loss  factor,  using  the  term  radiation  efficiency  for 
the  non-dimensional  radiation  resistance  defined  by  Eq.  3.3. 

The  radiation  efficiency  of  a  multipole  is  dependent  on  the  order  of  the  pole  and  the  ratio  of 
the  size  of  the  radiator  to  a  wavelength.  For  radiators  which  are  small  compared  to  the  wavelength 

(„  \2m  +■  I 

as) 

where  m  is  the  order  of  the  pole,  being  zero  for  a  monopole,  one  for  a  dipole  and  two  for  a 
quadrupole.  Since  many  sources  in  liquids  are  characterized  by  having  ka  small  compared  to  unity, 
it  follows  that  the  lower  the  order  of  the  source  the  more  efficient  it  is  as  an  acoustic  radiator. 
When  monopoles  exist,  they  generally  dominate.  Lacking  monopoles,  dipoles  are  most  important. 
It  will  be  shown  later  in  this  chapter  that  quadrupole  radiation  is  seldom  significant  in  liquids. 

3.2  General  Equation  for  Sound  Generation 

The  roles  of  fluctuating  mass  and  force  as  source  terms  in  acoustics  were  understood  by  Stokes 
and  Rayleigh  in  the  19th  century,  but  it  was  not  until  the  middle  of  the  20th  century  that 
Lighthill  (1952)  recognized  that  turbulent  shear  stresses  could  also  act  as  sources  of  sound. 
Lighthill  realized  that  sounds  from  jet  aircraft  could  not  be  explained  in  terms  of  simple  mass  or 
force  sources  and  looked  to  the  fluctuating  fluid  flow  as  the  source  of  this  sound.  The  derivation 
of  Lighthill’s  differential  equation  is  more  straightforward  than  that  given  in  Section  2.2  for  the 
usual  wave  equation  in  that  some  of  the  assumptions  made  in  deriving  the  wave  equation  are  not 
needed.  Lighthill’s  equation  can  be  derived  simply  by  combining  the  continuity  and  momentum 
equations  without  assumptions  concerning  linearity  or  steadiness  or  irrotationality  of  the  fluid 
flow.  The  resultant  equation  can  be  interpreted  as  a  wave  equation  with  source  terms.  The  same 
procedure  can  be  used  to  derive  a  general  equation  for  sound  generation  by  volume  and  force  as 
well  as  shear-stress  sources. 

Derivation 

In  deriving  a  general  differential  equation  for  sound  generation  we  start  with  the  continuity 
and  momentum  equations  of  fluid  mechanics  written  for  regions  that  include  mass  and  force 
source  terms.  These  are  then  combined  to  form  a  single  equation  prior  to  making  the  acoustic 
assumption.  Upon  making  the  acoustic  assumption,  and  after  some  manipulation,  a  single  dif¬ 
ferential  equation  is  obtained  which  has  the  form  of  a  wave  equation  on  the  left,  but  with  a 
number  of  terms  on  the  right  which  can  be  interpreted  as  source  terms.  In  carrying  out  this 
derivation,  it  is  convenient  to  use  the  double-subscript  tensor  notation  described  in  Section  1.5.  In 
this  notation,  the  continuity  equation,  Eq.  2.32,  in  a  region  containing  sources  is 

Dp  3p  .  dfpvj  , 

+  p  (V  •  v;=  -  +  — ^ —  =  q  ,  {3.6) 

Dt  3f  dx/ 

where  q  is  the  rate  at  which  new  mass  is  created  per  unit  volume.  This  equation  differs  from 
Eqs.  2.27  and  2.32  only  in  the  addition  of  the  source  term. 

It  is  the  momentum  equation  that  takes  on  a  different  form  in  a  region  containing  sources. 
Eq.  2.40  for  the  rate-of-change  of  momentum  may  be  written 
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(3.7) 


The  second  and  third  tenns  ca'h'reitdHy-be-cojnbined  into  a  single  term.  Equating  the  time-rate-of- 
change  of  momentum  to  the  sum  of  the  forces,  Eq.  l4'J'B'repla€€<ihy____ 


dfpv,;  ,  3fpv,.v,.>  dp  '  ^  f 

- ! —  +  - —  =  - Pg -  +  J.  , 

dr  dx-  dx,  dXj 
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where  represents  the  net  force  per  unit  volume  exerted  by  any  external  mechanical  forces  that 
may  be  acting  on  the  fluid.  In  this  form,  viscous  stresses  are  not  included.  Lighthill  chose  to 
include  viscous  stresses,  even  though  they  are  negligible  in  all  practical  calculations  of  fluid- 
dynamic  noise.  He  replaced  the  pressure,  p,  by  a  stress  tensor,  p,y,  which  includes  both  the  normal 
stresses'-and  the  viscous  shear  stresses.  In  tensor  notation,  the  complete  momentum  equation  may 
be  written 


^  .  pg,  .  +  f. 

dr  dx^  *  dXy 


(3.9) 


where  g,-  =  -g  grad  z.  . 

A  single  second-order  differential  equation  can  now  be  derived  by  taking  the  partial  derivative 
of  Eq.  3.6  with  respect  to  time, 


d^p  ^  d*fpv,.>  _  dq 

dt^  dtdXj  dr 


(3.10) 


and  the  divergence  of  Eq.  3.9, 
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(3.12) 


from  both  sides  of  Eq.  3. 10  and  then  combining  with  Eq.  3. 1 1,  one  obtains 


dr*  **  dx?  dr  dx,.  dx,.  dx,dx^ 

Lighthill  recognized  that  the  last  term  of  Eq.  3.13  represents  several  types  of  stresses.  He  com¬ 
bined  these  stresses  into  a  single  stress  tensor,  writing 
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T,.,  S  PV,.V  +  p. 


(3.14) 


Since  the  gravitational  force  is  conservative,  its  divergence  is  zero,  and 

aif.  -  ^ - 1,—  -  ^  +  .  (3.15) 

dx?  dt  ‘  dXg  dXf  BXfdx. 

Equation  3.15  applies  to  instantaneous  values  of  the  physical  quantities,  which  are  the  sums  of 
the  steady-state  values  and  fluctuating  components.  Making  the  acoustic  assumption  for  each 
— rpiantity^-as-in-fq,  2J?t_su^ra£ting  the  equation  that  applies  when  there  are  no  fluctuating 
components,  and  neglecting  a  residual  giivifaBonaintennrone  obtaiM  differefitlal  equation "fw 
the  fluctuating  components: 


O 


°  3.V?  3r  'bx^  dxjdx. 


(3.16) 


This  generalization  of  Lighthill's  equation  includes  mass  flux  and  force  sources  as  well  as  the 
stresses  which  he  originally  considered. 

As  discussed  in  Chapter  1 ,  underwater  acoustics  usually  deals  with  acoustic  pressures  rather 
than  with  fluctuating  densities.  Equation  3.16  can  be  transformed  into  a  similar  equation  for 
acoustic  pressure  only  by  making  assumptions  that  the  stress-strain  relationship  is  linear  and  that 
spatial  variations  of  ambient  quantities  are  ne^igible  (assumptions  8  and  1 1  in  Section  2.2).  Thus, 
using  Eq.  2.22  to  relate  the  acoustic  pressure  to  the  fluctuating  density  and  assuming  to  be 
negligible. 
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This  form  is  particularly  useful  when  dealing  with  mass  and  force  sources  in  water  and  is  used 
frequently  in  the  present  volume. 

Interpretation 


The  wave  equation,  Eq.  2.52,  can  be  derived  directly  from  Eqs.  3.16  or  3.17  by  assuming  that 
there  are  no  fluctuating  mass  inputs,  that  no  fluctuating  external  forces  are  being  experienced,  and 
that  the  unsteady  stress  tensor  is  zero.  In  other  words,  these  equations  reduce  to  the  wave 
equation  in  regions  free  of  acoustic  sources.  The  three  terms  on  the  right  therefore  represent  the 
dominant  types  of  sources  of  acoustic  radiation.  The  first  term  on  the  right,  involving  unsteady 
mass  flow  into  the  fluid,  acts  basically  as  a  monopole.  The  second  term,  the  divergence  of  the 
unsteady  forces  applied  at  some  boundary,  is  of  dipole  nature.  It  was  these  two  types  of  sources 
which  were  considered  by  Stokes  and  Rayleigh.  The  last  term,  involving  turbulent  stresses  in  the 
fluid  itself,  is  the  term  which  Lighthill  derived  and  showed  to  be  of  quadrupole  nature. 

In  his  classic  article,  Lighthill  (1952)  noted  that  there  are  three  ways  in  which  kinetic  energy 
can  be  converted  into  acoustic  energy: 

1 .  by  forcing  the  mass  in  a  fixed  region  of  space  to  fluctuate,  represented  by  q’\ 

2.  by  forcing  the  momentum  in  a  fixed  region  to  vary,  i.e.,  by  exerting  a  fluctuating  external 
force  on  it,  represented  by  div  f-,  ox 


C 


50  3.  RADIA  TION  FUND  A  MENTA  LS 

3.  by  forcing  the  rates  of  momentum  flux  across  flxed  surfaces  in  space  to  vary,  as  by 
turbulent  shear  stresses  in  space. 

The  first  two  require  boundaries,  but  the  last  can  occur  in  open  regions  away  from  boundaries. 
Lighthill  also  recognized  that  the  efficiencies  of  the  terms  as  sources  decreases  with  increasing 
dependence  on  spatial  derivatives.  One  can  understand  this  when  it  is  recognized  that  for  functions 
of  the  form  fix  -  ct),  which  represent  waves,  a  derivative  with  respect  to  time  is  of  order  of 
nugnitude  c  greater  than  a  spatial  derivative.  It  follows  then  that,  other  factors  being  equal,  the 
oscillating  force  term  is  small  with  respect  to  the  mass  flux  term,  and  the  shear  term  is  the 
smallest.  Lighthill’s  contribution  was  his  pointing  out  that  the  lowest  order  source  Jhat  could  exist 
away  from  boundaries  is'of  quadrupole  nature,  l>ec6ming  efficient  when  fluctuating  fluid  velocities 
approach  the  speed  of  sound. 


3.3  General  Spherical  Sources 


Equation  3.17  indicates  the  nature  of  the  common  source  terms  found  in  acoustics,  but  its 
solution  for  a  pressure  field  is  often  quite  difficult.  Solutions  for  many  common  sources  are 
obtained  by  solving  the  source-free  wave  equation  with  appropriate  symmetry  and  then  matching 
the  expression  for  particle  velocity  at  the  boundary  to  the  vibratory  velocity  of  the  source,  under 
the  assumption  that  continuity  of  material  requires  that  a  fluid  and  its  boundaries  move  in 
synchronism. 

As  indicated  in  Giapter  2,  many  sources  exhibit  spherical  symmetry.  In  fact,  it  is  possible  to 
calculate  the  radiation  field  of  any  arbitrarily  shaped  source  by  superposition  of  the  fields  of  small 
sources  having  spherical  symmetry.  By  small  sources,  we  mean  sources  small  compared  to  a 
wavelength,  i.e.,  sources  having  ka<<l,  where  k  is  the  wave  number  and  u  is  a  characteristic 
dimension.  Stated  another  way,  the  sound  field  from  any  arbitrary  source  can  be  calculated  in 
terms  of  a  superposition  of  elementary  multipoles,  provided  only  that  the  assumption  of  linearity 
is  valid. 

The  basic  properties  of  multipoles  can  be  derived  by  considering  the  general  problem  of 
radiation  from  a  small  sphere  whose  surface  vibrates  in  an  infinite  number  of  symmetrical  modes. 
The  general  solution  involves  Legendre  functions  and  spherical  Bessel  functions.*  However,  it  can 
be  shown  that  provided  ka  <<  J  the  radiation  resistance  and  reactance  are  relatively  simple 
functions  of  ka. 


^  _ (ka)^’"  ^2 _ 

(2m  1)  (m  1)^  {,1  '  3  •  •  •  (2m  -  1))^ 


(3.18) 


^  _ to _ 

(2m  -I-  l)(m  -I-  1) 


(3.19) 


where  m  is  the  order  of  the  multipole,  starting  with  zero  for  a  monopole.  Since  for  small  ka  the 
reactance  is  large  compared  to  the  resistance,  it  follows  that  the  radiation  efficiency,  Eq.  3.4,  is 
given  simply  by 


*See  Morse  (1948),  Section  27,  or  Morse  and  Ingard  (1968),  Section  7.2. 
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which  is  of  the  same  form  as  Eq.  3.5  but  includes  values  for  the  constants  of  proportionality. 


3.4  Hydrodynamic  Sources 


Radiation  Efficiencies 

Many  of  the  important  sources  that  govern  the  noises  of  ships,  submarines  and  torpedoes  are 
hydrodynamic  in  nature,  i.e.,  they  are  related  in  some  way  to  the  movement  of  a  fluid  past  a 
vehicle  or  inside  a  conduit.  These  hydrodynamic  sources  of  sound  can  each  be  classified  in 
accordance  with  a  major  noise-producing  mechanism:  volume  change  (monopole),  oscillating 
force  (dipole),  vibratory  motions  of  small  bodies  (dipole),  or  free  turbulence  (quadrupole).  The 
order  of  the  multipole  determines  the  Mach  number  dependence  of  the  radiation  process,  and 
hence  the  order  of  magnitude  of  the  radiation  efficiency.  Equation  3.20  gives  the  radiation 
efficiency  in  terms  of  the  parameter  ka.  When  a  flow  speed,  U^,  exists,  ka  can  be  rewritten  as  a 
product  of  a  dimensionless  frequency  and  the  Mach  number: 
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Using  this  form  of  ka,  the  radiation  efficiencies  of  monopoles,  dipoles  and  quadrupoles  are  given 
by  the  following: 
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These  equations  show  increasing  dependence  on  Mach  number  as  the  order  of  the  multipole 
increases.  The  quantity  in  parentheses  is  a  dimensionless  frequency,  which  is  usually  of  the  order 
of  unity. 

Fluctuadng-Voluine  Acoustic  Sources 

In  situations  for  which  the  source  of  sound  is  associated  with  fluctuations  of  the  total  mass  of 
fluid,  Eq.  3. 1 7  for  acoustic  pressure  reduces  to 


(3.25) 
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Since  matter  is  not  created  within  the  fluid  itself,  any  fluctuations  of  mass  must  occur  at  bound¬ 
aries  of  the  fluid  region.  Within  the  fluid  itself  there  are  no  sources,  the  wave  equation  solution  is 
valid,  and  the  term  on  the  right  simply  controls  the  amplitude  of  the  acoustic  signal.  Provided  the 
source  is  small  compared  to  an  acoustic  wavelength,  the  solution  of  Eq.  3.25  is  simply 


p'(r,t) 


(3.26) 


where  t'  is  retarded  time  (Eq.  2.6)  and 
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In  liquids,  density  fluctuations  are  negligible,  and  Eq.  3.26  reduces  to 


p'(r.t)  = 


p,V(n 


(3.28) 


This  is  the  most  general  form  for  sound  radiation  from  a  small  fluctuating-volume  (monopole) 
noise  source.  The  strength  of  such  a  source  is  proportional  to  the  product  of  fluid  density  and 
volume  acceleration. 

When  they  occur,  fluctuating-volume  noise  sources  radiate  the  highest  levels  found  in  hydro- 
acoustics.  This  is  because  of  the  first-order  dependence  of  the  radiation  efficiency  on  Mach 
number.  Cavitation  is  an  important  source  of  monopole  radiation  in  liquids.  Pistons  located  in  the 
boundaries  also  radiate  as  volume  sources,  as  do  pulsating  pipe  exhausts  and  certain  tank  reso¬ 
nances.  Because  of  their  prime  importance,  four  chapters  are  devoted  to  volume  noise  sources. 

FIuctuating-Force  Sources 

Any  rigid  surface  acted  on  by  a  non-steady  force  will  radiate  sound.  The  reason  is  that  there 
must  be  a  fluctuating  pressure  field  associated  with  any  fluctuating  force,  and  fluctuating  pressure 
fields  in  a  compressible  medium  radiate  sound.  The  differential  equation  for  sound  generated  by 
fluctuating  forces  is 


—  p’  =  =  V  •  ? 

cl  3^ 


(3.29) 


In  the  absence  of  electromagnetic  or  chemical  body  forces,  all  forces  are  experienced  at  fluid 
boundaries  and  the  solution  of  Eq.  3.29  for  a  concentrated  force  is 


p'(rt)  =  -  V  *  F'f t') 
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where  F(t')  is  the  total  fluctuating  force.  Relative  to  retarded  time,  the  divergence  of  a  function 
and  its  time  derivative  are  of  the  same  form  and  differ  only  by  the  speed  of  sound.  In  terms  of  the 
time  derivative, 

p'fr.t)  =  cos  e  .  (3.31) 

4vrCg  4vrc^ 

where  0  is  the  angle  between  the  force  vector  and  the  direction  to  the  field  point  for  which  the 
pressure  is  being  calculated.  The  cos  0  term  represents  a  dipole  pressure  pattern. 

Since  it  is  virtually  impossible  to  produce  a  steady  force  without  also  producing  a  fluctuating 
component,  sound  having  dipole  characteristics  is  invariably  generated  as  a  by-product  of  a  useful 
force.  From  Eq.  3.23,  the  radiation  efficiency  of  such  a  dipole  source  is  proportional  to  the  third 
power  of  the  Mach  number.  Of  the  many  fluctuating-force  noise  sources,  those  associated  with 
propellers  are  usually  dominant  because  the  highest  flow  speeds  occur  at  propeller  blade-tip 
sections.  The  local  flow  speed  at  a  propeller  tip  is  the  vector  sum  of  the  forward  and  rotational 
speed  components.  This  tip  speed  is  generally  about  three  times  the  forward  speed,  resulting 
through  third-power  dependence  on  Mach  number  in  dominance  of  the  propeller  tip  sections 
relative  to  other  parts  of  the  vessel  that  experience  only  the  forward  speed.  Fluctuating-force 
noises  are  quite  important  in  underwater  acoustics  and  are  discussed  in  more  detail  in  Qiapter  9. 


Turbulence  Noise 

Fluctuating-volume  and  -force  noise  sources  generally  occur  at  fluid  boundaries.  However,  the 
source  term  in  Lighthill’s  equation  includes  a  component  associated  with  hydrodynamic  motions 
of  the  fluid  itself.  The  non-steady  stress  tensor  may  be  written 

’■//  =  ^p'a  ■  ^p'  ~ 

The  first  term  represents  fluctuating  shear  stresses  associated  with  turbulent  fluid  motions,  the 
second  accounts  for  viscous  stresses,  and  the  third  represents  heat  conduction  and/or  nonlinearity. 
At  the  Reynolds  and  Mach  numbers  of  liquid  flows,  only  the  first  term  representing  turbulence  is 
important.  To  a  first  order. 


T--  =  2p  Uii-  , 
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(3.33) 


where  u’s  have  been  used  rather  than  v’s  to  indicate  that  all  fluctuating  as  well  as  steady  velocities 
in  the  stress  tensor  refer  to  hydrodynamic  quantities  rather  than  acoustic  ones. 

By  analogy  with  Eqs.  3.26  and  3.30,  and  assuming  Eq.  3.33,  the  sound  generated  by  turbu¬ 
lence  is  given  by 


- - —  lu'JltldV.  .  (3.34) 
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where  differences  in  retarded  time  must  be  considered  unless  the  source  region  is  small  compared 
to  a  wavelength.  The  two  spatial  derivatives  imply  a  basic  quadrupole  nature  of  this  sound. 

The  radiation  efficiency  of  fluid  turbulence  can  be  estimated  from  Eq.  3.24,  using  hydro- 


9 


54  3.  RADIA  TION  FUNDA  MENTA  LS 


dynamic  relations  for  cold  jets.  The  source  radius,  a,  can  be  assumed  to  be  equal  to  one  half  the 
scale  length,  £,  of  the  largest  turbulent  eddies;  hence 


(3.35) 


where  is  the  flow  speed  used  in  calculating  the  Mach  number.  Experiments  with  cold  Jets  reveal 
that  o}i  =  U^,  so  that 
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Since  about  one  sixth  of  the  fluid  mechanical  power  in  a  wake  or  jet  occurs  as  vibratory  power  of 
the  turbulence,  it  follows  that 

=  2  X  .  (3.37) 

which  result  is  in  good  agreement  with  measurements  of  the  noise  powers  of  cold  subsonic  jets. 


Noise  from  Wake  Turbulence 

When  a  body  is  propelled  through  water,  a  significant  fraction  of  the  total  power  is  converted 
into  wake  turbulence,  which  eventually  decays  into  heat.  One  might  expect  tliis  turbulence  to  be  a 
major  source  of  sound,  as  it  is  in  the  case  of  a  jet  aircraft.  However,  the  noises  emitted  by  wake 
turbulence  in  water  are  entirely  negligible  provided  there  are  no  bubbles  present. 

It  is  clear  from  Eq.  3.37  why  turbulence  noise  is  of  such  importance  in  air  and  of  so  little 
importance  in  water.  The  difference  is  the  Mach  number.  Jets  in  air  often  have  Mach  numbers  in 
the  vicinity  of  unity  or  even  higher.  In  water,  a  60-knot  vehicle  would  have  a  Mach  number  of  only 
0.02.  Only  about  one  part  in  10*  ^  of  its  power  would  be  radiated  from  the  free  turbulence  of  its 
wake.  It  is  because  of  the  low  Mach  number  that  quadrupole  sources  can  be  considered  completely 
negligible  in  hydroacoustics,  monopoles  and  dipoles  at  the  boundaries  always  being  dominant. 

Sometimes  noise  does  radiate  from  the  wake  of  a  vessel,  but  this  noise  is  attributable  to 
entrained  air  bubbles.  Crighton  and  Ffowcs  Williams  (1969)  have  shown  that  monopole  radiation 
resulting  from  the  volumetric  response  of  wake  bubbles  to  turbulent  pressure  fluctuations  over¬ 
whelms  the  quadrupole  radiation  by  as  much  as  50  dB  for  a  1%  concentration  of  air. 


Flow  Noise 

Another  way  that  fluid  turbulence  can  be  an  important  source  of  noise  in  liquids  involves 
interaction  with  a  boundary.  Thus,  the  fluctuating  pressures  associated  with  a  turbulent  boundary 
layer  excite  flexural  vibrations  of  the  solid,  and  these  vibrations  then  radiate  sound.  This  flow 
noise  occurs  whenever  fluids  flow  over  non-rigid  bodies  or  inside  pipes  and  tubes.  It  is  an  especially 
important  source  of  sonar  self-noise. 

Flexural  wave  radiation  is  a  monopole  process,  and  the  efficiency  of  excitation  of  flexural 
waves  by  the  fluctuating  turbulent  pressures  is  also  proportional  to  the  first  power  of  the  Mach 
number.  Consequently,  acoustic  efficiencies  for  flow  noise  are  proportional  to  the  square  of  the 
Mach  number.  This  topic  has  received  a  great  deal  of  attention  in  the  literature  during  the  past 
20  years,  and  a  summary  is  given  in  Section  6.6. 


J 
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Turbulence  can  also  give  rise  to  transducer  self-noise  when  a  receiver  is  placed  in  a  turbulent 
stream.  Pressure  fluctuations  associated  with  turbulence  velocities  cause  pseudo  sound,  which 
though  non-acoustic  can  be  a  dominant  source  of  interference  if  the  receiver  is  not  protected  from 
the  flow  by  a  dome. 

3.5  Sources  in  Motion 

In  the  previous  section,  radiation  efficiencies  of  various  hydrodynamic  noise  sources  were 
related  to  Mach  number,  in  the  low  Mach  number  limit.  Although  the  noise  was  assumed  to  be  a 
function  of  the  mean  flow  speed,  the  calculation  of  the  radiation  itself  assumed  the  source  to  be 
essentially  at  rest  in  the  fluid  medium.  Steady  motion  of  a  source  in  a  medium,  and/or  motion  of 
a  receiver  relative  to  the  medium,  can  affect  received  sound  both  as  to  its  apparent  frequency 
and  its  magnitude  and  oscillatory  motions  of  constant  masses  and  steady  forces  can  create  addi¬ 
tional  sound  sources. 

Doppler  Shift 

The  most  obvious  effect  of  source  motion  relative  to  a  receiver  is  a  change  of  frequency  known 
as  the  Doppler  shift.  The  frequency  received,/;,,  is  related  to  that  radiated,/^,  by 

f  =  _ h _  (S.3S) 

I  -  cos  Q 

where  is  the  convection  Mach  number  of  the  source  and  0  is  the  angle  between  the  motion 
vector  and  the  direction  toward  the  receiver.  For  small  Mach  numbers 


4  =  4(/  +  Mg  cos  d)  .  (3  39) 

which  is  the  expression  generally  found  in  elementary  texts. 

If  the  receiver  is  in  motion  toward  the  source,  then  the  apparent  frequency  will  also  be  altered; 

/«  =  4  0  + 

Thus,  for  low  Mach  numbers  motion  of  the  receiver  is  equivalent  to  motion  of  the  source. 

Effect  of  Steady  Motion  on  Level 

Not  only  is  the  received  frequency  altered  by  steady  motion  of  a  source  or  receiver,  but  also 
the  received  signal  is  altered  in  strength  from  that  calculated  for  a  stationary  situation.  Lowson 
(1965)  has  shown  that  calculated  values  for  both  monopole  and  dipole  type  sources  are  modified 
by  (1  -  M  cos  0/'*,  and  that  for  quadrupoles  the  exponent  changes  from  -2  to  -3.  Since  this  effect 
becomes  significant  only  when  relative  Mach  numbers  exceed  about  0.1,  it  is  generally  not 
included  in  underwater  sound  calculations. 

Periodic  Motions 

The  source  terms  in  Eqs.  3.16  and  3.17  are  expressed  as  partial  derivatives  and  are  calculated 
for  volume  elements  fixed  in  the  chosen  coordinate  system,  in  the  Eulerian  sense.  There  are 
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therefore  two  distinct  physical  ways  in  which  acoustic  source  terms  can  arise.  One  of  these  is 
Huctuations  of  mass,  force  and  stress  at  positions  fixed  in  a  coordinate  system.  The  other  is 
oscillations  of  non-fluctuating  quantities  in  position.  Stated  another  way,  both  time  and  space 
changes  of  mass,  force  and  stress  produce  acoustic  disturbances.  Of  the  two,  fluctuations  with  time 
are  generally  more  important  than  oscillations  of  position,  especially  in  underwater  acoustics.  The 
reason  is  that  motions  in  space  must  occur  at  speeds  comparable  to  the  speed  of  sound  to  be 
effective  as  sound  radiators.  It  can  be  shown  that  a  constant  mass  experiencing  oscillatory  motion 
radiates  with  the  same  directional  pattern  and  Mach  number  dependence  of  radiation  efficiency  as 
a  dipole,  while  a  constant  force  executing  periodic  motion  radiates  as  a  quadrupole.  Each  is  one 
order  multipole  higher  than  for  the  corresponding  fluctuating  quantity. 

For  many  years,  explanations  of  tonal  radiation  from  rotating  propellers  were  based  on  the 
periodic  motion  of  steady  forces,  as  originally  derived  by  Gutin  (1936).  Gutin’s  results  exhibit  a 
very  strong  Mach  number  dependence  and  predict  strong  tones  only  at  high  Mach  numbers. 
However,  as  discussed  in  Chapter  1,  it  is  impossible  to  produce  steady  mechanical  forces  free  of 
vibratory  values.  It  is  now  recognized  that  even  in  air  fluctuating  forces  are  usually  dominant 
sources  of  tonal  radiation.  In  water,  periodic  motions  of  steady  forces  are  never  important,  and 
Gutin’s  analysis  is  therefore  omitted  from  this  volume. 
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CHAPTER  4 


RADIATION  BY  FLUCTUATING- VOLUME  (MONOPOLE)  SOURCES 

As  discussed  in  Chapter  3,  motions  of  boundaries  that  cause  fluctuations  of  fluid  volume  ate 
the  most  efficient  radiators  of  sound.  The  basic  fluctuating-volume  source  is  a  small,  pulsating 
spherical  surface,  called  a  monopole,  which  radiates  sound  uniformly  in  all  directions.  Monopoles 
are  defined  as  spherical  sources  whose  dimensions  are  small  compared  to  an  acoustic  wavelength. 
Larger  fluctuating-volume  sources  can  be  considered  to  be  composed  of  many  monopoles,  and 
their  pressure  fields  can  be  found  by  superposition  of  monopole  fields. 

The  approach  taken  in  the  present  chapter  is  to  develop  the  equations  for  a  uniformly  pul¬ 
sating  sphere  of  arbitrary  size,  and  then  to  obtain  the  properties  of  monopoles  by  taking  the  limit 
as  size  becomes  very  small.  The  equations  derived  for  pulsating  spheres  are  then  applied  to  air 
bubbles  pulsating  in  liquids,  and  those  for  monopoles  used  to  calculate  pressure  fields  of  linear 
arrays,  pistons  and  hull  openings.  Brief  consideration  is  also  given  to  several  approaches  for  the 
calculation  of  radiation  fields  of  arbitrary  vibrating  surfaces.  The  final  section  is  an  overview  of 
hull  radiation.  Two  other  important  practical  examples  of  fluctuating-volume  sources,  namely 
plate  bending  waves  and  cavitation,  are  treated  in  later  chapters. 

4.1  Uniformly  Pulsating  Spherical  Source 

As  an  introduction  to  monopoles,  it  is  useful  to  consider  radiation  from  uniformly  pulsating 
spherical  sources  of  arbitrary  size.  Monopole  radiation  is  then  simply  the  limit  as  size  approaches 
zero.  The  methodology  used  is  similar  to  that  employed  in  most  fundamental  radiation  problems. 
An  expression  for  the  acoustic  particle  velocity  in  a  fluid  medium  is  matched  to  the  normal  surface 
vibratory  velocity  of  a  solid  boundary,  and  the  acoustic  pressure  is  then  found  from  the  acoustic 
impedance. 

Consider  a  spherical  cavity  having  a  mean  radius  experiencing  a  uniform,  small  harmonic 
fluctuation  of  its  volume.  This  volume  fluctuation  causes  a  rate-of-change  of  fluid  in  the  medium, 
i.e.,  a  mass  flux,  Q,  which  can  be  expressed  by 

Q(t)  s  p^V(t)  »  cos  U3t  =  RP\q^  e'"']  .  (4.11 

By  assuming  that  the  relative  change  of  volume  of  the  sphere  is  small,  one  can  write  the  flux  in 
terms  of  the  product  of  the  area  and  radial  velocity  of  the  surface, 

Q(t)  =  p^{4Kal)a  =  p^S^u  .  (4.2) 

It  follows  that  the  instantaneous  surface  velocity  can  be  expressed  by 
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.  (4.3) 

4Ralp„ 

Since  the  fluid  is  everywhere  in  contact  with  the  vibrating  surface,  the  acoustic  particle  speed, 
vYo^y,  must  equal  the  surface  vibratory  speed,  u.  With  this  relation,  the  acoustic  pressure  at  the 
surface  of  the  sphere  can  be  calculated  by  multiplying  the  vibratory  speed,  u,  by  the  specific 
acoustic  impedance  evaluated  at  the  surface.  From  Eqs.  2.78  and  2.79,  it  follows  that 


(ka^)^  +  Hka^) 
I  +  (ka„)^ 


a 


=  ^  .  (4.4) 

4m^  ^  /  +  (ka^P 

where  is  the  phase  angle  between  the  pressure  and  the  velocity  on  the  surface  of  the  sphere,  as 
defined  by  Eq.  2.80,  and  as  given  by 


It  follows  that  the  pressure  at  distance  r  from  the  center  of  the  sphere  is 

p'(r)  =  ^ 


=  giYwi  -  kr) 

47rr  7  +  (ka^)^ 

This  expression  has  a  form  typical  of  that  for  the  radiated  acoustic  pressure  of  many  different 
types  of  sources.  The  first  term  is  independent  of  the  relative  size  and  shape  of  the  source  and 
includes  the  first-power  dependence  on  distance  from  the  origin  typical  of  spherical  spreading.  The 
second  term  involves  ka^  and  expresses  something  about  the  size  and/or  shape  of  the  specific 
radiator,  in  this  case  the  size  relative  to  an  acoustic  wavelength.  The  final,  exponential,  term 
represents  a  propapting  harmonic  disturbance. 


Intensity  and  Power 

The  intensity  and  power  of  a  spherical  source  can  be  calculated  from  the  pressure,  using 
expressions  derived  in  Section  2.4.  The  intensity  is 


P'^  .  <^^Ql 

Po^o 


I 

1  +  (ka^)^ 


(4.7) 


and  the  total  radiated  power  is 
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Radiation  Impedance 

As  indicated  in  Section  3.1,  acoustic  power  can  also  be  expressed  as  the  product  of  the 
radiation  resistance  and  the  mean-square  surface  velocity.  From  Eqs.  3.3,  4.3  and  4.8  it  follows 
that  the  specific  radiation  resistance  is  given  by 


(kaj^ 


Po^o^o 


1  +  (kaj^ 


As  shown  in  Fig.  4.1,  this  factor  is  proportional  to  the  square  of  ka^  for  small  values  and  ap¬ 
proaches  unity  in  the  limit  of  large  ka^ .  The  specific  radiation  reactance  is  given  by  the  imaginary 
term  in  Eq.  4.4  as 


p  c  S 
f'o  o  o 


I  +  (ka^)^ 


(4.10) 


which  function  is  also  plotted  in  Fig.  4. 1 . 

The  total  radiation  impedance  is  the  ratio  of  the  force  exerted  on  the  surface  of  the  uniformly 
vibrating  sphere  to  the  surface  velocity.  It  is  simply  the  surface  area  multiplied  by  the  specific 


Fig.  4.1.  Specific  Radiation  Impedance  for  Uniformly  Pulsating  Sphere 
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acoustic  impedance  evaluated  at  the  surface, 


_  _  .  ,  _  +  i(ka  ) 

- 


1  +  (kaj^ 


(4.1 1) 


Radiation  Efficiency 

The  radiation  efficiency,  defined  by  Eqs.  1.4  and  3.4,  is 


^rad  ~ 


ka„ 


yjRfTlcf  +  al  +  (ka^P 


(4.12) 


As  shown  in  Fig.  4.2,  the  radiation  efficiency  is  a  linear  function  of  ka^  for  small  spheres  and 
approaches  unity  for  large  ones.  The  first-power  dependence  of  the  radiation  efficiency  on  ka^  is  a 
characteristic  of  small,  fluctuating-volume  sources,  as  discussed  in  Qiapter  3. 


Entrained  Mass 

The  reactive  component  of  the  radiation  impedance  is  that  of  the  mass  of  the  fluid  partici¬ 
pating  in  the  motion,  i.e.,  the  mass  entrained  by  the  motion  of  the  spherical  surface.  The  entrained 
mass  can  be  calculated  by  dividing  the  reactance  by  the  angular  frequency,  w,  giving 


m 


e 


1  +  (ka^)^ 


3 

I  +  (ka^)^ 


1  +  (ka^>^ 


(4.13) 


10'*  10*^  1  10  k»Q  100 


Pig.  4.2.  Radiation  Efficiency  and  Relative  Entrained  Mass  for  Spherical  Sources 
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Thus,  for  small  values  of  ka^  the  entrained  mass  is  three  times  the  mass  of  the  displaced  fluid, 
while  for  large  values  it  approaches  zero.  The  relative  entrained  mass  is  also  plotted  in  Fig.  4.2. 

4.2  Monopole  Radiation 


The  general  expressions  presented  in  the  previous  section  for  spherical  sources  of  arbitrary  size 
are  directly  usable  whenever  a  spherical  radiator  can  be  treated  as  pulsating  uniformly,  such  as  in 
the  case  of  pulsating  bubbles,  treated  in  Section  4.3.  However,  it  is  more  useful  to  consider 
spherical  sources  that  are  small  compared  to  an  acoustic  wavelength.  Monopoles  are  characterized 
by  kci<<l.  With  this  stipulation,  the  phase  angle  6^  between  the  pressure  and  the  velocity  at  the 
surface  becomes 


(4.14) 


and  the  second  term  in  Eq.  4.6  reduces  to  /.  The  radiated  pressure  at  distance  r  from  the  center  of 
the  source  is  then 


-•  ^^o_J(03t  -  kr) 


p’(r)  = 

~~  4itr 


(4.15) 


The  intensity  is  given  by 


Kr)  = 


Po^o  32ir^''^Po<^o 


(4.16) 


and  the  total  power  radiated  is 


^ 

ac 


(4.17) 


The  specific  radiation  resistance  and  reactance  given  by  Eqs.  4.9  and  4.10  reduce  to 

a,  =  (ka^)^ 


and 


• 


(4.18) 


(4.18) 


from  which  it  follows  that  the  radiation  efficiency  for  a  monopole  is 

^rad  * 

From  Eq.  4.13,  the  mass  entrained  by  a  monopole  is  three  times  the  mass  of  the  displaced  fluid. 

These  same  results  could  have  been  derived  by  starting  with  Eq.  3.28  for  the  acoustic  pressure 
associated  with  volume  acceleration.  Assuming  an  harmonic  oscillation,  Eq.  3.28  leads  to 
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p'(r)  »  -ErL  ,  ^[LL  =  giO)(t  -  rlc^)  (4  21) 

4iir  4'Kr  4iir 

which  result  is  equivalent  to  that  of  Eq.  4.15.  The  expressions  for  intensity  and  power  follow 
directly.  The  specific  radiation  resistance  is  then  calculated  from  Eq.  3.3,  giving 


a,  =  - =  (kaj^  .  (4.22) 

Since  the  radiation  efficiency  of  a  monopole  was  derived  for  a  general  spherical  multipole  of  zero 
order,  Eq.  3.22,  and  shown  to  be  equal  to  ka^,  it  follows  that  the  reactance  ratio  is 


'r  _ 


^rad 


ka^ 


Lja 

=  kao=  — 


(4.23) 


leading  to  the  conclusion  that  the  reactance  is  equal  to  three  times  that  of  the  mass  of  the 
displaced  fluid. 


~  (‘o^o^o^x  ~  ~  ' 

in  full  agreement  with  the  result  obtained  by  letting  ka^  approach  zero  in  Eq.  4.13. 


(4.24) 


4.3  Sounds  from  Gas  Bubbles  in  Liquids 


It  is  not  uncommon  to  find  gas  bubbles  present  in  the  ocean,  in  streams  and  in  pipe  flows. 
Minnaert  (1933)  concluded  that  the  almost  musical  sounds  of  running  water  are  caused  by  air 
bubbles  oscillating  at  their  natural  frequencies  and  radiating  as  monopoles.  Sounds  are  also 
radiated  when  bubbles  flow  into  regions  of  varying  hydrodynamic  pressure.  Examples  of  this  are 
bubbles  entrained  near  the  bow  of  a  ship  when  acted  on  by  the  pressure  field  of  that  ship  and 
when  passing  through  its  propeller,  and  bubbles  flowing  through  a  constriction  in  a  pipe  or  around 
a  pipe  bend.  Sound  is  also  generated  when  bubbles  form,  collapse,  divide  or  coalesce.  The  sounds 
radiated  by  these  phenomena  can  be  estimated  by  using  a  differential  equation  for  bubble  wall 
motion  to  find  the  volume  acceleration  and  then  using  Eq.  4.21  to  calculate  the  sound  pressure. 
While  changes  of  shape  invariably  accompany  volume  pulsations,  Strasberg  (1956)  has  shown  that 
any  sound  radiated  by  such  changes  is  negligible  and  that  valid  estimates  of  sound  radiation  can  be 
made  by  considering  only  volume  effects. 


linear  Bubble  Pulsations 

Volume  pulsations  of  a  gas  bubble  in  a  liquid  can  be  treated  as  a  mass-spring  system  in  which 
the  mass  of  entrained  liquid  provides  inertia,  and  adiabatic  compression  of  the  gas  acts  as  a  spring. 
Resistance  to  the  motion  is  caused  by  liquid  viscosity,  thermal  losses  in  the  gas  and  radiation  of 
sound  energy.  Differential  equations  for  bubble  motions  can  be  derived  by  equating  the  sum  of  the 
forces  acting  at  the  bubble  surface  to  the  rate-of-change  of  momentum  of  the  entrained  liquid. 
Sudi  equations  usually  include  surface-tension  forces  and  several  non-linear  terms.  However,  a 
linear  second-order  differential  equation  can  be  used  to  analyze  relatively  small  pulsations  of 
gas-fllled  bubbles.  Strasberg  (1956)  has  written  this  equation  in  terms  of  the  bubble  volume,  V,  as 
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,V  +  RV  +  K(V(t)  -  Vj  =  Sl(p^  -  p(0)  . 


(4.25) 


where  nig  is  the  entrained  mass,  as  given  by  Eq.  4.13,  K  is  the  spring  constant  of  the  compressed 
gas  inside  the  bubble  and  /?  is  a  coefficient  of  resistance.  Subscripts  zero  refer  to  equilibrium 
values  of  the  static  pressure,  p,  and  the  bubble  volume,  V.  The  spring  constant  can  be  derived  from 
thermodynamic  relations  for  a  nearly  spherical  volume. 


da  da  dV 

For  an  adiabatic  process,  for  which  pV^  =  constant,  the  spring  constant  is  given  by 


(4.26) 


(4.271 


where  y  is  the  ratio  of  the  specific  heats  of  the  gas  inside  the  bubble. 

Second-order  linear  differential  equations  of  the  form  of  Eq.  4.25  are  quite  common  in  me¬ 
chanics  as  well  as  in  other  branches  of  physics,  and  their  solutions  are  well  known.  The  complete 
solution  is  composed  of  two  parts:  that  of  the  homogeneous  equation  for  which  the  applied  force 
is  set  equal  to  zero,  and  a  solution  having  the  same  form  as  the  applied  force.  The  solution  of  the 
homogeneous  equation  describes  the  motion  when  the  system  is  acted  on  by  a  transient  distur¬ 
bance  and  allowed  to  respond  freely.  The  nature  of  the  solution  depends  on  the  relative  amount  of 
damping.  Bubbles  are  generally  lightly  damped  and  the  applicable  solution  is  that  of  a  damped 
oscillation,  of  the  form 


(4.28) 


where  A  is  the  amplitude  of  the  motion  as  determined  by  initial  values  of  the  volume  and  its  time 
derivative,  and  a  is  a  dissipation  coefficient  given  by 


(4.29) 


The  ratio  of  the  resistance  coefficient  to  the  inertial  reactance  of  the  entrained  mass  at  the 
frequency  of  oscillation  is  called  the  loss  factor,  q,  and  is  related  to  the  dissipation  coefficient  by 


(4.30) 


In  most  instances,  the  loss  factor  is  less  than  unity,  and  Eq.  4.28  then  represents  an  expo¬ 
nentially  damped  oscillation  having  a  rate  of  decay  that  is  slow  compared  to  the  period  of 
oscillation,  as  depicted  in  Fig.  4.3.  The  period  between  maxima  is  simply  the  reciprocal  of  the 
frequency. 


r  *  =  i!_ 


(4.31) 


fo 


c 
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Fig.  4.3.  Damped  Oscillation  of  a  Gas  Bubble 


and  the  relative  decay  in  one  period  is  the  logarithmic  decrement,  5,  given  by 


1  2ira 

S  s  In  -  =  aT„  =  -  =  wr?  . 


(4.32) 


Since  the  mechanical  energy  of  a  vibrating  system  is  proportional  to  the  square  of  the  amplitude  of 
its  vibration,  it  follows  that  for  a  lightly  damped  system  the  relative  energy  lost  in  one  vibrational 
period  is  25,  or  2irr). 

The  complex  amplitude,  4,  of  the  motion  is  an  involved  function  of  the  initial  volume 
displacement,  Af^fO),  and  the  initial  volume  velocity,  VfO).  Its  magnitude  is  given  by 


A  *  Am)  /  /  + 


Avro) 


and  its  phase  angle,  0,  by 


0  =  -  tan' 


+  (j^  . 

\w^  AV(0)  J 

V(0)  \ 

AV(0)  ) 


(4.33) 


(4.34) 


In  most  situations  the  initial  velocity  is  small;  hence  the  magnitude  A  equals  the  initial  displace¬ 
ment,  AV(0),  and  the  phase  angle  it  reduces  to  -  17/2. 
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Frequency  of  Bubble  Oscillation 

An  expression  for  the  resonance  frequencies  of  gas  bubbles  in  liquids  was  first  derived  by 
Minnaert  (1933).  He  assumed  that  damping  is  negligible  and  that  the  bubble  diameter  is  small 
compared  to  the  wavelength.  Thus,  ignoring  damping. 


-  VJ  . 


and  the  homogeneous  form  of  Eq.  4.28  becomes 


+  K)(V 


V^)=0  . 


(4.35) 


(4.36) 


from  which 


CJ 

/  =  -Z2L. 
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2‘n 


±  J. 

J  ^Po^o^o 


^yPo 


(4.37) 


Minnaert’s  experiments  with  gas  bubbles  in  water  appeared  to  confirm  this  expression  and  to 
justify  his  assumptions.  When  damping  is  included,  the  resonance  frequency  is  modified  slightly, 
the  more  complete  expression  being 


fo  = 


_L  ±  ji(, . 

2v  ^  nig  2v  nig  \  S  / 


(4.38) 


Thus,  the  effect  of  damping  on  the  resonance  frequency  is  less  than  \7oi(ri  <0.3,  which  condition 
is  invariably  satisfied  in  low-viscosity  liquids  such  as  water. 

In  deriving  Eq.  4.37,  Minnaert  assumed  that  the  entrained  mass  equals  three  times  the  dis¬ 
placed  mass,  which  follows  from  Eq.  4.13  provided  (ka^)^  <<1.  Combining  Eqs.  4.13  and  4.37, 


ka  — 


^  I  ^ypo 

Co  ^|  PoCo" 


yjl  +  (kaj^  . 


(4.39) 


For  air  bubbles  in  water  at  pressures  up  to  several  hundred  atmospheres,  this  reduces  to 

ka^  =  0.0136 . 


(4.40) 


where  is  the  static  pressure  in  atmospheres.  The  assumption  is  therefore  verified  for  static 
pressures  up  to  100  atm.  Under  this  condition,  Eq.  4.37  yields 


r  •  tP 

a„ 


Hz 


(4.41) 


for  the  resonance  frequency  of  an  air  bubble  in  water.  Thus,  an  air  bubble  having  a  radius  of  1  mm 
in  water  at  1  atm.  would  have  a  resonance  frequency  of  about  3.3  kHz. 

Equations  4.37  and  4.41  for  the  natural  frequencies  of  bubbles  are  accurate  for  bubbles  that 
are  neither  too  small  nor  too  large.  If  bubbles  are  smaller  than  about  3  X  10*^  cm  in  diameter, 
surface  tension  and  viscosity  raise  the  frequency,  while  bubbles  larger  than  1  cm  tend  to  take 
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shapes  so  far  removed  from  spherical  that  the  assumptions  made  in  deriving  Eqs.  4.13  and  4.27  are 
not  valid.  Strasberg  (1953)  has  shown  that  the  resonance  frequency  of  a  prolate  spheroid  having  a 
2:1  ratio  of  its  axes  is  2%  higher  than  that  calculated  by  Eq.  4.37.  Tire  effects  of  nearby  boun¬ 
daries  on  bubble  pulsations,  which  are  more  serious,  are  beyond  the  scope  of  the  present  volume. 


Damping  Mechanisms 

As  indicated  above,  damping  has  only  a  secondary  effect  on  bubble  resonance  frequencies,  but 
it  controls  the  rate  of  decay  of  bubble  pulsations  set  into  motion  by  transient  disturbances.  A 
number  of  investigators  have  made  theoretical  calculations  and  experimental  measurements  of 
bubble  damping.  In  a  survey  of  this  subject,  Devin  (1959)  listed  three  dominant  mechanisms: 


1 )  sound  radiation, 

2)  thermal  losses  in  the  gas,  and 

3)  viscous  losses  in  the  liquid. 

Of  these,  only  sound  radiation  is  independent  of  bubble  size.  Both  thermal  and  viscous  losses 
increase  with  decreasing  bubble  size. 

For  a  bubble  containing  an  ideal  gas  pulsating  in  an  ideal,  lossless  liquid,  the  only  loss  mechan¬ 
ism  would  be  the  radiation  of  sound  itself.  The  loss  factor,  tj,  of  the  vibratory  motion  would  then 
equal  the  radiation  efficiency  of  a  vibrating  sphere,  as  given  by  Eq.  4.12.  Combining  with  Eq.  4.39, 
the  loss  factor  would  be  given  by 


^  =  ^rad 


ka^ 


+  (ka„)^ 


which  for  air  bubbles  in  water  is 


(4.42) 


^  =  ^rad  "  0.0136  . 


(4.43) 


Devin  and  others  have  shown  that,  for  most  air  bubbles  in  water  at  atmospheric  pressure, 
thermal  damping  equals  or  exceeds  radiation  damping,  becoming  as  much  as  an  order  of  magnitude 
greater  for  bubbles  having  diameters  of  less  than  10'*  cm.  Viscous  losses  are  not  important  in 
water,  but  are  usually  dominant  in  oil.  Measurements  of  damping  factors  made  by  different 
investigators  are  not  in  complete  agreement.  Figure  4.4  presents  approximate  values,  bused  on  the 
summary  of  results  published  by  Devin  (1959). 

Sound  Radiation 

The  sound  radiated  by  a  gas  bubble  excited  into  resonant  vibration  can  be  calculated  using 
equations  developed  in  Sections  4.1  and  4.2.  Most  of  these  equations  are  expressed  in  terms  of  the 
mass  flux,  Q,  which  equals  the  volume  velocity,  1^,  multiplied  by  the  fluid  density.  Taking  the  time 
derivative  of  the  bubble  volume,  as  given  in  Eq.  4.28,  and  assuming  the  loss  factor,  tj,  to  be  small 
compared  to  unity,  it  follows  that 

Q(t')  s  p^£(t')  =  +  .  (4.44) 


where  t'  is  retarded  time  as  defined  by  Eq.  2.6.  In  most  cases  the  transient  disturbance  can  be 
assumed  to  have  created  a  difference,  AK,  between  the  initial  volume  and  the  equilibrium  value. 
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Fig.  4.4.  Damping  of  Resonant  Air  Bubbles  at  Atmospherie  Pressure,  after  Devin  ( 1959) 


and  V(0)  can  be  assumed  to  be  zero.  In  these  cases.  Eq.  4.44  for  the  mass  flux  reduces  to 


Q(t')  -  e'^o^  . 

It  follows  from  Eq.  4.15  that  the  acoustic  pressure  at  distance  r  is  given  by 

p'(r.t)  =  i  -  kr)  ^  (oi„t  -  k^r)  -  k^r) 


(4.45) 


(4.46) 


where  the  minus  sign  implies  that  an  oversize  bubble  will  initially  contract,  thereby  creating  a 
rarefaction.  The  amplitude  of  the  acoustic  pressure  can  be  expressed  as  a  function  of  the  static 
pressure,  bubble  dimensions  and  ratio  of  specific  heats  by  using  Eq.  4.37  for  the  resonant  fre¬ 
quency.  The  resultant  expression. 


^  e-(ri/2)  (oj^t  -  k^rj 


(4.47) 


shows  that,  other  factors  being  equal,  the  peak  pressure  increases  linearly  with  bubble  diameter. 

It  is  of  interest  to  calculate  the  total  energy  radiated  by  a  bubble  given  an  initial  volume 
displacement.  From  Eqs.  4.17  and  4.45,  the  instantaneous  power  is 
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Integrating  from  the  time  of  the  disturbance. 


/“  p  cj^(AV)^ 

K'.c* ••'  '  ^ - 

8irc„ri 


(4.49) 


Using  Eq.  4.37  for  the  resonance  frequency  and  utilizing  Eq.  4.20  for  the  radiation  efficiency,  the 
total  energy  radiated  during  the  entire  decay  period  is 


E  =  ,  (4.50) 

2V^  n  2  T) 

where  Ap  is  the  magnitude  of  pressure  change  associated  with  volume  change  AV  for  an  adiabatic 
expansion  of  a  constant  amount  of  gas. 

The  above  equations  have  been  derived  for  a  constant-mass  gas  bubble  and  apply  to  such  cases 
as  a  bubble  set  into  oscillation  by  passage  through  a  pressure  jump,  as  in  a  pump,  or  to  a  bubble 
acted  on  by  a  pressure  pulse.  Strasberg  (1956)  has  shown  that  the  result  is  essentially  the  same 
when  a  bubble  is  formed  at  a  nozzle,  Ap  being  the  excess  pressure  of  the  gas  supply  forming  the 
bubbles,  and  AV  being  the  final  volume  of  each  bubble.  Sound  is  also  emitted  when  bubbles  split 
or  coalesce.  In  this  case,  the  pressure  difference  causing  the  volume  change  is  the  difference 
between  the  surface  tension  pressures  of  the  two  sizes  of  bubbles. 

Most  practical  examples  of  bubble  noise  involve  many  bubbles.  Since  the  sounds  add  inco¬ 
herently,  the  acoustic  power  is  simply  N  times  the  radiated  energy  per  bubble,  where  N  is  the 
number  of  bubbles  experiencing  the  pressure  jump  or  volume  change  each  second.  Thus,  the  sound 
radiated  by  a  gas  jet  in  water  should  be  primarily  controlled  by  the  flow  rate  and  not  influenced 
significantly  by  the  size  of  the  orifice.  This  result  has  been  verified  by  Miihle  and  Heckl  (1971), 
who  measured  the  sound  when  gas  jets  discharge  into  still  water.  However,  measurements  by 
Gavigan,  Watson  and  King  (1974)  in  a  water  tunnel  have  shown  that  when  gas  discharges  into  a 
moving  turbulent  flow  the  orifice  size  is  a  critical  parameter.  Apparently  bubble  breakup  and 
collapse  can  be  a  dominant  noise-generating  mechanism  in  a  turbulent  flow. 


4.4  Sounds  from  Splashes 

Splashes  associated  with  the  impact  of  water  droplets  on  the  ocean  surface  are  a  major  source 
of  underwater  noise.  The  droplets  are  generally  created  by  breaking  waves,  but  are  also  caused  by 
rain  and  by  the  breaking  of  surface  ship  bow  waves.  While  numerous  photograplis  of  the  resultant 
HMtier  have  been  published,  very  little  attention  has  been  given  in  the  literature  to  underwater 
■  •Ml  aspects  The  only  thorough  study  of  this  subject  known  to  the  author  is  that  of  Franz 


•  -wm  - 

.-  ircd  the  underwater  noise  produced  by  the  impacts  of  single  drops  as  well  as  that 

••  He  found  that  two  distinct  noise  mechanisms  account  for  the  sound,  and 

•>’*i  (Hine  directional  patterns  typical  of  near-surface  sources.  A  sharp  pulse  is 
.■  mpact  of  a  water  drop  on  the  surface,  and  tliis  is  followed  by  sounds 
.  ■>.  I'uKations  Impact  sounds  are  proportional  to  the  kinetic  energy  and 
(  itw  impacting  body,  but  bubble  sounds  are  quite  erratic  and  do  not 


4.4  SPLASHES  69 

vary  consistently  with  droplet  size  or  velocity.  Franz  was  able  to  separate  the  two  types  of  sounds 
and  to  measure  their  spectra  individually. 

The  spectra  radiated  by  the  impact  phase  of  splashing  water  droplets  were  found  to  cover  a 
wide  frequency  band  and  to  vary  consistently  with  drop  size  and  impact  speed.  Figure  4.5  sum¬ 
marizes  Franz’s  results  for  this  type  of  sound.  It  can  be  seen  that  a  broad  peak  is  centered  at  a 
dimensionless  frequency  close  to  unity,  decreasing  at  a  rate  approaching  5  dB/octave  at  the  higher 
frequencies.  For  drops  of  a  given  size,  the  sound  radiated  increases  by  13  to  17  dB  for  a  factor  of  2 
increase  of  the  impact  velocity. 

Sounds  from  bubble  pulsations  were  found  to  be  more  nearly  sinusoidal,  producing  spectra 
with  relatively  sharp  peaks,  generally  between  500  Hz  and  10  kHz.  Franz  found  that  bubble 
sounds  usually  dominate  in  the  octave  for  which  they  are  strongest,  with  impact  sounds  con¬ 
trolling  the  spectrum  at  the  other  frequencies,  as  illustrated  in  Fig.  4.6. 


fa 

DIMENSIONLESS  FREQUENCY:  — 


Fig.  4.5.  Spectra  of  Sounds  From  Surface  Impacts,  as  measured  by  Franz  (1959) 


Wind-Generated  Ambient  Sea  Noise 

Splash  noise  from  breaking  waves  is  a  major  source  of  underwater  ambient  noise,  generally 
dominating  measured  spectra  above  300  Hz  and  sometimes  being  dominant  to  as  low  as  20  Hz. 
Noise  levels  measured  during  World  War  II,  mostly  above  500  Hz,  were  almost  invariably  con¬ 
trolled  by  the  degree  of  agitation  of  the  sea  surface  as  described  either  by  wind  speed  or  sea  state. 
The  famous  summary  curves  published  by  Knudsen,  Alford  and  Emiing  (1944,  1948)  and  repro¬ 
duced  in  Fig.  4.7  have  a  constant  -  5  dB/octave  slope  extending  from  100  Hz  to  over  30  kHz. 
However,  measurements  made  following  the  end  of  WWII  revealed  that  levels  below  about  200  Hz 
are  often  independent  of  sea  state  and  that  extrapolation  of  the  Knudsen  curves  below  500  Hz  is 
erroneous.  It  was  found  that  the  spectral  shape  of  the  sea  agitation  contribution  to  ambient  noise 
is  quite  similar  to  that  reported  by  Franz  for  splash  noise  (as  depicted  in  Fig.  4.5)  with  the  peak 
frequency  occurring  between  300  and  600  Hz. 

i 
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In  a  comprehensive  summary  paper,  Wenz  (1962)  attributed  the  wind-independent  noise  at 
low  frequencies  to  distant  shipping,  which  source  is  discussed  in  Chapter  8.  Measurements  made  at 
low  frequencies  in  remote  regions  free  of  shipping  show  spectra  that  are  practically  flat  from  20  to 
500  Hz,  decreasing  above  this  frequency  at  a  rate  of  about  5  dB/octave.  Figure  4.8  summarizes  a 
number  of  these  modem  measurements  of  wind-generated  deep-water  ambient  noise.  As  indicated 
in  this  figure,  deep-water  levels  above  1  kHz  are  somewhat. lower  than  those  reported  for  the  same 
wind  speed  by  Knudsen  et  al.  On  the  other  hand,  Piggott  (1964)  and  others  have  reported 
shallow-water  levels  higher  than  the  Knudsen  values,  and  a  trend  to  lower  levels  in  deeper  water 
was  also  found  by  Perrone  (1970).  Apparently  the  curves  developed  from  WWll  data  apply  to 
medium  water  depths  of  the  order  of  100  fathoms.  In  any  case,  the  important  feature  shown  by 
the  curves  in  Fig.  4.8  is  the  peaks  at  about  400  Hz  with  slight  decreases  below  this  frequency.  Tliis 
results  in  levels  as  much  as  15  to  25  dB  below  Knudsen  extrapolated  values  for  frequencies  below 
100  Hz. 

Rain  Noise 

The  spectra  generated  by  breaking  waves  are  typical  of  what  would  be  expected  from  Franz's 
results  for  droplet  impact  speeds  of  the  order  of  only  a  few  meters  per  second.  Raindrops  fall  at 
higher  speeds  and  so  produce  spectra  with  higher  peak  frequencies  as  well  as  higher  levels. 
Figure  4.9  shows  several  typical  rain-generated  ambient  noise  spectra,  as  measured  by  Heindsman 
et  al  (1955)  and  Bom  (1969)  for  several  rain  rates.  At  10  kHz  the  levels  are  as  much  as  20  to  30  dB 
higher  than  those  typical  of  breaking  waves. 


Fig.  4.8.  Wind-Generated,  Deep-Water  Ambient  Noise  Spectra 
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Fig.  4.9.  Examples  of  Measured  Rain  Noise  in  Shallow  Water 


4.5  Radiation  by  Two  Equal  Monopoles 

Many  practical  fluctuating-volume  noise  sources  have  dimensions  that  are  large  compared  to  a 
wavelength.  The  sound  fields  resulting  from  such  sources  can  in  principle  be  calculated  by  dividing 
their  surfaces  into  a  large  number  of  small  sources  and  then  summing  all  the  individual  sound 
fields,  being  careful  to  retain  phase  information.  Such  calculations  are  often  quite  laborious  and 
usually  require  high-powered  computers.  The  topic  of  the  present  section  is  radiation  from  two 
equal  monopoles  separated  by  an  arbitrary  distance,  which  is  the  simplest  example  illustrative  of 
the  calculation  for  a  large  radiator. 

General  Equation  for  Pressure  Field 

Consider  two  equal  monopoles  radiating  at  exactly  the  same  frequency  and  separated  by 
distance  d,  as  depicted  in  Fig.  4.10.  Their  midpoint  is  taken  as  origin.  The  field  point,  P,  at  which 
the  pressure  is  to  be  calculated  is  located  at  distance  r  from  the  origin  that  may  or  may  not  be 
large  compared  to  their  separation.  The  x  axis  is  taken  to  be  perpendicular  to  their  connecting  line, 
and  6  is  the  angle  of  the  field  point  relative  to  this  axis.  The  distances  r,  and  rj  of  the  individual 
sources  from  the  field  point  are  given  by 


o 
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_  *^*^0  ^(<j3t  -  kr if  ^  ***^0  gi(Oit  -  kri  -  }(/) 


(4.57) 


where  is  the  phase  angle  of  the  second  source  relative  to  the  first.  It  is  useful  to  calculate  this 
resultant  pressure  field  in  terms  of  that  which  would  exist  at  distance  7  from  a  single  source 
located  at  the  origin  and  radiating  with  the  average  phase  angle.  Defining  such  a  reference  pressure 
by 


piYcOf  -  kr  -  \l//2f 


(4.58) 


Eq.  4.57  for  the  pressure  field  of  the  two  sources  becomes 
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This  result  is  valid  throughout  the  pressure  field.  Except  in  the  immediate  vicinity  of  each  source, 
the  parameter  0  is  less  than  0.2.  With  this  condition,  the  square  roots  in  Eq.  4.59  can  each  be 
expanded  as  a  power  series.  Retaining  only  the  linear  terms,  one  obtains  an  approximate  expres¬ 
sion  for  the  pressure. 


~gi(0kr  +  (^12))  g-i(0kr+  (^12}) 

£  =  £0  -  -  ' 

L  ^  ^  ^  ^  J 


(4.60) 


which  is  valid  throughout  most  of  the  field. 

Far-Fkld  Pressure  Pattern 

Most  often  interest  is  limited  to  the  far  field  that  exists  at  distances  large  compared  to  the 
separation  between  the  sources.  At  these  long  ranges  all  distances  can  be  assumed  to  be  equal,  and 
the  parameter  0  is  small  compared  to  unity.  Substituting  for  0  from  Eq.  4.54,  Eq.  4.60  reduces  to 


p'  =  ^i(jkdl2)  tin  0  +  (4>l2f)  g-i((kd/2)  sin  d  +  (\l/f2f)^ 


(4.61) 


From  Eq.  1 .58,  the  sum  of  the  two  exponential  terms  can  be  replaced  by  a  trigonometric  function, 
leading  to 


(kd  ^  \ 

—  Sind  +  —  j  , 


(4.62) 


and  to  the  alternative  form 


P  =  Eo 


sin  (kd  sin  6  +  \lf) 

I  kd  -  <1/ 

sin  ( - sin  0  +  — 

\2  2 


(4.63) 
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The  pressure  patterns  described  by  these  two  equivalent  expressions  have  maxima  whenever 
the  argument  of  the  cosine  is  zero  or  a  multiple  of  »,  that  for  zero  being  called  the  principal 
maximum  and  the  others  being  secondary  maxima.  The  angle,  dg,  of  the  principal  maximum  is 
related  to  the  phase  shift  by 

e  =  -  sin'^  —  .  (4.64) 

°  kd 

Expressing  the  phase  difference,  in  terms  of  this  angle,  Eq.  4.62  for  the  pressure  field  can  be 
written 

kd 

p  =  2£^  cos - (sin  d  -  sin  6^)  .  (4.65) 


Directivity  Function 

When  calculating  or  measuring  the  far-field  radiated  pressure  field  of  any  large  source,  it  is 
customary  to  express  the  result  in  terms  of  the  pressure  in  the  direction  of  the  principal  maximum 
multiplied  by  the  normalized  pressure  pattern,  or  directivity  function,  D( 9),  defined  by 

M,  .  ^  .  <4M> 

\p'<K>\  piK> 

where  the  p's  in  the  second  form  represent  rms  pressures.  In  the  case  of  two  equal  monopoles,  the 
directivity  function  is  the  cosine  expression  of  Eqs.  4.62  and  4.65.  Usually  the  directivity  function 
is  expressed  in  decibels  by  taking  20  times  the  logarithm  of  the  pressure  ratio  of  Eq.  4.66. 

Electrical  Steering 

Phase  differences  between  radiators  are  often  introduced  electricially  by  means  of  time  delay. 
The  phase  angle  at  any  frequency  is  related  to  the  time  delay,  r,  by 

[j/  S  (jyf  ^  (4.67) 

from  which  it  follows  that  the  angle  of  the  principal  maximum, 

0  =  -  s/n"'  .  (4.68) 

kd  d 

is  independent  of  frequency.  Thus  9g  is  the  angle  whose  sine  is  the  ratio  of  the  time  delay,  t,  to 
the  time  for  an  acoustic  wave  to  travel  between  the  two  sources.  This  frequency  independence  of 
the  peak  angle  is  the  reason  that  electrical  steering  is  so  popular. 

Two  Equal  In-Phase  Sources 

If  two  sources  are  in  phase,  then  i//  =  0  and  Eqs.  4.62  and  4.65  reduce  to 
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which  has  a  maximum  for  0  =  0  equal  to  the  in-phase  sum  of  the  two  pressures,  and  a  directivity 
function  given  by 


(4. 70) 


This  function  is  plotted  in  Fig.  4.1 1  for  three  values  of  the  parameter  kd.  Secondary  maxima  occur 
when  kd  is  greater  than  2if.  For  values  of  kd  less  than  unity,  the  radiation  pattern  is  practically 
nondirectional. 


Fig.  4.1 1.  Radiation  Pattern  for  Two  Equal  In-Phase  Monopole  Sources 


Out-of-Phase  Sources 

An  important  special  case  of  two  equal  sources  is  that  for  which  the  two  sources  are  exactly 
out  of  phase  with  each  other.  Setting  ^  =  ir  in  Eq.  4.60  leads  to 


(4.  71) 


where  the  reference  pressure,  £^,  is  now 


gifijit  -  hr) 

4iff' 


(4.  72) 
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By  algebraic  manipulation  and  the  use  of  Eq.  1 .59  relating  the  exponentials  to  a  trigonometric 
function,  Eq.  4.71  can  be  written  in  the  form 

p'  =  -  gi(0)t  -  kr)  ^sin(pkr)  -  cos  (^kr)'j  ,  (4.73) 

~  2rir 

provided  that  p  <0.2. 

The  approximate  expression  for  the  instantaneous  pressure  for  two  equal  out-of-phase  sources 
given  by  Eq.  4.73  retains  phase  information.  Of  more  general  interest  is  the  magnitude,  P,  of  the 
pressure  and  its  relation  to  that  of  a  single  monopole.  From  Eqs.  4.53  and  4.73, 

P  =  ^  ...  —  yjsin^  (&kr)  -I-  (3^  cos^  (pkr)~  ,  (4. 74) 

where  the  first  term  is  the  magnitude  of  the  pressure  from  a  monopole  at  the  origin.  The  cosine 
term  is  negligible  except  when  the  sine  term  is  near  zero.  The  pressure  is  seen  to  go  through 
alternate  maxima  and  minima.  In  the  far  field,  maxima  equal  to  twice  the  pressure  from  a  single 
monopole  occur  whenever  ^kf  is  an  odd  multiple  of  ir/2.  Minima  equal  to  2|J  times  the  monopole 
value  occur  when  fikP  is  a  multiple  of  w. 


Dipoles 

A  dipole  consists  of  two  equal  out-of-phase  radiators  whose  separation  is  very  small  compared 
to  both  wavelength  and  distance  to  the  field  point.  With  this  condition  both  P  and  pkr  are  very 
small  compared  to  unity  and  Eq.  4.73  becomes 


P 


(4.  75) 


In  the  far  field,  kr>>  I.  Dropping  the  out-of-phase  component,  Eq.  4.75  then  reduces  to 


g.Ywf  -  kr) 

4vrc^ 


(4.76) 


The  product  of  the  separation,  d,  and  the  source  flux  magnitude,  Q^,  is  the  dipole  strength,  D^. 

The  most  characteristic  aspect  of  dipole  radiation,  making  it  readily  recognizable,  is  the  depen¬ 
dence  of  pressure  magnitude  on  sin  0.  Thus,  the  directivity  function  of  a  dipole  is 


D(d)  =  sin  6 


The  intensity  at  an  angle  6  is 


Po^o 


sin^  0  , 


(4.77) 


1(d) 


(4. 78) 
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and  the  total  power  radiated  is 


u}*Dl 

1(d)  cos  Odd  =  - ^ 


(4.  79) 


Dipole  radiation  is  of  fundamental  importance  and  will  be  discussed  turther  in  Section  9.1. 


4.6  Near-Surface  Sources 

The  surface  of  the  ocean  is  a  nearly  perfect  reflector  of  sound.  As  discussed  in  Section  2.5, 
radiation  from  a  source  near  a  surface  can  be  analyzed  in  terms  of  direct  radiation  frona  the  source 
itself  and  from  a  negative  image  source  located  above  the  surface,  as  shown  in  Fig.  2.3.  The 
strength  of  the  image  source  is  proportional  to  the  specular  reflection  coefficient,  a^,  of  the 
surface  and  so  is  a  function  of  its  roughness  (see  Eq.  2.1 19).  The  complete  radiation  pattern  is  that 
of  two  equal  out-of-phase  monopoles  each  having  a  source  strength  given  by  that  of  the  image 
source,  plus  the  field  of  a  monopole  of  strength  equal  to  their  difference. 


Surface  Image 

Figure  4.12  shows  the  geometrical  situation  for  a  source  located  at  a  depth  below  the  ocean 
surface,  with  a  receiver  at  depth  A/j  at  a  horizontal  distance  from  the  source.  Tlie  distances  and 
angles  used  in  the  analysis  in  Section  4.5  are  also  shown.  Tlie  rms  distance,  K  is  given  by 


(4.80) 


and  the  parameter  0,  which  is  given  by 


rd 


sin  B  = 


(4.81) 


is  seen  to  be  symmetric  with  respect  to  source  and  receiver  depths.  The  direct  distance,  r,, 
between  source  and  receiver  is  given  by 


r,  .  +  (hR  -  »  ryfrn^  (4.82) 

When  the  horizontal  range  is  at  least  twice  the  source  or  receiver  depth,  then  0  will  be  less  than  0.2 
and  Eqs.  4.73  and  4.74  can  be  used  to  calculate  the  image  contribution.  Assuming  that  the  surface 
is  a  perfect  reflector,  the  pressure  amplitude  at  the  receiver  can  be  approximated  by 

P  i  2‘)Jl  -  20ylsin^  (0kn  +  ^  .  (4.^^^ 

4itrx 

where  the  first  term  is  the  pressure  that  would  be  measured  at  the  receiver  if  source  and  receiver 
were  both  far  from  a  reflecting  surface  relative  to  the  distance  between  them.  The  remaining  terms 
represent  the  effect  of  surface  reflection  on  the  received  signal. 
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RECEIVER 


Fig.  4.12.  Source  and  Receiver  Near  Sea  Surface 

The  effect  of  a  free  surface  on  the  received  pressure  is  seen  to  depend  on  the  values  ol  0  and 
and  therefore  on  three  dimensionless  parameters.  which  two  are 

defined  by  the  geometry  and  the  third  is  dependent  on  frequency. 

Interference  Patterns 

If  the  source  depth  is  large  compared  to  a  wavelength,  then  0kr  may  exceed  ir  at  close-m 
distances.  In  this  near  field,  the  pressure  oscillates  rather  wildly,  between  a  maximum  of  almost 
two  times  that  in  an  ideal  medium  and  a  minimum  given  by  the  second  term  of  Eq.  4.83,  i.e., 

20-yll  -  20  <  —  <  -  20  .  (4.84) 

^  P 

An  example  of  the  resultant  interference  pattern  is  shown  in  Fig.  4.13  as  range  is  increased  for 
fixed  source  and  receiver  depths.  Similar  patterns  are  obtained  by  fixing  the  horizontal  distance 
and  changing  either  source  or  receiver  depths.  Varying  the  frequency  changes  the  number  of 
maxima  and  minima  and  also  the  distances  at  which  they  occur. 

The  region  of  oscillation  is  bounded  by  0A.t  equal  to  ir/2.  This  occurs  where  the  geometry  is 

such  that 


I'm 

For  angles  less  than  this.  i.e..  for  shallower  receiver  depths  or  greater  horizontal  ranges,  the  relative 
level  decreases  continuously.  In  the  example  given  in  Fig.  4.13  this  occurs  at  a  relative  range  of  20. 
Beyond  a  relative  range  of  60,  the  level  received  in  the  presence  of  a  surface  is  everywhere  less  than 
the  free-field  value,  the  discrepancy  increasing  at  a  rate  of  6  dB  per  double  distance.  Thus,  when 
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RELATIVE  DISTANCE 

S 


Fig.  4. 1 3.  Example  of  Image  Interference 


source  and  receiver  are  close  to  the  surface,  the  far-field  pressure  decreases  at  a  rate  of  12  dB  per 
double  distance,  twice  that  normally  attributable  to  spherical  spreading  in  an  unbounded  medium. 

The  effect  at  long  ranges  is  appreciably  reduced  if  the  surface  is  rough  and  only  part  of  the 
signal  is  specularly  reflected.  It  can  be  shown  that,  when  the  surface  is  not  perfectly  reflecting,  the 
inequality  of  Eq.  4.84  should  be  supplemented  by  another. 


(4.86) 


where  ot^  is  the  pressure  reflection  coefficient  defined  in  Section  2.5.  Thus,  if  the  reflection 
coefficient  were  only  0.9,  the  anomaly  would  be  limited  to  20  dB,  and  several  of  the  minima  in 
Fig.  4.13  would  not  be  so  severe. 

Underwater  sound  pressure  fields  are  affected  by  surface  image  interference  in  many  practical 
situations.  Thus,  it  is  not  unusual  to  find  interference  minima  and  maxima  out  to  distances  of  3  to 
5  km  from  a  source.  The  effects  are  strongest  in  the  middle  frequencies  of  300  to  3000  Hz.  Above 
these  frequencies,  roughness  of  the  surface  often  tends  to  wipe  out  the  coherence  between  source 
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and  image,  and  the  received  intensity  is  nearly  twice  that  for  the  direct  path  alone.  At  lower 
frequencies,  bottom  reflections  can  act  to  fill  in  the  interference  minima. 

Effects  on  Noise  Measurements 

Measurements  of  free-field  underwater  source  strengths  are  often  contaminated  by  free-surface 
image  interference  effects.  In  theory,  image  interference  can  be  calculated  and  measured  pressures 
corrected  to  free-field  values.  However,  as  illustrated  by  Fig.  4.13,  the  effect  is  very  sensitive  to 
exact  values  of  the  parameters.  One  seldom  knows  depths  or  distances  with  the  precision  required. 
One  way  of  avoiding  this  problem  is  to  average  over  several  cycles  of  tiie  interference  pattern, 
either  by  varying  the  horizontal  range  during  the  measurement  or  by  averaging  readings  of  several 
receivers  at  a  number  of  depths.  When  the  decibel  average  of  a  number  of  measurements  randomly 
scattered  over  several  interference  cycles  is  taken,  the  result  is  generally  within  ±  0.5  dB  of  the 
free-field  value.  When  it  is  not  possible  to  cover  several  interference  cycles,  another  approach  is  to 
find  a  maximum  of  the  interference  pattern  and  to  estimate  the  free-field  value  by  subtracting 
5  dB  from  the  measured  pressure. 

Free-field  source  strengths  cannot  readily  be  measured  when  sources  are  within  a  quarter 
wavelength  of  the  surface.  In  such  cases  the  surface  acts  to  modify  the  radiation  pattern  to  that  of 
a  dipole,  the  strength  of  which  is  proportional  to  the  product  of  the  monopole  strength  and 
distance  below  the  surface  of  the  source.  When  making  low-frequency  measurements  of  such 
near-surface  sources,  it  is  not  necessary  to  know  the  source  depth  if  what  is  desired  is  the  dipole 
source  strength.  One  need  merely  computer/?  d  from 

sine  =  --^=r  ,  (4.87) 

and  correct  the  measured  pressures  by  this  amount.  However,  if  the  monopole  source  strength  is  to 
be  calculated,  then  the  effective  source  depth  must  also  be  ascertained.  This  is  feasible  for  rela¬ 
tively  small  sources  but  quite  difficult  for  large,  distributed  sources  such  as  surface  ships.  If  a 
source  depth  is  assumed,  then  the  complete  measurement  should  specify  this  depth  as  well  as  the 
monopole  source  level,  since  any  user  of  the  data  will  need  to  know  the  effective  source  depth  in 
order  to  calculate  the  sound  field  at  a  distance. 

4.7  Linear  Arrays 

As  an  introduction  to  consideration  of  distributed  sound  sources  such  as  pistons  it  is  instruc¬ 
tive  to  develop  expressions  for  the  pressure  fields  of  linear  arrays  of  monopoles. 

Arrays  of  Equally-Spaced  Monopoles 

The  expressions  derived  in  Section  4.5  for  the  pressure  field  of  two  equal  monopoles  can  be 
generalized  to  any  number  of  equally-spaced  sources  in  a  line  either  by  summing  the  individual 
contributions  from  all  N  elements  of  an  anay  or  by  a  process  of  extrapolation  from  results  for  a 
small  number  of  elements.  The  second  method  will  be  developed  here. 

From  Eqs.  4.62,  4.63  and  4.65,  the  far-field  pressure  for  a  two-element  array  (two-pole)  can  be 
written 
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j^(2)  =  2£^  COS  0 


sin  2  ^ 
2  sin  0 


(4.88) 


where 


1  kd 

0  s  —fkdsind  +  0>  =  - (sin  0  -  sin0^)  . 

2  2 

The  pressure  field  for  a  two-pole  is  therefore  that  of  a  source  having  peak  strength  equal  to  their 
sum  and  a  directional  pattern  calculable  from 


02(0)  = 


sin  2  0 
2  sin  0 


(4.90) 


As  illustrated  by  Fig.  4. 14,  arrays  of  three,  four  and  five  elements  can  be  treated  as  the  sums  of 
monopoles  and  two-poles  all  of  which  have  the  same  origin.  Thus,  the  pressure  field  of  the 
three-element  array  of  Fig.  4.14b  can  be  expressed  as  the  sum  of  a  monopole  and  a  two-pole,  the 
latter  having  separation  2d,  as 

£(3)  =  p'Jl  +  2  cos  2^)  =  3  -  4sin^<l>)  =  3pg  — - —  .  (4.91) 

3  sin  0 


A  four-element  array  can  be  treated  as  the  sum  of  two  two-poles,  one  with  separation  d  and  the 
other  with  separation  3d.  The  resultant  pressure  is 

sin  4  0 

p'(4)  =  p'  (2cos<f>  +  2  cos  3<t>)  +  p'JScos^  0  -  4  cos  <l>)  =  -  .  (4.92) 

~  ~  ~  4  sin  4> 


Fig.  4.14.  Linear  Arrays  of  up  to  Five  Elements 
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A  similar  expression  can  be  derived  for  a  five-element  array  by  summing  the  fields  of  a  three- 
element  array  and  a  two-pole  having  a  separation  between  elements  of  4d,  as  illustrated  in 
Fig.  4.14d.  The  resultant  pressure  field  is  identical  to  the  final  form  of  Eq.  4.92  except  that  the 
three  4’s  are  replaced  by  5’s.  Since  all  of  these  results  are  of  the  same  form,  it  is  reasonable  to 
generalize  Eq.  4.92  to  an  7V-element  array,  obtaining 


p'(N)  =  Np' 


sin  N  0 
N  sin  ^ 


(4.93) 


which  in  terms  of  separation,  wave  number  and  steering  angle  is 


pYA/;  =  Np'^ 


sin  - (sin  6  -  sm 

2 


inej 


.\kd 

tin  - (sin 

,  2 


(4.94) 


Nsin  - (sin  0  -  sin  0^) 


The  quantity  Nd  is  the  effective  length,  L',  of  the  array,  given  by  the  actual  length,  L,  plus  one 
separation,  d.  If  we  think  of  each  monopole  source  as  the  kernel  of  a  line  element  of  length  d 
centered  on  the  source,  then  L'  is  the  total  length  of  all  of  these  line  elements.  The  product  N£g  is 
the  pressure  field  that  would  result  if  all  N  of  the  monopoles  were  concentrated  at  the  origin.  The 
expression  for  the  rms  pressure  field  of  an  ^V-element  array  is  thus 


p(JV)  =  Np.D(0) 


(4.95) 


where 


D(0)  = 


sin  (sin  6  -  sin 

—  “ 
kd  ,  „  .  , 

N sin  - (sinO  -  sin  0^) 

_  2 


(4.96) 


We  will  return  to  this  expression  after  first  considering  the  special  case  of  radiation  from  a 
continuous  line. 

Grntinuous  Line  Radiators 

While  few  actual  line  radiators  are  continuous,  many  arrays  approximate  this  condition  and  it 
is  therefore  useful  to  compute  the  directivity  function  for  a  continuous  line.  Consider  the  con¬ 
tinuous  line  radiator  sketched  in  Fig.  4.15.  The  field  point  P  is  considered  to  be  in  the  far  field, 
i.e.,  r>>L.  The  pressure  at  P  due  to  the  element  dy  located  y  distance  from  the  center  of  the 
line,  taken  to  be  the  origin,  can  be  expressed 


dp'  =  dg;  e^kfr-  r'l  ^  go  ^iky  sin  0 

L 


(4.97) 


t 
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Fig.  4.15.  A  Continuous  Line  Radiator 


The  total  pressure  at  P  is  the  integral  of  this  expression  over  the  length,  as  given  by 


/  r  ^1- 

=  p;  -L  /  c''^  ®  dy 

^  -  LI2 

_  £o  ^^ik(L/2)sin  B  _  ^-ik(L/2 f  sin  <?]=/, 


A'l  A 

sin  I - si/i  B  1 

\-’  / 


L 

ik  —  sin  0 


(4.98) 


The  directivity  function  for  a  continuous  line  array  is  therefore 


(  kL  . 
m’mI - sm  6  j 


(4.99) 


where  T  represents  the  denominator.  This  same  expression  can  be  derived  by  treating  a  continuous 
line  radiator  as  an  /V^lement  array  in  the  limit  as  N  becomes  very  large  and  d  becomes  very  small. 
In  this  limit,  L'  -*  L,  sin  and  N^-*a.  Equation  4.96  then  reduces  to  Eq.  4.99,  provided  B^  is 

taken  to  be  zero. 

The  directivity  function  for  a  continuous  line  radiator  is  plotted  in  Fig.  4.16.  for  values  of  a  up 
to  6k.  Tlie  minor  peaks  are  called  side  lobes.  The  first  side  lobe,  at  a  *  3kI2,  is  down  13.5  dB  from 
the  main  lobe.  Tlie  second  one.  at  J*  5ff/2,  is  down  19  dB,  and  all  the  others  are  more  than  20  dB 
below  the  peak  of  the  pattern.  The  total  width  of  the  main  beam  is  twice  that  of  the  side  lobes. 

Returning  to  an  array  of  S  equally-spaced  monopoles,  Eq.  4.96  for  the  directivity  function  can 
be  written  in  the  form 
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D(e) 


sin  a 

sin  a 

0 

ss 

sin  a 

sin  0 

-  <4  100) 

N  sin  0 

N4> 

sin  0 

a" 

0 

D(d.  d) 

since  a  =  N^.  Thus,  the  directivity  function  of  an  A^-element  array  can  be  calculated  by  dividing  the 
directivity  function  for  a  continuous  line  of  length  L'  ”  L  +  d  by  that  for  a  line  of  length  d.  As 
long  as  0  is  small,  the  pattern  of  the  Hnite-element  array  is  very  similar  to  that  for  the  continuous 
array.  However,  when  0  exceeds  about  r/4,  side-lobe  response  of  the  Af-element  array  becomes 
hirger,  and,  when  0  «  ±  ir  or  any  multiple  thereof,  the  response  equals  that  of  the  main  lobe.  The 
lowest  frequency  for  which  this  can  happen  is  that  for  which 

0  *  -^(sind  -  sin  6^)  *  jr  .  (4.101) 

X 

For  an  array  steered  broadside,  this  occurs  when  the  separation  between  the  elements  equals  a 
wavelength.  If  the  array  is  steered  to  end  fire,  the  second  major  lobe  will  first  appear  for  an 
element  spacing  of  only  half  a  wavelength. 


Fig.  4.16.  Radiation  Pattern  of  a  Continuous  Line  Array 


Directivity  Factor 

An  important  measure  of  the  directional  characteristics  of  any  radiator  is  the  ratio  of  the  total 
power  radiated  to  that  which  would  have  been  radiated  if  all  its  strength  were  concentrated  at  the 
origin.  Tills  ratio  of  the  average  intensity  to  the  intensity  at  the  peak  of  the  main  lobe  is  always 
less  than  unity.  Its  reciprocal  is  the  directivity  factor,  DF.  defined  by 


i. 


J 

A 

ii 
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Kdo)  ^ 

D^fe)dS 

A  surface  element,  dS,  on  a  sphere  can  be  expressed  by 

dS  =  2irrcos0rdd  *  2irr*d(sind)  , 
whence  Eq.  4.102  for  the  directivity  factor  can  be  written 


(4.102) 


(4.1  OS) 


DF  * 


2 


D^(B)d(sinB) 


The  directivity  factor  of  a  continuous  line  array  steered  broadside  is 


(4.104) 


where  J  is  used  as  a  dummy  variable  to  represent  kL/2  sin  B,  as  in  Eq.  4.99.  For  values  of  kL  <2, 
the  radiation  is  almost  omnidirectional  and  the  directivity  factor  is  close  to  unity.  Directionality 
only  becomes  dominant  for  kL  >4.  For  large  kL,  the  integral  in  Eq.  4.105  equals  ir/2  and  the 
directivity  factor  is  given  by 


DF  —  (kL>4)  .  (4.106) 

t 

Directivity  Index 

The  logarithmic  form  of  the  directivity  factor  is  called  the  directivity  index,  Dl,  as  defined  by 

DlsiOhgDF.  (4.107) 

To  a  close  approximation,  the  Dl  of  a  continuous  line  array,  plotted  in  Fig.  4.17,  can  be  estimated 
from 

Dl  =  10  log—  »  10  log  —  .  (4.108) 

It  X 


The  directional  pattern  of  an  ^-element  array  is  essentially  the  same  as  that  for  a  continuous 
line  for  frequencies  such  that  the  element  spacing  is  less  than  a  half  wavelength.  For  these 
frequencies,  the  DF  and  Dl  are  given  by  Eqs.  4.106  and  4.108  with  L'  replacing  L.  For  much 
higher  frequencies  for  which  the  separation  is  large  compared  to  a  wavelength,  the  directivity 
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function  is  given  by  that  for  a  continuous  line  of  length  L'  divided  by  that  for  a  line  of  length  d, 
and 


kU 

^  DF(L')  n 
DF  i - * - 

DF(d) 

ir 


(d>  \)  . 


The  directivity  index  is  then 


(4.109) 


Dl  =  lOlogN  . 


(4.110) 


Thus,  the  directivity  index  of  an  A/'-element  array  is  similar  to  that  for  a  continuous  line  up  to  the 
frequency  at  which  this  equals  10  log  N.  For  somewhat  higher  frequencies,  the  value  stabilizes  at 
10  log  N.  This  behavior  is  illustrated  in  Fig.  4.17  for  a  20-element  array. 


Fig.  4. 1 7.  Directivity  Index  of  Line  Arrays 
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Amys  of  Directional  Sources 

The  expressions  derived  thus  far  apply  to  arrays  of  omnidirectional  sources.  In  later  chapters 
we  will  deal  with  directive  sources,  which  in  some  instances  may  be  arranged  in  an  array.  If  all  of 
the  elements  of  an  array  of  directive  sources  have  the  same  directivity  pattern,  then  the  directivity 
function  of  the  array  is  simply  the  product  of  the  directivity  functions  of  the  individual  elements 
and  that  of  an  array  of  orrmidirectional  sources.  Thus,  the  pattern  for  an  array  having  an  even 
number  of  elements,  N,  can  be  calculated  as  a  two-pole  consisting  of  directional  elements  each 
being  formed  by  a  sub-array  of  N/2  elements.  Multiplying  Eq.  4.88,  for  a  two-element  array  in 
which  (NI2)d  replaces  d,  by  Eq.  4.94,  for  the  directivity  of  a  sub-array  of  NI2  elements,  one 
obtains 


sin  N0 
N  sin  0 


(4.1  II) 


which  is  the  same  as  the  directivity  function  for  an  array  of  N  omnidirectional  monopoles.  Many 
practical  applications  follow  from  the  fact  that  array  calculations  for  omnidirectional  sources  can 
be  readily  extended  to  arrays  of  directional  sources. 


Arrays  as  Spatial  Filters 

The  principle  of  reciprocity  applies  to  all  linear  systems  for  which  the  differential  equations 
are  symmetric  in  the  spatial  variables.  As  a  consequence  of  this  principle,  the  directional  response 
pattern  of  a  configuration  of  receivers  to  incoming  plane  waves  is  identical  to  the  radiation  pattern 
of  the  same  configuration  of  sources.  All  of  the  directional  patterns  derived  thus  far  for  radiating 
monopoles,  two-poles  and  arrays  are  equally  applicable  to  receiving  systems  having  the  same 
geometry,  provided  only  that  the  systems  are  linear. 

Passive  arrays  are  used  as  *oatial  filters  to  discriminate  against  background  noise  coming  from 
many  directions.  When  soi  .om  a  target  comes  in  at  the  angle  of  peak  .sponse  of  the  main 
beam,  the  output  of  the  receiving  array  will  have  a  higher  signal-to-noise  ratio  than  that  of  a  single, 
omnidirectional  receiver  by  an  amount  that  is  the  array  signal-to-noise  gain,  usually  called  the 
array  gain.  It  has  been  common  practice  to  assume  that  the  dB  array  gain  of  an  array  as  a  receiver 
equals  its  directivity  index  as  a  radiator,  ifowever,  this  is  not  usually  true.  It  would  be  the  case  if 
the  background  noise  were  isotropic,  i.e.,  arriving  with  equal  intensity  from  all  directions,  but  this 
does  not  generally  occur.  The  assumption  that  the  passive  array  gain  equals  the  active  directivity 
index  is  only  valid  to  the  extent  that  background  noise  is  isotropic. 

A  number  of  writers  have  noted  that  the  mathematical  development  of  array  directivity 
patterns  is  virtually  identical  to  that  for  linear  filters  in  spectral  analysis.  The  angular  frequency, 
cj,  of  spectral  theory  corresponds  to  the  component  of  the  wave  number  along  the  array,  i.e.,  to 
k  sin  d.  Time  is  analogous  to  position  along  the  array,  and  spectral  density  is  analogous  to  the 
radiation  function.  A  continuous  line  array  of  length  £  is  a  spatial  analog  of  a  square  pulse. 
Discrete  elements  correspond  to  sampling.  If  the  sampling  is  frequent  enough,  i.e.,  if  elements  are 
closer  than  a  half  wavelength,  then  the  result  is  virtually  unchanged  from  continuous  coverage.  If 
the  sampling  rate  is  not  sufficient,  i.e.,  if  the  elements  are  far  apart  relative  to  X,  then  extraneous 
peaks  occur. 


4.8  RIGID  PISTONS  89 


Just  as  sampling  functions  for  spectral  filters  can  be  designed  to  achieve  specific  spectral 
density  functions,  so  also  can  linear  arrays  be  designed  to  achieve  desired  main-lobe  shaping  and/or 
side-lobe  reduction.  The  amplitudes  and  phases  of  the  individual  elements  must  be  controlled  in 
accordance  with  weighting  functions,  which  functions  may  be  derived  from  radiation  theory  or 
may  be  taken  directly  from  the  signal  processing  literature.  This  analogy  between  signal  processing 
and  array  spatial  filtering  is  developed  more  completely  in  several  of  the  references  listed  at  the 
end  of  this  chapter. 

4.8  Radiation  from  Rigid  Pistons 

In  the  preceding  section  we  dealt  with  linear  arrays  of  monopoles.  However,  most  radiators  of 
underwater  sound  occur  as  surfaces  rather  than  lines.  The  treatment  of  surface  radiators  is  essen¬ 
tially  the  same  as  that  for  lines,  except  that  the  resultant  mathematical  functions  are  usually  more 
complex.  In  dealing  with  planar  surfaces  it  is  useful  to  replace  the  omnidirectional  monopole  used 
in  array  calculations  with  an  elementary  piston  radiator  that  radiates  sound  in  only  one  direction. 
The  radiation  pattern  of  an  extended  surface  is  then  calculated  by  integration  of  the  fields  of  these 
elementary  pistons. 

Elementary  Piston  Radiator 

The  elementary  piston  radiator  is  closely  related  to  the  simple  pulsating  sphere,  as  can  be  seen 
from  Fig.  4.18.  Since  a  pulsating  sphere  radiates  sound  uniformly  in  ail  directions,  the  placement 
of  a  mathematical  plane  dividing  it  into  two  hemispheres  has  no  effect  on  its  field.  We  may  then 
drop  one  side,  without  altering  the  sound  field  on  the  other  side,  provided  we  retain  the  same 
surface  velocity.  (Keeping  the  same  flux  would  involve  double  the  velocity  and  would  produce 


a)  Spbert 


b)  Hemisphara  in 
a  Baffle 


cl  Piston  in 
a  Baffle 


Fig.  4. 1 8.  Transformation  from  Pulsating  Sphere  to  Piston  in  a  Baffle  ^  ^ 
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double  the  pressure.)  It  is  then  a  simple  step  to  change  from  a  hemispherical  source  on  a  baffle  to 
an  equivalent  vibrating  piston.  Since  the  area  is  half  as  great,  the  same  surface  velocity  produces 
only  half  as  much  oscillating  mass  flux  and  half  as  much  sound  pressure.  It  follows  that  Eq.  4.15 
for  the  pressure  field  of  a  monopole  can  be  replaced  for  an  elementary  piston  by 

ap'(r)  -  ,•  .  (4. 112) 

2itr 

In  principle,  the  pressure  from  any  planar  source  can  be  calculated  by  integrating  Eq.  4.1 12  over 
the  surface  of  the  source,  taking  into  account  any  phase  differences  between  elements. 

Grcular  Piston  in  a  Baffle 

The  integration  of  Eq.  4.112  over  the  area  of  a  uniformly  vibrating  circular  piston  Js  quite 
similar  to  the  integration  carried  out  in  Eq.  4.98  tor  a  continuous  line  array.  Defining  p  as  the 
pressure  that  would  be  radiated  by  a  small  piston  having  the  same  mass  fiux.  the  pressure  is  given 
by  the  integral 


(4. 1 1 3) 


where  r'  is  the  exact  distance  from  the  element  to  the  field  point  and  r  is  the  nominal  distance 
from  the  center,  as  depicted  in  Fig.  4.12  for  a  line.  The  integration  is  carried  out  in  a  number  of 
texts,  and  the  far-field  result  may  be  written 


TTie  expression  in  brackets  is  the  pressure  pattern  of  a  circular  piston  in  a  baffle.  It  is  seen  to  be 
similar  in  form  to  the  sin.x/.x  function  that  was  found  tor  linear  arrays.  Ji(.x)  is  the  Bessel 
function  of  the  first  order,  defined  by  the  series 


Jt(x) 


lL.  - - *..) . 

j  y  2-4  2'4-4-6  2-4-4-6-6'8  / 


(4.115) 


Setting  the  denominator  of  Eq.  4.1 14  equal  toJ,  as  was  done  in  Eq.  4.99,  the  directivity  function 
of  a  circular  piston  is 


D(e) 


2Ji(kag  sin  6) 

s 

2Ji(a) 

Aa^  sin  0 

o' 

(4.116) 


which  function  approaches  unity  for  small  ff,  corresponding  to  omnidirectional  radiation  in  one 
hemisphere.  For  large  values  of  a. 
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D(ei 


1.6 


sinia  -  0.  7) 


m>  5) 


(4.117) 


For  medium  values.  It  behaves  in  a  manner  similar  to  that  for  a  line  array,  as  shown  in  Fig.  4.16, 

except  that  the  first  null  occurs  at  1 .2ir,  the  second  at  2.27r,  etc. 

Many  practical  sound  sources  radiate  as  pistons  having  values  of  ka^  <  2,  for  which  the 

directivity  function  can  be  expressed  as  the  first  three  terms  of  a  power  series,  as 


CXd)  =  1 


(kOg  Sin  6)^  ^ 

8 


(kUg  sin  61* 
192 


(a<2)  . 


(4.118) 


Half  of  the  total  power  radiated  is  contained  in  a  cone  defined  by  ka^  sin  d  iz  1.6. 

Near  Field  of  a  Piston  Radiator 

The  expression  in  Eq.  4. 11 4  for  the  radiated  pressure  of  a  piston  source  was  derived  under  the 
assumption  that  the  difference  between  r  and  r  is  small  compared  to  either  distance.  In  practice, 
this  expression  for  pressure  agrees  well  with  measurements  tor  distances  that  satisfy  the 
relationship 


(kr)  >  (ka^)^  .  (4.119) 

which  inequality  defines  the  far  field.  Tlie  near  field  is  quite  complicated,  often  it'volving  inter¬ 
ference  minima  and  maxima.  However,  for  pistons  having  kag<v  there  are  no  interference  pat¬ 
terns  and  tlie  intensity  and  pressure  fields  are  continuous. 

Close  to  the  surface  of  a  piston  source,  i.e.,  when  r  <u^,  the  pressure  on  the  axis  is 


/ 


ka. 


£(r<aj  =  2p„c^u^e‘^’  sin\^^ 


(4. 120) 


hence,  the  on-axis  pressure  at  a  large  distance  r  is  related  to  the  near-field  pressure  by 

,-ikr 

p'(r>aj  .  .  \  2  / 


•o’ 


•(f) 


(4.121) 


For  the  small  values  of  that  are  often  found  when  dealing  with  ship  radiation,  the  sine  term  in 
Eq.  4.121  can  be  replaced  by  its  argument,  and  the  rms  pressure  in  the  far  field  is  then  related  to 
its  near-field  value  by 


p(r>a)  ^  t)(r  <ag)  —  (ka^<l)  . 


(4.122) 


2r 


A  practical  consequence  of  Eq.  4.122  is  that,  for  values  of  ka^  typical  of  many  radiations  from 
ship  hulls,  pressure  measurements  made  close  to  the  hull  are  representative  of  tar-field  values.  Tliis 
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experience  is  contrary  to  that  of  the  transducer  community,  since  most  transducers  are  highly 
directional  devices  that  operate  at  high  values  of  ka^  for  which  the  near  field  is  very  complicated. 

Radiation  Impedance  and  Efficiency 

Pressure  is  not  constant  over  the  surface  of  a  piston.  Values  given  by  Eq.  4.120  apply  only  near 
centers  of  pistons.  To  find  the  reaction  force  experienced  by  a  piston  due  to  its  motion,  one  must 
find  the  average  pressure  over  the  entire  piston  surface.  The  general  expression  involves  two  types 
of  Bessel  functions.  The  resultant  values  for  the  specific  radiation  resistance  and  reactance  are 
plotted  in  Fig.  4.19.  For  pistons  satisfying  the  requirement  that  ka^  <1,  the  specific  radiation 
resistance  is 


Jx<2ka^)  ^  (kaj^  ^  _  (ka^P 
ka^  2  6 


and  the  reactance  is 


=  —(ka,)  I 
Sit 


fSkOgP 

15 


(4.123) 


(4.124) 


It  follows  that  for  small  values  of  ka^  the  radiation  efficiency  is  proportional  to  the  first  power  of 


kci  . 


(4.125) 


as  one  would  expect  for  a  monopole  type  of  radiation. 
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Directivity  Factor  and  Index 

The  directivity  factor  for  a  piston  radiator  is  calculated  by  substituting  the  directivity  func¬ 
tion,  LHB),  given  by  Eq.  4.1 16,  into  Eq.  4.102  and  carrying  out  the  integration.  The  result  is 


DF  =  —  = 

T  j  _  Jx(2kaJ  a, 

2ka^ 


(4.126) 


For  values  of  ka^  up  to  about  \,DF  =  2,  representing  essentially  omnidirectional  radiation  in  one 
hemisphere  and  zero  radiation  in  the  other.  For  ka^  ^2,  a^.  is  close  to  unity,  as  shown  in 
Fig.  4.19,  and 


DF  =  (kaJ^  (ka^>2) 


(4.127) 


The  directivity  index  of  a  piston  radiator  is  therefore  3  dB  at  low  frequencies  and  is  given  by 


D1  =  20  log  ka^ 


=  20  log 


(4.128) 


at  high  frequencies. 

Pistons  of  Other  Shapes 

The  above  development  applies  only  to  circular  pistons.  Many  ship  radiating  surfaces  are  more 
nearly  rectangular.  For  rectangular  pistons  of  dimensions  2a  X  2b  the  directivity  function  is  the 
product  of  two  sin  o/o’ functions,  one  for  each  dimension.  Molloy  (1948)  calculated  the  directivity 
index  and  found  that  at  high  frequencies  it  can  be  estimated  from 

DI  =  1.2  +  lOlogka  -f  10  log  kb  .  (4.129) 

Stenzel  (1939)  has  shown  that  for  many  different  shapes  the  main  beam  pattern  is  represented 
by 

D(e)  ^  j  -  J-  k^L^sin^  6  .  (4.  ISO) 

2 

where  is  the  area  moment  of  inertia  about  an  axis  perpendicular  to  the  direction  of  the  pattern. 

equals  (a/ 2)^  for  a  solid  circle,  (a‘^/2)  for  a  ring,  and  (a"^  IS)  for  a  square  piston  having  sides  of 
length  2a.  Since  acoustic  calculations  usually  need  not  be  very  precise,  it  follows  that  equations  for 
circular  pistons  can  be  used,  provided  the  aspect  ratio  of  the  radiator  is  close  to  unity. 

Planar  Arrays 

It  has  been  demonstrated  that  the  directivity  patterns  of  continuous  line  radiators  are  similar 
to  those  for  linear  arrays  having  their  elements  closer  than  a  half  wavelength.  In  the  same  way 
planar  arrays  of  discrete  radiators  have  radiation  patterns  similar  to  those  of  pistons.  Directivity 


.4 
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indices  of  planar  arrays  of  pistons  are  given  by  Eq.  4.129  up  to  a  limit  3  dB  higher  than  10  log  N, 
the  limit  that  applies  for  unbaffled  omnidirectional  sources. 


Pistons  in  Non-Rigid  Baffles 

In  the  discussion  thus  far  it  has  been  assumed  that  the  baffle  is  rigid.  This  is  almost  always  a 
good  approximation  in  air,  but  not  as  true  in  water.  Feit  and  Duncan  (1968)  have  considered  the 
effect  of  finite  baffle  impedance  on  piston  radiation  impedance  and  found  that  both  the  resistance 
and  reactance  are  reduced  for  ka^  <  I .  For  ka^  up  to  about  one  half,  they  found  that  Eq.  4.123 
can  be  replaced  by 


where 


(4.131) 


-  . 


and  is  the  mass  area  density  of  the  baffle.  Taking  h  to  be  the  baffle  thickness. 


(4.132) 


2b_  =  /fofoX  .?oSg_  (4.133) 

\  j  y^oj  "^6* 

where  is  the  density  of  the  baffle  material  and  cjp^/i  is  the  baffle  mass  reactance  per  unit  area. 
It  is  apparent  that  for  a  given  baffle  the  effect  of  finite  baffle  impedance  is  pronounced  at  low 
frequencies,  and  that  at  high  frequencies  the  baffle  appears  to  be  rigid.  It  is  essentially  a  question 
of  the  relative  impedances  of  the  medium  and  the  baffle. 


Unbaffled  and  Partially  Baffled  Pistons 

The  importance  of  the  baffle  to  piston  radiation  can  be  appreciated  by  considering  unbaffled 
and  partially  baffled  pistons.  Morse  and  Ingard  (1968)  show  that  the  pressure  pattern  at  large 
distances  from  a  free-floating,  vibrating  disk  is  equal  to  that  of  a  piston  in  a  baffle  multiplied  by 
cos  Q.  At  high  frequencies,  for  which  ka^  >>  1,  the  extra  cos  6  has  little  effect  and  the  pattern 
ahead  of  the  disk  is  unchanged.  Since  radiation  occurs  behind  the  disk  equal  to  that  in  front, 
though  out  of  phase  by  180°,  the  radiation  resistance  at  high  frequencies  is  double  that  for  a 
baffled  piston. 

At  low  frequencies,  for  ka^  <1,  the  cos  d  term  dominates  the  radiation  pattern  of  the  free 
disk,  and  it  radiates  as  a  dipole.  In  the  limit,  for  small  ka^,  the  radiation  efficiency  is  given  by 

2 

and  unbaffled  disks  are  seen  to  be  much  less  efficient  as  radiators  of  sound  than  are  pistons  in 
infinite  baffles. 

The  question  of  baffle  size  required  to  achieve  much  of  the  effect  of  an  infinite  baffle  was 
examined  by  Crane  (1967).  He  carried  out  calculations  for  circular  pistons  of  radius  in  circular 
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baffles  of  radius  and  found  that  the  radiation  impedance  is  virtually  equal  to  that  for  an 
infinite  baffle  provided  kr^  >  v,  i.e.,  that  the  baffle  diameter  is  greater  than  a  wavelength. 

Pistons  on  Non-Planar  Baffles 

In  practical  marine  acoustics,  piston-like  radiating  surfaces  occur  on  finite  curved  bodies  rather 
than  in  plane  baffles.  While  the  general  case  has  not  been  treated  mathematically,  examples  of 
pistons  in  rigid  cylinders  and  spheres  have  been  treated  in  the  literature.  Tlie  calculations  involve 
Legendre  and  Bessel  functions  of  various  orders  and  are  quite  complex. 

Morse  (1948)  considered  a  piston  of  radius  =  a  sin  0^  in  a  sphere  of  radius  a.  He  found  that 
the  equivalent  source  strength  is  somewhat  greater  than  that  for  a  piston  in  a  plane  baffle,  and  that 
for  moderate  angles,  up  to  60°, 


-) 


His  calculations  also  show  that  a  change  from  plane  to  spherical  baffle  makes  a  large  change  in  the 
angular  distribution  of  the  radiated  sound  pressure,  but  has  relatively  little  effect  on  the  average 
radiation  impedance  load  of  the  piston. 

Laird  and  Cohen  (1952)  were  the  first  to  solve  the  problem  for  pistons  on  cylinders,  but  did 
not  report  any  simple  relation  to  piston  radiation  in  planar  baffles.  Greenspon  and  Sherman 
(1964)  found  that,  for  a  piston  set  in  a  cylinder,  the  pressure  distribution  along  the  generator 
agrees  well  with  that  for  a  plane,  while  around  the  periphery  it  is  in  excellent  agreement  with  that 
for  a  sphere.  In  all  cases,  the  pressure  distribution  depends  on  both  the  ka  of  the  piston  itself  and 
that  of  the  curved  body,  while  total  radiated  power  and  average  intensity  are  much  the  same  as 
those  for  a  piston  in  a  plane. 

Effect  of  Flow  on  Piston  Radiation 

Since  ships  are  usually  in  motion,  it  is  pertinent  to  investigate  any  effects  which  flow  past  a 
piston  might  have  on  its  radiation.  Chetaev  (1956)  calculated  the  acoustic  impedance  of  a  square 
piston  in  an  infinite  baffle  radiating  into  a  moving  medium.  He  found  negligible  effects  on  both 
the  resistive  and  reactive  components  provided  the  product  of  ka^  and  the  Mach  number,  M,  is 
small  compared  to  unity.  Thus,  for  speeds  found  in  water,  the  effect  should  only  be  noticeable  at 
very  high  frequencies. 

4.9  Radiation  from  Hull  Openings 

Usually  when  dealing  with  pistons  as  sound  sources  one  thinks  in  terms  of  oscillating  rigid 
plates.  At  low  frequencies,  however,  pulsating  fluid  motions  in  hole  openings  also  generate  sound 
by  the  same  mechanism.  This  can  be  understood  by  thinking  of  a  rigid  piston  as  a  device  that 
causes  the  fluid  in  front  of  it  to  move  back  and  forth,  thereby  radiating  sound.  The  same  oscil¬ 
lating  motion  can  occur  in  an  opening  due  to  pressure  pulsations  in  a  tank  or  pipe.  In  ship  systems, 
such  pulsations  occur  in  hull  openings  such  as  those  connected  with  seawater  piping  systems  and 
tanks,  as  well  as  propulsion  system  exhausts. 
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Radiation  from  Pipe  Ends 

The  inlet  and  discharge  lines  of  seawater  pumps  may  be  treated  as  open-ended  pipes  in 
essentially  infinite  baffles.  Morse  (1948)  has  shown  that  the  radiation  from  an  opening  in  a  wall  is 
the  same  as  that  from  a  massless  piston  set  in  the  wall  and  having  the  same  mass  flux.  The 
expressions  given  in  the  previous  section  for  piston  radiation  therefore  apply  unaltered  to  pipe 
endings.  The  problem  reduces  to  finding  the  mass  flux,  Q. 

In  the  case  of  piping  systems  it  is  common  practice  to  measure  the  rms  oscillating  pressure, 
inside  the  pipe.  If  this  is  measured  within  an  eighth  of  a  wavelength  of  the  opening,  then  the  rms 
fluctuating  fluid  velocity,  H,  is  related  to  it  through  the  impedance  of  the  opening,  as 


-  .  PiS  _  _ ^ 
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(4.136) 


The  components  of  the  radiation  impedance  are  given  in  Fig.  4. 1 9  and  by  Eqs.  4. 1 23  and  4. 1 24. 

The  assumption  of  constant  velocity,  u,  across  the  mouth  of  the  opening  is  valid  only  for  low 
frequencies  for  which  the  pipe  diameter  is  small  compared  to  a  wavelength.  For  ka^  <-112, 
Eq.  4. 136  reduces  to 


from  which  the  rms  radiated  sound  pressure  is 


(4.137) 


p(r)  =  —  p-CXe)  . 
16  r 


(4.138) 


The  directivity  function,  D(0),  is  the  approximate  expression  given  by  Eq.  4.1 18.  At  low  frequen¬ 
cies  the  power  radiated  is 


(4.139) 


showing  that  the  power  for  a  given  pipe  pulsation  pressure  is  proportional  to  the  area  of  the 
opening  but  is  independent  of  ka^. 


Radiation  from  Tank  Resonances 


When  they  occur,  flow-excited  cavity  resonances  of  ship  and  submarine  tanks  produce  very 
strong  tonal  components.  All  open-mouth  cavities  have  resonant  frequencies.  The  fluid  in  the 
opening  moving  in  and  out  provides  the  mass,  while  compressibility  of  the  cavity  volume  acts  as 
the  spring.  In  air,  i.e.,  in  Helmholtz  resonators,  compressibility  is  provided  by  the  gas  in  the 
resonator.  In  liquids,  which  are  virtually  incompressible,  flexibility  of  the  tank  walls  provides  the 
spring  action.  Sometimes  tanks  are  only  partially  filled  with  liquid,  in  which  case  the  gas  volume  is 
the  compressible  member. 

Cavity  resonances  can  be  excited  in  a  number  of  ways,  but  by  far  the  most  important  is  flow 
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excitation.  As  discussed  in  Chapter  9,  all  wake  flows  are  unstable,  shedding  vortices  at  frequencies 
controlled  by  flow  speed  and  body  dimensions.  Such  vortices  occur  in  cavity  openings  when  fluid 
flows  past  the  cavity  mouth.  When  the  vortex  shedding  frequency  approaches  the  resonance 
frequency  of  the  cavity,  the  cavity  begins  to  pulsate,  strengthening  the  vortices  and  further 
increasing  the  pulsation  velocity.  The  amplitude  builds  up  until  it  is  limited  by  non-linear  effects. 
Not  only  does  such  a  flow-excited  resonance  radiate  a  very  strong  tonal  component,  but  also 
pressures  inside  the  tank  may  be  sufficient  to  cause  fatigue  cracking  of  the  tank  plates. 

When  flow-excited  tank  resonances  are  found  in  marine  vehicles,  they  are  readily  corrected. 
Redesign  of  the  cavity  opening  to  change  the  vortex  excitation  frequency  is  one  cure.  Another  is 
addition  of  reinforcing  beams  to  the  tank  plates  to  decrease  their  flexibility  and  thereby  increase 
the  resonance  frequency.  Also,  flow  diverters  can  be  introduced  ahead  of  the  tank  opening, 
causing  the  flow  to  avoid  the  opening  and  thereby  reducing  both  the  strengths  and  frequencies  of 
the  vortices. 

Radiation  from  Exhaust  Pipes 

Pulsating  exhaust  flows  from  tail  pipes  of  torpedoes  and  other  underwater  exhaust  systems 
also  radiate  as  monopoles.  Even  though  un flanged,  such  open-ended  pipes  radiate  as  though 
baffled,  with  the  pipe  wall  providing  the  baffle.  At  low  frequencies  sound  is  radiated  equally  in  all 
directions.  The  radiation  reactance  is  about  30%  less,  and  the  pressure  about  1.5  dB  lower,  than 
that  for  an  opening  in  a  flat  surface. 

Ffowcs  Williams  (1969)  and  Plett  and  Summerfield  (1974)  have  shown  that  even  for  jet 
engines  in  air,  monopole  sources  dominate  at  low  Mach  numbers.  Westervelt  and  McQuillin  (1957) 
reported  that  at  low  frequencies  sounds  from  pulse  jets  are  controlled  by  volume  pulsations.  At 
higher  frequencies,  dipole  and  quadrupole  radiations  are  observed.  Marine  vehicle  exhaust  systems 
are  similar  in  many  ways  to  low  Mach  number  pulse  jets;  monopole  radiation  can  therefore  be 
expected  to  dominate. 


4.10  Radiation  from  Arbitrary  Bodies 

■  While  many  practical  sound  sources  can  be  understood  in  terms  of  the  relatively  simple 
configurations  discussed  earlier  in  this  chapter,  there  are  other  types  of  radiators  which  are  more 
complicated.  Numerous  papers  have  been  published  dealing  with  one  or  more  specific  configura¬ 
tions.  The  present  section  deals  briefly  with  several  methods  that  are  used  in  calculating  the  sound 
fields  radiated  by  arbitrary  bodies,  and  the  next  section  discusses  their  application  to  hull  radiation 
problems. 

Integral  Equation  Methods 

Solutions  of  Helmholtz’s  equation,  Eq.  2.61,  for  acoustic  fields  radiated  by  arbitrary  bodies 
can  be  expressed  in  terms  of  integrals  over  their  surfaces.  The  approach  used  parallels  that  orig¬ 
inally  developed  for  solving  Laplace’s  equation  when  presented  with  a  set  of  arbitrary  boundary 
conditions.*  The  fact  that  acoustics  formulations  deal  with  retarded  time  and  must  retain  phase 
information  makes  acoustics  problems  somewhat  more  difficult  than  the  usual  boundary-value 
problems  of  potential  theory.  Were  it  not  for  the  availability  of  high-speed  computers,  this  ap¬ 
proach  would  have  little  appeal. 


*See,  for  example,  Kellogg  (1953). 
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Most  integral  methods  start  with  the  Helmholtz  integral  equation,  derived  by  applying  Green’s 
theorem  to  acoustic  potentials.  In  its  most  common  form,  the  radiated  pressure  is  expressed  as  a 
sum  of  two  integrals: 


(4.140) 


Solution  of  this  equation  requires  knowledge  of  the  pressure  distribution  and  of  its  normal  deriva¬ 
tive,  both  evaluated  just  outside  the  surface.  From  Eq.  2.47,  the  normal  pressure  gradient  at  a 
surface  is  related  to  the  surface  velocity,  tt,  by 
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(4.141) 


The  first  integral  therefore  expresses  the  monopole  field  of  the  surface  velocity  distribution,  while 
the  second  can  be  interpreted  as  the  dipole  field  of  the  surface  pressures.  If  both  surface  velocity 
and  pressure  distributions  are  given,  then  Eq.  4.140  can  be  used  directly.  However,  usually  only 
one  of  these  is  known  and  equations  must  be  found  to  relate  the  unknown  quantity  to  the  known 
one.  In  solving  these  supplementary  integral  equations,  difficulties  in  the  form  of  indeterminacies 
occur  at  certain  wave  numbers.  Qiertock  (1964,  1970  and  1971)  has  developed  several  practical 
computational  procedures  for  overcoming  these  problems.  Other  methods  for  using  integral  equa¬ 
tions  have  been  published  by  Copley  (1967,  1968)  and  Schenck  (1968). 

The  most  successful  applications  of  integral  methods  have  been  in  calculating  the  fields  of  large 
complex  transducers  and  of  cylindrical  shells.  Readers  interested  in  further  discussion  of  this 
subject  are  referred  to  the  articles  and  reports  listed  at  the  end  of  this  chapter,  especially 
Chertock’s  (1971)  overview. 


Spheroidal  Wave  Functions 

Many  radiators  for  which  sound  fields  are  desired  are  cigar-shaped.  Rather  than  carry  out  the 
integrals  of  Eq.  4.140,  it  is  more  appropriate  to  express  the  sound  fields  of  such  bodies  in  terms  of 
known  mathematical  functions,  of  which  prolate  spheroidal  functions  are  the  most  useful.  In  this 
approach,  the  geometric  outline  of  the  body  is  fitted  as  well  as  possible  by  a  prolate  spheroid,  and 
the  surface  velocity  distribution  is  expressed  by  a  finite  series  of  spheroidal  surface  functions,  as 
given  by  Moise  and  Feshbach  (1953).  The  radiated  field  is  then  given  by  a  series  of  spheroidal 
wave  functions,  in  much  the  same  manner  as  in  the  treatment  of  a  general  spherical  radiator 
discussed  in  Section  3.3.  Chertock  (1961)  developed  expressions  for  the  pressure  field,  radiation 
impedances  and  directivity  factors  for  spheroidal  modes,  and  applied  these  results  to  consideration 
of  rigid-body  and  “accordion-like”  vibrations  of  thin  prolate  spheroids.  The  usefulness  of  this 
approach  depends  both  on  the  degree  of  fit  of  the  actual  body  by  a  spheroid  and  the  number  of 
terms  required  to  match  the  surface  velocity  distribution.  It  is  therefore  most  useful  when  treating 
bodies  of  revolution  at  low  frequencies. 

Slender  Body  Theory 

A  weakness  of  the  spheroidal  function  method  is  that  it  assumes  bow-stem  symmetry.  Pond 
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(1966)  overcame  this  difficulty  by  representing  relatively  thin  bodies  of  revolution  by  distribu¬ 
tions  of  monopoles  and  dipoles  on  the  body  axis.  The  strengths  of  the  sources  are  adjusted  to 
produce  streamlines  that  coincide  with  the  hydrodynamic  flow  over  the  body.  Pond  found  that 
bow-stem  assymmetries  introduce  a  number  of  important  terms  that  are  not  part  of  a  symmetric 
analysis.  Chertock  (1964)  noted  that  at  low  frequencies  the  far-field  radiation  pattern  is  symmetric 
even  though  the  body  itself  is  not.  Thus,  the  longitudinal  accordion  mode,  which  radiates  strongly 
along  the  axis  of  the  body,  radiates  sound  almost  equally  in  the  bow  and  stem  directions. 

Chertock  (1975)  has  developed  a  relatively  simple  method  for  calculating  the  radiation  fields 
of  slender  bodies  at  very  low  frequencies.  He  assumed  that  the  acoustic  wavelength  is  larger  than 
any  distance  along  the  body  in  which  the  motion  changes  appreciably.  This  implies  that  the  fluid 
can  be  treated  as  incompressible  when  relating  the  surface  velocity  and  pressure  distributions.  In 
fact,  the  local  surface  pressure  is  then  simply  the  fluid  density  times  the  local  surface  acceleration. 
Chertock  has  successfully  applied  this  method  to  the  calculation  of  low-frequency  fields  of  a 
number  of  ship-like  structures. 

Radiation  from  Cylinders 

Slender  body  methods  are  most  useful  at  the  lowest  frequencies.  At  somewhat  higher  frequen¬ 
cies,  sound  radiation  from  marine  vehicles  often  has  characteristic's  that  are  similar  to  those  found 
when  treating  radiation  from  cylinders.  In  this  medium  frequency  range,  shell  resonances  play  an 
important  role,  and  much  of  the  literature  relating  to  cylinders  is  concerned  with  these  resonances. 
The  subject  has  offered  considerable  challenge  to  theoreticians  and  most  of  the  papers  are  highly 
mathematical.  Heckl  (1962)  summarized  the  results  for  finite  cylindrical  shells  in  air.  He  noted 
that  while  ring  stiffness  controls  at  low  frequencies,  the  results  are  in  good  agreement  with 
flat-plate  calculations  when  the  circumference  of  the  cylinder  exceeds  the  wavelength  of  longi¬ 
tudinal  waves  in  the  shell. 

Junger  (1975)  pointed  out  that  submergence  of  a  structure  in  a  liquid  changes  the  nature  of 
the  problem.  In  air,  the  vibration  can  be  calculated  as  for  a  vacuum  and  the  radiation  then  derived 
from  the  vibrational  pattern  by  any  of  a  number  of  acoustic  methods.  In  a  liquid,  on  the  other 
hand,  motion  of  the  fluid  must  be  included  in  dealing  with  the  structure,  i.e.,  one  is  dealing  with  a 
coupled  structural-acoustics  problem.  Junger  (1952)  has  solved  the  coupled  equations  for  thin, 
elastic  cylindrical  shells,  finding  as  much  as  a  50%  change  in  some  resonances.  He  extended  this 
approach  in  1954  to  cylinders  with  reinforcing  rings  and  bulkheads.  Different  methods  of  solving 
the  same  problems  have  been  developed  by  Warburton  (1961)  and  by  Bleich  and  Baron  (1954, 
1965). 

It  is  the  author’s  experience  that  most  of  the  acoustic  characteristics  of  radiating  underwater 
systems  can  be  understood  without  resort  to  detailed  analyses  of  cylindrical  structures.  Further¬ 
more,  the  mathematical  complexity  of  these  analyses  tends  to  hide  some  of  the  basic  physics.  For 
these  reasons,  no  details  on  this  subject  are  given  in  the  present  volume.  Readers  who  wish  to 
puisue  this  subject  further  may  do  so  by  reading  some  of  the  articles  already  mentioned,  as  well  as 
several  others  listed  at  the  end  of  the  chapter. 

Finite-Element  Methods 

The  finite-element  approach  to  structural-acoustics  problems  has  gained  increasing  favor  as 
industry  has  developed  larger  and  faster  digital  computers.  In  this  approach  one  divides  the 
structure  into  a  large  number  of  relatively  simple  sections  so  chosen  that  their  independent 
vibrational  and  radiational  characteristics  are  known.  A  series  of  coupled  equations  is  written  and 
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the  resultant  matrix  solved  on  a  high-power  computer.  The  larger  the  number  of  equations,  the 
better  the  results.  An  application  of  this  method  to  hull  vibrations  has  been  published  by  Green* 
spon  (1963).  MacNeal  (1962)  has  written  on  the  analogy  of  mechanical  and  electrical  finite 
elements  and  the  use  of  electric  circuit  theory  to  analyze  complex  structures.  Before  the  develop¬ 
ment  of  high-speed  digital  computers,  vibration  problems  were  often  solved  by  means  of  finite 
elements  and  their  electric  analogs. 

4.11  Radiation  from  Hulls 

The  hulls  of  most  marine  vehicles  are  extremely  complicated  structures  that  can  be  excited 
into  vibration,  and  consequently  radiate  sound,  over  a  wide  range  of  frequencies.  In  later  chapters 
we  will  discuss  a  number  of  hydrodynamic  and  mechanical  forces  that  cover  the  entire  spectrum 
from  as  low  as  I  Hz  to  as  high  as  20  kHz.  Calculation  of  the  resultant  hull  vibration  and  radiation 
by  any  single  method  seems  virtually  impossible.  Most  of  the  more  important  characteristics  of 
hull  vibrational  response  and  radiation  can  be  understood  by  dividing  the  spectrum  into  a  few 
distinctive  frequency  regimes,  treating  each  regime  by  relatively  simple  physical  models. 

Definition  of  Frequency  Regimes 

Parameters  that  are  most  useful  in  dividing  the  spectrum  into  frequency  regimes  are  ratios  of 
the  acoustic  wavelength  to  vaiious  hull  dimensions.  Pertinent  dimensions  are  overall  length, 
diameter  or  width,  lengths  of  compartments,  frame  spacings  and  plate  thicknesses.  The  author  has 
found  it  useful  to  think  in  terms  of  the  three  basic  frequency  ranges  summarized  by  Fig.  4.20. 


>  20  kHz 


XsR 


X>L/2 


~  1  Hz 


L  *  vehicle  length  R  *  effective  cross-sectional  radius 


HF 

Small  section  vibrates,  extending  only  a  few  frames. 
Ribbed  flat  plate. 

Curvature  adds  stiffness  at  low-freq.  end. 

MF 

Compartments  vibrate. 

Resonances  important. 

Cylindrical  shell  in  a  rigid  cylindrical  baffle. 

LF 

Whole  hull  involved. 

Rigid-body  translation  and  rotation. 

Beam  flexural  vibrations  (whipping). 

Accordion  modes. 

Fit.  4.20.  Frequency  Regimes  for  Huil  Vibrations  and  Radiation 
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Low  Frequencies 

The  low-frequency  (LF)  regime  extends  from  1  Hz  up  to  the  frequency  for  which  the  acoustic 
wavelength  equals  half  the  vehicle  length.  For  a  vehicle  ISO  m  long,  this  includes  all  frequencies  up 
to  about  20  Hz.  In  this  regime,  the  entire  hull  participates  in  the  motion  and  applicable  models 
must  represent  the  whole  body.  Three  distinct  types  of  motion  may  occur  at  low  frequencies,  each 
of  which  radiates  sound  with  different  characteristics.  The  body  may  experience  rigid-body 

motion  in  which  it  retains  its  exact  shape  and  either  vibrates  in  position  in  response  to  an  external 

alternating  force  or  rotates  about  an  axis.  The  second  type  is  beam-like  flexural  bending  vibrations, 
sometimes  called  whipping  motions.  Finally,  there  may  occur  dominantly  longitudinal  vibrations 
in  which  the  two  ends  move  out  of  phase  in  an  accordion-like  motion.  Expansion  and  contraction, 
i.e.,  breathing,  motions  of  the  hull  sections  are  associated  with  the  latter  type  of  vibration. 

Low-frequency  motions  of  surface  ships  are  important  to  naval  architects  because  they  are 
sometimes  strong  enough  to  cause  damage  and  because  they  can  be  very  unpleasant  to  experience. 
However,  acoustic  radiation  from  these  motions  is  generally  negligible.  The  reason  is  that  the 

ocean  surface  acts  to  reduce  the  sound  by  providing  negative  image  sources  within  a  half  wave¬ 

length  of  the  hull  sources,  thus  partially  cancelling  them.  Thus,  any  near-surface  oscillating-volume 
source  radiates  as  a  dipole,  while  dipole  sources  radiate  as  quadrupoles.  Also,  as  will  be  discussed  in 
Qiapter  8,  direct  radiation  by  propeller  cavitation  generally  dominates  in  this  frequency  region. 
Low-frequency  radiation  is  much  more  important  for  submerged  vehicles,  for  which  image  cancel¬ 
lation  is  much  reduced  and  for  which  propeller  cavitation  may  be  absent. 

Methods  for  calculating  low-frequency  sounds  from  submerged  bodies  were  discussed  in  the 
previous  section.  Additional  material  pertinent  to  flexural  vibrations  of  hulls  and  the  attendant 
radiation  is  presented  in  the  next  chapter. 

Medium  Frequencies 

The  medium-frequency  (MF)  region  of  the  spectrum  applies  between  the  LF  region  and  the 
frequency  for  which  the  acoustic  wavelength  equals  the  effective  radius  of  the  cross  section.  Thus, 
for  a  circular  hull  10  m  in  diameter,  this  covers  frequencies  up  to  about  300  Hz.  In  this  regime, 
response  to  excitation  is  usually  limited  to  one  compartment;  the  remainder  of  the  hull  acts  as  a 
baffle. 

Individual  hull  resonances  play  a  mqjor  role  in  the  response  of  the  hull  to  exciting  forces  and 
are  therefore  important  in  acoustic  calculations  for  the  MF  range.  Resonance  frequencies  can  be 
estimated  from  results  for  cylinders,  but  are  best  calculated  by  finite-element  methods.  In  many 
ways  the  decade  of  frequency  covered  by  this  regime  is  the  most  difficult  part  of  the  spectrum  for 
vibration  and  acoustics  calculations.  Slight  alterations  in  the  structure  that  change  a  resonance 
frequency  by  only  a  few  percent  result  in  entirely  different  responses  to  specific  forcing 
frequencies.  The  role  of  resonances  in  this  frequency  regime  is  clearly  indicated  in  hull  structural 
and  acoustic  measurements,  such  as  those  reported  by  Donaldson  (1968). 

High  Frequencies 

In  the  high-frequency  (HF)  region,  each  exciting  force  causes  only  a  small  area  to  vibrate  and 
the  remainder  of  the  hull  is  effectively  an  infinite  baffle.  Radiation  in  this  frequency  region  can  be 
treated  in  terms  of  plate  theory.  This  topic  is  covered  in  Chapter  6,  where  it  is  shown  that  ribs  play 
a  much  more  important  role  than  plate  curvature.  In  this  frequency  regime,  the  densities  of 
resonances  are  of  greater  interest  than  are  their  exact  frequencies.  In  fact,  sufficient  numbers  of 
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resonances  occur  to  enable  application  of  statistical  energy  methods.  In  this  regime,  sound  radia¬ 
tion  is  controlled  by  plate  thicknesses  and  frame  spacings,  and  the  results  are  only  slightly  influ¬ 
enced  by  the  overall  shape  of  the  hull. 

Excitation  forces  at  hi^  frequencies  sometimes  occur  at  a  single  point,  such  as  at  a  machine 
foundation.  Sometimes  they  are  distributed  over  wide  areas,  as  in  the  case  of  boundary  layer 
turbulence.  Both  situations  are  discussed  in  Chapter  6. 
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CHAPTER  5 


STRUCTURAL  VffiRATlONS 


5.1  Structure-Borne  Sound 

In  the  previous  two  chapters  we  dealt  with  a  number  of  sources  that  radiate  sound  directly 
into  the  fluid  medium.  However,  many  noise  sources  in  marine  systems  are  not  in  direct  contact 
with  the  fluid.  Vibrations  generated  by  such  sources  are  transmitted  by  structures  to  radiating 
surfaces.  The  transmission  of  structural  vibrations  and  radiation  of  sound  by  such  vibrations 
constitute  the  subject  of  structure-home  sound.  This  field  was  originally  developed  in  Germany  in 
the  I940’s  where  it  was  applied  both  to  submarine  noise  reduction  and  to  building  acoustics.  An 
early  exposition  by  L.  Cremer  (1950)  is  still  a  classic.  Rapid  progress  in  understanding  the  role  of 
structures  in  both  architectural  and  marine  acoustics  was  made  in  the  1950’s  and  1960’s,  and  the 
field  can  now  be  considered  to  have  matured.  Several  recent  books  devoted  exclusively  to  this 
subject  are  included  in  the  references  at  the  end  of  this  chapter. 

Most  structures  can  be  classified  as  either  beam-like  or  plate-like.  Beams  are  structures  having 
only  one  dimension  long  compared  to  a  vibrational  wavelength,  while  plates  have  two  dimensions 
that  are  relatively  large.  While  it  is  somewhat  of  an  oversimplification,  it  is  nevertheless  generally 
true  that  the  primary  role  of  beam  structures  is  transmission  of  vibrations;  plates,  on  the  other 
hand,  are  usually  in  contact  with  a  fluid  medium  and  so  are  principal  radiators  of  structure-borne 
sound.  The  present  chapter  deals  with  structural  vibrations  of  beams  and  beam-like  structures, 
while  Chapter  6  covers  sound  radiation  from  plate  vibrations. 

Structures  can  experience  a  number  of  types  of  vibrations,  as  discussed  in  Section  5.2.  How¬ 
ever,  the  dominant  mode  of  transmission  of  vibrational  energy  is  by  flexural  (bending)  vibrations 
and  these  are  also  the  most  efficient  radiators  of  sound.  It  was  recognition  of  the  central  role  of 
flexural  vibrations  that  has  made  possible  the  tremendous  progress  in  this  field  of  the  past 
40  years.  (Chapters  5  and  6  deal  almost  exclusively  with  flexural  vibrations  and  their  radiation. 

In  addition  to  the  role  of  flexural  motions  in  transmitting  vibrations  from  machines  to  the  hull 
where  they  can  radiate  sound  into  the  water,  they  are  also  a  dominant  low-frequency  vibrational 
mode  of  ship  structures.  The  final  two  sections  of  the  present  chapter  deal  with  beams  immersed 
in  fluids  and  with  the  calculation  of  low-frequency  bending  vibrations  of  ship  hulls,  called 
whipping  modes  in  Section  4.1 1 . 

5.2  Wave  Motions  in  Solids 

As  an  introduction  to  the  treatment  of  structural  vibrations,  it  is  useful  first  to  define  the 
various  types  of  sonic  vibrations  that  can  occur  in  solids.  Some  of  these  vibrations  occur  only 
within  the  body  of  the  solid,  while  others  involve  its  surfaces.  Solids  of  various  shapes  can  be 
classed  according  to  the  ratios  of  various  dimensions  to  each  other  and  to  a  wavelength.  Thus,  as 
mentioned  in  Section  5.1,  rods,  bars  and  beams  are  structures  having  only  one  dimension  large 
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compared  to  a  wavelength,  while  plates  have  two  large  dimensions,  and  all  of  the  dimensions  of 
bulk  solids  are  relatively  large. 

In  Section  2.2,  the  wave  equation  was  derived  for  acoustic  disturbances  in  liquids.  One  of  the 
assumptions  made  as  a  part  of  the  derivation  was:  “the  fluid  cannot  withstand  static  shear 
stresses,  in  the  manner  of  a  solid.”  Obviously,  then,  a  most  important  distinction  between  solids 
and  liquids  is  the  ability  of  a  solid  to  withstand  static  shear  stresses.  Because  of  this  property,  wave 
motions  in  solids  are  considerably  more  complex  than  those  in  fluids.  Not  only  do  solids  transmit 
compressional  waves  similar  to  those  in  fluids,  but  also  they  sustain  shear  waves,  flexural  (bending) 
waves  and  various  combinations  of  compressional,  shear  and  flexural  waves,  as  well  as  surface 
waves. 

The  solids  of  interest  in  structure-borne  sound  are  for  the  most  part  homogeneous  and  iso¬ 
tropic.  The  vibrations  are  of  small  amplitude  and  so  may  be  treated  as  linear,  or  Hookesian.  Thus 
any  deformations,  or  strains,  are  directly  proportional  to  the  stresses  causing  them. 

Longitudinal  Waves  in  Bars 

One  form  of  wave  motion  in  solids  is  that  which  arises  if  one  strikes,  or  otherwise  excites,  one 
end  of  a  thin  rod  or  bar.  A  longitudinal  compressional  wave  is  set  up  in  the  bar  which  travels  at  a 
speed,  cg,  given  by 


where  Y  is  Young's  modulus,  defined  as  the  stress  required  to  produce  unit  strain,  and  p  is  the 
density.  Most  metals  commonly  used  in  structures  have  longitudinal  wave  speeds  between  4900 
and  5200  m/sec. 


Shear  Waves 

Another  form  of  wave  motion  that  can  exist  in  a  solid  is  associated  with  twisting,  or  torsional, 
motions  which  occur  in  a  piane  perpendicular  to  the  direction  of  propagation  of  the  wave.  Such 
waves  depend  on  the  ability  of  a  solid  to  sustain  shear.  Tliey  propagate  at  a  speed,  c^,  which 
depends  on  the  shear  modulus  of  the  solid. 


(5.2) 


The  shear  modulus,  G,  is  invariably  less  than  half  Young’s  modulus,  so  shear  waves  travel  more 
slowly  than  do  longitudinal  waves. 


Compressional  Waves  in  Bulk  Solids 

When  longitudinal  motions  take  place  in  a  thin  rod,  there  are  associated  changes  in  the 
diameter  and  cross-sectional  area  which  reduce  the  relative  volume  change.  These  lateral  changes 
play  an  important  role  in  the  wave  process,  making  it  easier  for  waves  to  propagate.  When  all  the 
dimensions  of  a  solid  body  are  large  compared  to  a  wavelength,  the  lateral  motions  cannot  occur  in 
the  same  way  as  in  a  rod,  and  the  medium  is  effectively  less  compressible.  Defining  the  bulk 
modulus,  B,  as  the  ratio  of  the  hydrostatic  pressure  to  the  fractional  change  in  volume  or  density. 
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as  in  Eq.  2.53,  irrotational  compressional  waves  are  found  to  travel  in  the  volume  of  a  large  solid  at 
a  speed  given  by 


B  +  413  G 
P 


(5.3) 


which  expression  reduces  to  that  for  a  liquid  when  the  shear  modulus,  G,  approaches  zero. 


Poisson's  Ratio 

The  quantity  that  measures  the  lateral  constrictions  of  a  rod  experiencing  longitudinal  vibra¬ 
tions  is  called  Poisson’s  ratio.  It  is  the  ratio  of  the  relative  change  in  the  diameter  of  the  rod  to  the 
relative  change  in  length: 


a  =  - 


L  (ID 
D  clL 


(5.4) 


The  relative  change  in  area  is  2a,  while  that  of  the  volume  is  /  -  2a.  It  follows  that  virtually 
incompressible  solids,  such  as  rubber,  have  values  of  Poisson’s  ratio  close  to  0.5.  Values  for  most 
metals  are  between  0.27  and  0.35. 

Tlie  three  elastic  moduli,  Y,  G  and  B,  are  related  to  each  other  through  Poisson’s  ratio  by 


G 

Y 


I 


2(1  +  a) 


(5.5) 


and 
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B  ^  _ 

Y  3(1  -  2a) 

It  follows  that  the  wave  speeds  are  related  by 


(5.f>) 


2(1  + 


(5.7) 


a) 


and 


I  -  a 


<^B  = 


(I  +  a)(l  -  2a) 


(5.8) 


In  the  limit,  for  an  incompressible  solid,  the  shear  wave  speed  equals  about  3/5  of  the  longitudinal 
wave  speed;  bulk  waves  cannot  be  sustained  at  all,  since  Cg  approaches  infinity.  These  relations  for 
Cj  and  Cg  relative  to  C£  are  plotted  in  Fig.  5.1. 

Longitudinal  Waves  in  Plates 

Plates  are  solids  that  are  large  compared  to  a  wavelength  in  two  dimensions  and  smaller  than  a 
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Fig.  5.1.  Wave  Speeds  in  Solids  as  Functions  of  Poisson’s  Ratio 

wavelength  in  one  dimension.  Lx>ngitudinal  waves  travel  in  plates  at  a  speed,  c^,  which  is  slightly 
larger  than  the  speed  in  bars  and  rods: 

^  1  -  ^  I  -  a 

As  shown  in  Fig.  5.1,  this  ratio  varies  from  about  1.05  for  typical  metals  to  1.15  for  rubber-like, 
almost  incompressible  solids. 

Surface  Waves 

Waves  can  propagate  on  the  surface  of  a  thick  solid  in  much  tlie  same  manner  as  surface  waves 
do  on  the  ocean.  Such  surface  waves,  which  decay  exponentially  toward  the  interior,  are  called 
Rayleigh  waves  and  are  of  considerable  importance  at  very  high  frequencies,  especially  in  ultra¬ 
sonics  applications.  Smaller  waves  found  on  plates  are  termed  Lamb  waves  and  are  also  important 
in  ultrasonics. 

When  a  longitudinal  wave  propagates  in  a  plate,  the  surfaces  experience  up  and  down  motions 
associated  with  the  Poisson  effect.  These  surface  waves  can  also  radiate  sound.  However,  most 
plate  structural  vibrations  occur  as  bending  motions,  and  radiation  associated  with  longitudinal 
plate  waves  is  usually  less  important. 

I  ■ 
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Flexural  (Bending)  Waves 

Beams  and  plates  often  experience  wave  motions  in  which  one  surface  is  experiencing 
stretching  at  the  same  time  that  the  opposite  surface  is  experiencing  contraction.  As  shown  in 
Fig.  5.2,  the  result  of  this  combination  is  that  the  center  of  the  beam  or  plate  oscillates  about  the 


rest  plane.  In  this  type  of  wave  motion,  the  structure  flexes,  or  bends.  For  small  amplitude 
vibrations,  the  amount  of  stretching  and  contraction  is  a  linear  function  of  the  distance  from  a 
plane,  termed  the  neutral  plane,  which  experiences  neither,  as  shown  in  Fig.  5.3. 


NEUTRAL 
PLANE 


EXTENSION 

CONTRACTION 


Fig.  S.3.  Stretching  and  Contraction  of  a  Section  of  a  Bending  Beam 

Examples  of  flexural  vibrations  from  everyday  experience  including  tuning  forks,  tall  buildings 
swaying  in  the  >vind,  bending  vibrations  of  aircraft  wings,  and  the  quiver  of  an  arrow  striking  a 
target.  They  are  important  because  they  are  readily  excited.  A  given  force  will  generally  cause 
much  larger  flexural  amplitudes  than  any  other  type  of  vibration. 

Cremer  made  a  significant  contribution  to  architectural  acoustics  in  recognizing  the  overriding 
importance  of  bending  (flexural)  vibrations  for  both  the  transmission  of  vibrations  in  structures 
and  the  radiation  of  sound.  Since  flexural  waves  also  play  the  dominant  role  in  vibration  of  and 
radiation  of  sound  by  ship  hulls  and  other  structures,  the  remainder  of  this  chapter  is  devoted  to  a 
detailed  exposition  of  their  properties. 

5.3  Beam  Bending  Equations 

Differential  equations  relating  to  bending  vibrations  of  beams  can  be  derived  by  considering 
the  forces  and  moments  acting  on  a  differential  element  together  with  the  motions  resulting  from 
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such  action.  Figure  5.4  shows  such  a  beam  element  of  length  </.y.  The  displacement  of  the  neutral 
plane  from  an  arbitrary  reference  is  represented  by  w.  The  cross-sectional  plane  is  shown  rotated 
by  an  angle  Q  from  the  normal.  The  element  experiences  shear,  hence  the  angle  of  rotation  of  the 
cross-sectional  plane  is  greater  than  that  of  the  neutral  plane.  A  fiber  element  is  shown  at  a 
distance  r  from  the  neutral  plane.  The  longitudinal  strain,  or  extension,  of  this  fiber  is  represented 
by  The  width  of  the  element  is  represented  by  biz). 


Fig.  S.4.  Element  of  a  Bending  Beam 

Forces  and  Moments 

Figure  5.5  shows  the  forces  and  moments  experienced  by  an  element  in  bending.  Although  the 
net  extensional  force  on  the  element.  is  zero,  each  fiber  experiences  a  force  proportional  to  its 
extension  and  given  by 

JF,  *  -  Ybd%  =  -  Yb  —  dx.  <5. 10) 

dx 

where  Y  is  Young's  modulus  and  b  is  the  width  of  the  element,  as  previously  defined.  From 
Fig.  5.4  it  is  clear  that  the  extension  of  each  fiber  is  proportional  to  its  distance  from  the  neutral 
plane  and  is  also  a  function  of  the  curvature  of  the  element.  From  geometric  considerations,  it 
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The  integral  in  this  expression  is  the  moment  of  inertia,  I,  of  the  beam  cross-sectional  area  relative 
to  the  neutral  plane.  It  is  usual  to  express  it  as  the  product  of  the  cross-sectional  area.  S,  and  the 
square  of  the  radius  of  gyration,  k.  Thus, 

dd  ■,  30  ye  t  el 

M  =  -  Yl —  =  -  YSk^  —  . 

3x  3x 

The  product  of  Young’s  modulus  and  the  moment  of  inertia  is  called  the  bending  stiffness  or 
rigidity,  B. 


Transverse  Acceleration 

As  shown  in  Fig.  5.5,  the  beam  element  experiences  a  net  perpendicular  force,  dF^,  which 
force  is  related  to  the  transverse  acceleration  of  the  element  by-Newton’s  second  law.  Thus, 


_ 

yt - dx  =  -  dF  - 

a/* 


(5.16) 


where  p  is  the  total  mass  involved  in  the  motion  per  unit  length  of  the  beam,  including  any 
entrained  mass,  m^,  of  the  fluid  as  well  as  the  mass  of  the  structure.  Defining  e  as  the  ratio  of  the 
entrained  mass  to  that  of  the  structure. 
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e 


(5.17) 


(5.18) 


Rotational  Acceleration 

The  perpendicular  force,  F^,  and  the  net  moment  on  the  element  combine  to  create  a  rota¬ 
tional  torque  on  the  element  about  an  axis  through  its  center  of  gravity  (c.g.)  perpendicular  to  the 
plane  of  the  motion.  This  torque  causes  rotational  acceleration  of  the  element.  From  the  rota¬ 
tional  form  of  Newton’s  second  law, 

ridx  ’  -  .  IS.I9) 

where  /'  is  the  mass-moment  of  rotatory  inertia  about  the  c.g.  and  is  given  by 


(5.20) 


t 
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In  this  expression,  z'  is  measured  from  the  c.g.  If  the  section  is  symmetric  and  homogeneous,  /* 
will  equal  We  will  find  it  useful  to  represent  the  ratio  of  t  to  the  product  as  a  non- 
dimensional  coefficient  of  relative  rotatory  inertia,  oc,  as 


Equation  5.19  can  now  be  written 


(5.21) 


(5.22) 


Considerations  of  Shear 

Equations  S.IS,  5. 1 8  and  5.22  are  three  independent  equations  relating  the  transverse  force, 
F^,  moment,  M,  section  angle,  6,  and  section  displacement,  w.  A  fourth  equation  is  needed  in 
order  to  solve  for  w  or  d  alone.  Early  investigators,  including  Rayleigh,  assumed  that  any  shear 
distortion  of  the  element  would  be  negligible  and  that  the  slope  of  the  neutral  plane  would  equal 
the  angle  of  rotation,  d.  Timoshenko  (1921)  was  the  first  to  include  shear  distortion.  He  noted 
that  the  transverse  force  causes  the  slope  of  the  neutral  plane  to  be  less  than  d  by  an  amount  given 
by  the  shear  strain  divided  by  the  shear  modulus,  i.e.. 


dx  KGS 


(5.23) 


where  A  is  a  factor,  always  less  than  unity,  that  takes  into  account  warping  of  the  cross  section 
and  the  lack  of  constancy  of  the  shear  force  over  the  entire  section.  K  depends  on  both  section 
shape  and  Poisson’s  ratio. 

The  product  KGS  has  the  dimensions  of  a  force.  It  is  useful  to  follow  Plass  (1958)  and  define  a 
non-dimensional  shear  parameter,  f,  by 

ruJL.  .  ,5.24, 

KG  K  \c,/  K 

Since  K  is  always  less  than  unity,  this  parameter  always  exceeds  2.  Equation  5.23  relating  the  slope 
of  the  neutral  plane  to  the  transverse  force  can  now  be  written 


(5.25) 


Differential  Equation  for  Bending 

Equations  5.15,  5.18,  5.22  and  5.25  can  be  treated  as  a  set  of  four  coupled  equations  and  their 
solution  found  by  finite  difference,  or  other  computational  methods.  Tliey  can  also  be  combined 
to  form  a  single  fourth-order  differential  equation  for  the  displacement,  tv.  In  its  most  general 
form,  the  resultant  equation  is  quite  complicated  and  of  little  practical  use.  However,  it  can  be 
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shown  that  a  number  of  the  terms  are  invariably  small  compared  to  others  and  can  be  eliminated 
without  materially  affecting  the  result. 

To  derive  the  differential  equation  for  bending,  the  second  derivative  with  respect  to  x  of 
Eq.  5.15  and  the  first  derivatives  of  Eqs.  5.22  and  5.25  are  combined  with  Eq.  5.18,  and  certain 
third-order  terms  involving  spatial  derivatives  of  beam  dimensions  are  eliminated.  The  result  is  an 
equation  for  flexural  displacement  of  a  beam  that  involves  only  even-order  space  and  time 
derivatives. 


,  .V  a^vv  a'rpy  li 
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where  f(x,t)  is  any  applied  force  per  unit  length.  Assuming  that  the  material  is  homogeneous,  and 
using  Eq.  5.1  for  cj,  the  resultant  equation  is 
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+  -  w  =  - -  .  (5.27) 

This  differential  equation  is  more  general  than  the  equation  originally  derived  by  Timoshenko.  It 
includes  effects  of  non-uniformities  and  of  entrained  mass  as  well  as  rotatory  inertia  and  shear 
distortion. 

Equation  for  Uniform  Beams 

Timoshenko’s  equation  applies  to  uniform  beams  and  also  to  non-uniform  beams  for  which 
spatial  derivatives  of  the  moment  of  inertia  are  negligible.  Retaining  entrained  mass  terms, 
Eq.  5.27  becomes 
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(5.28) 


This  final  equation  is  the  basis  for  analyses  of  structural  vibrations  covering  a  wide  frequency 
range.  Its  validity  has  been  corroborated  by  a  number  of  investigators.  Huang  (1961)  found  it  to 
give  results  in  excellent  agreement  with  those  of  exact  elasticity  theory.  Further,  Ripperger  and 
Abramson  (1957)  confirmed  Timoshenko’s  theory  as  applied  to  relatively  high  frequencies  by 
experiments  involving  the  response  of  beams  to  hammer  blows.  Equations  5.27  and  5.28  may 
therefore  be  used  with  confidence  over  the  entire  frequency  range  of  interest  in  structure-borne 
sound. 


Euler-Bemoulli  (E-B)  Equation 

When  dealing  with  relatively  thin  beams  and/or  low  frequencies,  the  first  two  terms  in  Eq.  5.28 
are  dominant  and  the  equation  takes  a  simple  form: 
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(5.29J 


This  equation  was  derived  independently  by  Euler  and  Bernoulli  in  the  19th  century.  In  their 
derivations,  they  ignored  rotatory  motion  of  the  beam  element  and  also  shear  distortion,  which 
amounts  to  setting  both  a'  and  F  equal  to  zero.  Their  equation  is  often  quite  useful,  and  many 
texts  use  it  exclusively  when  treating  flexural  vibrations.  In  what  follows  we  will  find  that  low- 
frequency  limits  of  more  complete  expressions  are  solutions  of  the  E-B  equation. 
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Harmonic  Solutions  of  the  Timoshenko  Equation 

The  complete  Timoshenko  beam  equation  can  be  used  to  solve  for  the  displacement,  w,  of  the 
neutral  plane  for  a  given  force  distribution.  Also  of  interest  in  acoustics  is  the  effective  phase  speed 
for  flexural  motions  as  a  function  of  frequency.  Equation  5.28  is  a  fourth-order  linear  differential 
equation  and  not  strictly  a  wave  equation.  However,  only  even-order  derivatives  are  involved.  As  a 
result,  when  motion  at  a  single  frequency  is  assumed,  an  effective  wave  speed  can  be  found. 

We  may  express  the  complete  solution  of  Eq.  5.28  as  the  sum  of  four  terms,  of  the  form 
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Substituting  Eq.  5.30  and  its  derivatives  into  Eq.  5.28  yields 
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This  equation  can  be  used  to  solve  forced  vibration  problems,  provided  only  that  the  effects  of  any 
non-uniformities  of  the  beam  are  negligible.  Expressions  for  wave  phase  speeds  can  be  obtained  by 
considering  the  homogeneous  equation  for  free  vibrations  in  the  absence  of  any  external  forces. 
Setting  the  forcing  function  equal  to  zero  results  in  a  quartic  algebraic  equation  for  for  which 
there  are  four  solutions.  Two  of  the  solutions  are  real  and  two  are  imaginary.  The  two  real 
solutions  are  equal  in  magnitude  but  opposite  in  sign  and  represent  flexural  waves  traveling  in 
opposite  directions.  We  may  represent  these  values  of  kf  by  ±  ky,  since  k^  has  all  the  properties  of  a 
wave  number  for  propagating  sinusoidal  components.  The  two  imaginary  solutions  are  represented 
by  ±  /y.  These  terms  have  exponential  forn^  and  account  for  non-sinusoidal  distortions  that  occur 
at  discontinuities  in  the  geometry  of  the  structure,  especially  at  the  ends.  Thus,  the  solution  of  the 
homogeneous  form  of  Eq.  5.3 1  may  be  written 


w  = 


(5.32) 


Alternatively,  in  terms  of  sinusoids  and  hyperbolic  functions. 
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w  ^  a  sin  kj  X  +  hcos  k^x  +  csinliyx  +  dcoshyx  .  (5.33) 

We  will  return  to  these  equations  when  dealing  with  resonances  of  finite  structures  in  the  next 
section. 

Since  the  two  real  solutions  are  wave  solutions,  Eq.  5.31  can  be  transformed  into  an  equation 
for  the  llexural  wave  phase  speed,  v^,  which  is  related  to  the  wave  number  by 

k. 


The  homogeneous  form  of  Eq.  5.3 1  can  be  written 

1  -  aT(I  +  e)  (J±) 

\nJ 


,1  /  \  4 

V, 


=  0 


where  is  a  reference  angular  frequency  defined  by 


(5.35) 


(5.36) 


This  is  a  non-dimensional  form  of  the  complete  Timoshenko  beam  equation,  expressed  as  a  quartic 
for  the  relative  flexural  wave  speed  as  a  function  of  a  relative  frequency  and  three  dimensionless 
parameters  representing  the  effects  of  entrained  mass,  shear  distortion  and  rotatory  inertia. 
Applying  the  quadratic  theorem,  the  complete  solution  of  Eq.  5.35  is 


(rr/  +  e)  +o 


■>  &)' 


(5.37) 


This  is  a  complex  function  of  the  parameters,  which  fortunately  can  be  represented  quite  ac¬ 
curately  in  terms  of  approximate  solutions  applicable  at  low,  intermediate  and  high  frequencies. 


Low-Frequency  Approximation 

Examining  Eqs.  5.35  and  5.37,  it  is  apparent  that  the  terms  which  involve  the  shear  parameter 
and  the  relative  rotatory  inertia  are  proportional  to  the  square  of  the  relative  frequency.  These 
terms  are  negligible  for  relatively  low  frequencies,  for  which 
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This  same  result  could  have  been  derived  directly  from  the  homogeneous  form  of  the  E-B  equa¬ 
tion,  Eq.  5.29.  We  can  now  interpret  to  be  the  value  of  cj  for  which  the  flexural  wave  speed 
would  equal  the  longitudinal  wave  speed,  if  the  E-B  equation  were  valid  at  all  frequencies. 

Since  the  flexural  wave  speed  depends  on  frequency,  low-frequency  flexural  waves  are  dis¬ 
persive.  The  speed  v^  is  the  phase  speed  for  a  monochromatic  component.  If  a  wideband  pulse  is 
transmitted,  it  will  travel  with  a  group  velocity,  v^,  equal  to  twice  the  phase  speed  at  the  median 
frequency,  provided  Eq.  S.38  is  a  valid  approximation. 

High-Frequency  Limit 

At  the  very  highest  frequencies,  flexural  waves  degenerate  into  shear  waves.  Although  these 
waves  have  little  practical  importance  in  structure-borne  sound,  the  expression  for  their  phase 
speed  is  useful  as  a  limit.  In  the  high-frequency  limit,  the  entrained  mass  approaches  zero,  and 

Since  the  effective  shear  area  is  always  less  than  the  cross-sectional  area,  the  limiting  flexural  wave 
speed  is  always  somewhat  lower  than  the  shear  wave  speed.  In  terms  of  the  low-frequency,  E-B 
result,  the  high-frequency  limit  may  be  expressed  by 


r5.40J 


Intermediate-Frequency  Approximation 

Between  the  lowest  and  highest  frequencies,  the  wave  speed  curve,  as  given  by  its  complete 
solution  in  Eq.  S.37,  makes  a  smooth  transition  from  the  low-frequency  values  of  Eq.  5.38  to  its 
high-frequency  limit  given  by  Eq.  5.39.  In  this  intermediate  frequency  range  the  entrained  mass 
has  a  decreasing  effect.  In  addition,  Budiansky  and  Kruszewski  (1953)  and  others  have  shown  that 
the  effects  of  shear  distortion  are  always  at  least  three  times  as  great  as  those  of  rotatory  inertia. 
These  facts  can  be  used  in  deriving  approximate  relations  for  the  flexural  wave  speed  for  inter¬ 
mediate  frequencies.  Equation  5.37  can  be  written 

(iY  .  / iY  fV'  1 , 

V«/  Vtl  L  J 

where 


6 


n/  +  eJ 

2 


(5.42) 
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% 


X 


A0 


and 


a 


a  = 


r(l  +  e) 


(5.43) 


The  parameter  a  expresses  the  magnitude  of  the  rotatory  inertia  correction  relative  to  that  for 
shear.  This  factor  never  exceeds  1/3  and  is  often  smaller.  In  the  limit  as  a  -*•  0,  Eq.  5.41  reduces  to 


(5.44) 


Since  the  effect  of  rotatory  inertia  is  relatively  small,  Eq.  5.44  can  be  used  to  calculate  corrections 
to  the  E-B  solution  for  all  frequencies.  The  correction  is  not  significant  for  values  of  5  less  than 
,  about  0.05.  For  values  of  5  >i,  Eq.  5.44  gives  values  in  very  close  agreement  with  those  from  the 
high-frequency  expression,  Eq.  5.40.  Between  these  limits  it  may  differ  from  that  given  by 
Eqs.  5.37  and  5.41  by  as  much  as  3%,  as  shown  in  Fig.  5.6.  Since  values  of  other  quantities  such  as 
entrained  mass  are  often  uncertain,  Eqs.  5.38  and  5.44  are  recommended  for  calculation  of  the 
flexural  wave  speed  throughout  the  entire  frequency  range  unless  very  precise  values  are  required, 
when  Eq.  5.41  should  be  used. 


Solid  Rectangular  Bars 

The  equations  for  bending  vibrations  derived  thus  far  in  this  chapter  are  quite  general  in  that 
they  apply  to  any  type  of  cross  section  and  include  entrained  mass.  Beam  structures  having  solid. 


S 


z 


z 


s 


Fig.  5.6.  Flexural  Wave  Speed  Relative  to  Low-Frequency  Approximation,  fortt*  1/3 
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rectangular  cross  sections  are  frequently  encountered  in  practice.  It  is  instructive  to  consider  the 
special  case  of  such  uniform  rectangular  beams  vibrating  in  air.  For  solid  bodies  of  rectangular 
cross  section  having  width  b  and  thickness  h. 

h 

K  =  -==■  . 

y[l2 

(5.45) 

<x'  =  I  , 

(5.46) 

4  +  a 

K  =  -  , 

5 

(5.47) 

and 

K  \4  +  a  /  2  \  4 

j  .  (5.48) 

The  other  parameters  used  in  the  analysis  become 

K  ll 

(5.49) 

and 

2  n  \  4  1  Ci 

The  low-frequency  approximation  of  Eq.  5.38  leads  to 

(5.50) 

/  v^  Y  CJ  _  w/i 

(5.51) 

and  the  high-frequency  limiting  value  is 


12l\  •  _L  ^  ^  g  ^  0  4 

\ct  A  ”  I'  ”  j  j.  ^ 

'  *  'A  I  +  — o 


The  low-frequency  solution  can  also  be  expressed  in  terms  of  the  flexural  wave  number,  by 
dividing  both  sides  of  Eq.  5.5 1  by  Vy,  giving 
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The  intermediate-frequency  correction  given  by  Eq.  5.44  can  be  used  for  solid  rectangular  bars 
with  5  given  by  Eq.  5.50.  However,  for  metal  bars  the  more  exact  solution  of  Eq.  5.41  has  an 
especially  simple  form.  For  most  metals,  the  shear  parameter,  Eq.  5.48,  is  close  to  3.  Taking  F  =  i 
and  a'  =  7,  Eq.  5.37  reduces  to 


This  result  is  plotted  in  Fig.  5.7.  Also  shown  is  the  high-frequency  limit  and  a  simple  approximate 
formula. 


(5.55) 


Fig.  5.7.  Relative  Flexural  Wave  Speed  of  Solid  Metal  Rectangular  Bars 

Nelson  (1971)  derived  a  universal  dispersion  curve  for  solid  rectangular  bars  which  he  ex¬ 
pressed  in  terms  of  the  flexural  wave  number,  k^.  His  results  for  metal  bars  can  be  represented  by 
the  expression 
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(5.56) 


\  1  +  /  7  +  —  (kfh)^ 


up  to  k^t  =  8,  as  shown  in  Fig.  5.8.  Above  k^Ji  =  8,  Nelson’s  values  are  in  good  agreement  with 


\  V‘ 


(5.57) 


Most  of  the  expressions  for  flexural  wave  speeds  given  in  the  present  section  on  rectangular 
bars  can  be  applied  to  solid  rods  having  circular  cross  sections.  Since  the  radius  of  gyration  is 


K  -  -p=r-  . 

it  is  only  necessary  to  replace  li  by  y/(SI2)D  wherever  it  occurs. 


(5.58) 


NELSON(1971) 


Eq.5.57 


Fig.  S.8.  Dispersion  Curves  for  Rectangular  Metal  Beams 
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5.5  Flexural  Resonances 

Just  as  an  organ  pipe  has  resonant  frequencies  which  are  related  to  the  ratio  of  its  length  to  the 
acoustic  wavelength,  so  Finite  length  beams  have  resonant  frequencies  for  flexural  vibrations.  Beam 
resonant  frequencies  depend  upon  method  of  support,  much  as  pipe  resonances  depend  on 
whether  the  pipe  end  is  open  or  closed.  Since  flexural  resonances  of  finite  structures  play  an 
important  role  in  structure-borne  sound,  considerable  attention  has  been  given  to  this  subject  in 
the  literature. 

Uniform  Thin  Beams 

There  are  two  approaches  that  can  be  used  to  find  resonances  of  uniform  beams.  The  more 
common  one  starts  from  the  assumption  that  the  solution  of  the  differential  equation  involves 
four  terms,  as  given  by  Eqs.  5.32  and  5.33.  Values  of  the  four  coefficients  can  be  found  by  using 
either  of  these  two  equations,  its  first  three  derivatives,  and  mathematical  expressions  for  the 
physical  conditions  at  the  ends.  Resonance  frequencies  are  then  determined  by  assuming  that  the 
applied  force  is  zero. 

In  the  second  approach,  a  wave  is  considered  to  travel  from  one  end,  to  reflect  from  the  other 
end,  and  to  reflect  again  from  the  first.  Resonance  occurs  when  the  wave  that  has  completed  a 
round  trip  is  in  phase  with  a  wave  that  is  just  starting  out.  In  this  approach,  the  beam  equation  is 
used  to  find  the  flexural  wave  speed,  from  which  the  time  of  travel  can  be  computed.  The 
boundary  conditions  at  the  ends  merely  act  to  impose  phase  shifts.  Both  methods  will  be 
developed.  The  first  is  more  usual  and  the  second  has  the  advantage  that  it  can  be  readily  applied 
to  many  non-uniform  beams. 

In  the  frequency  regime  for  which  the  E-B  equation,  Eq.  5.29,  is  valid,  the  complete  solution 
of  the  homogeneous  equation  is  as  given  by  Eqs.  5.32  and  5.33  except  that  y  =  Ay.  From  Eq.  5.38, 


For  an  infinite  beam,  all  values  of  Ay  are  valid  solutions  of  the  homogeneous  equation.  However, 
for  a  finite  beam  only  certain  values  can  occur  and  these  are  dependent  on  the  end  conditions. 

The  mathematical  end  conditions  depend  on  the  physical  nature  of  the  end  attachments.  There 
are  three  basic  end  conditions  generally  considered; 

a)  free, 

b)  clamped,  and 

c)  simply  supported. 

For  a  free  end,  no  requirement  is  imposed  on  w  or  on  its  first  derivative.  However,  both  the 
moment  and  the  force  must  be  zero.  From  the  derivation  of  the  bending  equation  in  Section  5.37 
it  can  readily  be  shown  that  these  conditions  require  that  the  second  and  third  derivatives  of  w  be 
zero.  For  a  clamped  end,  both  w  and  its  first  derivative  must  be  zero.  For  a  simply-supported  end, 
both  w  and  the  moment  must  be  zero,  from  which  the  second  derivative  of  w  must  also  be  zero. 

With  these  end  conditions  and  simultaneous  solution  of  the  resultant  equations,  it  can  readily 
be  shown  that,  for  free  and/or  clamped  end  conditions,  the  condition  for  resonance  of  a  beam  of 
length  L  is  given  by 
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COS  k^L  cosh  k^L  =  ±  1  ,  < 

where  the  plus  sign  spplies  to  bars  that  are  free  or  clamped  at  both  ends,  and  the  minus  sign 
applies  to  a  beam  that  is  free  at  one  end  and  clamped  at  the  other.  If  both  ends  are  simply 
supported,  the  corresponding  resonance  condition  is 

sin  kfL  =  0  . 

The  frequencies  that  satisfy  Eqs.  5.60  or  5.6 1  are  the  resonance  frequencies. 

Except  for  the  lowest  frequency  resonances,  the  beam  length  is  large  compared  to  a  flexural 
wave  length,  i.e.,  ifc^>>7.  The  hyperbolic  cosine  in  Eq.  5.60  is  therefore  large  compared  to 
unity,  and  the  resonance  condition  is  simply  that  cos  k^L  be  zero.  Tlius,  for  free  and  clamped 
ends,  the  condition  for  resonance  is 


kf  L  =  (2m  -  1)  —  , 

^  m  2 

where  the  index,  m,  indicates  the  number  of  nodes  that  occur  along  the  length  of  the  beam. 
Solving  for  the  resonance  frequency, 

/  =  =  k}  =  (2m  -  I)^  — - (5.63) 

”  2i(  2nL^^[^TT  8  L^^fl  +  e 

It  follows  that,  in  the  low-frequency  regime,  the  frequency  separation  between  resonances  in¬ 
creases  linearly  with  frequency. 

For  a  beam  free  at  one  end  but  clamped  at  the  other,  m  can  be  any  integer  starting  with  1 . 
However,  the  case  m  =  !  has  to  be  ruled  out  for  a  beam  free  at  both  ends  (free-free)  because  it 
would  imply  a  rigid-body  translation  or  rotation  of  the  beam.  Since  no  external  forces  or  moments 
are  allowable  in  a  resonance  condition,  this  case  is  not  admissible.  The  lowest  natural  frequency  of 
a  free-free  beam  is  therefore  the  two-noded  one,  for  which  m  =  2.  Figure  5.9  illustrates  some  of 


Fig.  5.9.  Low-Order  Resonances  of  a  Free-Free  Beam 
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the  lower  order  resonances  of  a  free-free  beam.  Since  a  clamped  end  is  a  node,  the  lowest  order 
resonance  of  a  clamped-clamped  beam  is  also  the  two-noded  one.  The  resonances  of  clamped- 
clamped  beams  are  therefore  also  given  by  Eq.  5.63  with  m  >  2. 

The  resonance  frequencies  for  free  and  clamped  thin  beams  given  by  Eq.  5.63  are  quite 
accurate  for  m  >  3.  However,  the  values  for  m  =  /  and  m  =  2  are  somewhat  in  error.  The  reason 
for  this  is  that  at  the  lowest  resonances  the  hyperbolic  cosine  is  not  sufficiently  large  and  the 
cosine,  while  small,  can  not  be  set  equal  to  zero.  Equation  5.63  can  be  made  to  give  correct 
resonance  frequencies  if  m  is  adjusted  sli^tly.  The  adjusted  values  for  m  are  given  in  Table  5.1. 

Table  5.1. 

Resonance  Conditions  for  Thin  Beams  Using  Equation  5.63 


No.  of 
Nodes 

Oamped-Free 

Free-Free 

Qamped-Oamped 

1 

m  =  1 .0968 

2 

m=  1.994 

m  =  2.0056 

3 

m  =  3.000 

m  =  3.000 

The  resonance  condition  for  a  simply-supported  beam  is  satisfied  by 


kf  L  =  (m  -  Iht  (m  >  2)  ,  (5.64) 

'm 

from  which  the  resonance  frequencies  are 


j  =  ^  1)^  —  -^-L=  .  (5.65) 

"  2ir  2L^  >/T+  € 


and  no  corrections  are  required,  even  for  the  fundamental. 

The  upper  frequency  limit  for  applicability  of  thin-beam  resonance  conditions,  5  <0.03,  can 
be  translated  into  a  limitation  on  the  order  of  the  resonance.  Thus,  thin-beam  approximations  are 
valid  provided 


m  < 


0.08L 

Ky[r 


(5.66) 


Higher  order  resonances  require  use  of  the  complete  Timoshenko  equation. 


Correction  for  Shear  and  Rotatory  Inertia 

The  thin-beam  approximations  for  resonance  frequencies  are  only  valid  as  long  as  the  flexural 
wave  speed  is  given  closely  by  the  E-B  equation.  At  higher  frequencies,  shear  and  rotatory  inertia 
influence  the  result  in  two  ways:  first,  the  phase  speed  is  reduced  relative  to  the  E-B  value; 
second,  the  effects  of  the  ends  are  increased,  introducing  a  phase  shift. 

The  effect  of  the  flexural  wave  speed  on  the  wave  number  is  readily  calculated  from  the  results 
of  the  previous  section.  Thus,  from  Eq.  5.44, 
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kf  =  =  kf  ^  ^  —  =  kf  Jjl  +  6*  +T  .  (5.67) 

where  kf  is  the  low-frequency  approximation,  as  given  by  Eq.  5.59.  The  parameter  y  which 
'o 

controls  the  space-rate-of-decay  of  the  influence  of  the  ends  is  given  by 

7  =  Ay  — ^  =  Ay  ^  ^  I  +  -  S  =  ^  7  -I-  8*  -  6^  (5.68) 

It  is  to  be  noted  that  the  low-frequency  wave  number,  kf  ,  equals  the  geometric  mean  of  y  and  kf. 

* 

Leibowitz  and  Kennard  (1964)  have  shown  that  when  end  conditions  are  applied  to  the  full 
Timoshenko  solution,  Eq.  5.33,  and  its  derivatives,  the  resonance  condition  for  beams  with  free 
and/or  clamped  ends  becomes 


+ 


/  =  cos  kjL  cosh  yL  + 


(5.69) 


Substituting  for  y  from  Eq.  5.68,  one  finds 


±  1  =  cos  k^L  cosh  yL  6  sin  k^L  sinh  yL  . 
from  which  it  can  be  shown  that,  for  m>  2, 


(5.  70) 


kf  L  =  (2m  -  I)  —  tan^  6  .  (5.71) 


Equation  5.71  is  identical  to  Eq.  5.62  except  for  the  phase  shift.  The  effect  of  this  phase  shift  is  to 
raise  the  resonance  frequency  from  its  low-frequency  value.  However,  the  effects  of  shear  and 
rotatory  inertia  on  the  wave  number  itself,  as  expressed  by  Eq.  5.67,  are  much  greater.  The  net 
result  is  that  the  resonances  in  the  intermediate-frequency  region  are  lower  in  frequency  than  they 
would  be  if  the  thin-beam  solution  were  applicable.  Since  5  is  itself  a  function  of  the  frequency, 
solutions  for  resonance  frequencies  require  an  iterative  process.  A  formula  which  fits  the  results 
very  well  is 


where 


5 


m 


fm  "ifi  ^ 

*  fit  ^  m  ^  _ 

4i(  "mj  I  +  j  +  a  (i - i - A  i 

^  \  (2m-  Ih) 

is  calculated  in  terms  of  the  low-frequency  estimate  of  resonance  by 

.  .  r  /  ,  j- 

®  2  n  2  Cj  2  \  2 


(5. 72) 


.  (5.73) 
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Substituting  this  expression  into  Eq.  5.72  leads  to  a  formula  for  the  correction  factor  in  terms  of 
the  order  of  the  resonance  and  geometric  factors, 


m  . 


m 


U3 


mi 


J 


(5. 74) 


1+11+  Srfm  -  1)^K^  - 


This  same  expression  also  applies  to  resonances  of  simply-supported  beams.  It  is  graphed  in 
Fig.  5.10. 

In  the  limit  at  high  frequencies. 


and 


=  k 


fjft, 


(m  -  l)ir  cg 
L 


(5.75) 


I 


ir(m  -  I) 


(5.  76) 


This  relation  is  also  plotted  in  Fig.  5.10.  Equation  5.74  can  be  rewritten  in  terms  of  the  ratio  of 
the  two  limiting  values  of  resonance  frequency  as 


Fig.  5.10.  Correction  Factor  for  Beam  Resonance  Frequencies 
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Thus,  the  procedure  to  be  used  in  calculating  flexural  resonances  is  as  follows:  first,  calculate  the 
E-B  value  from  Eq.  5.63  or  5.65;  next,  calculate  the  high-frequency  limit  for  the  same  order  from 
Eq.  5.75,  or  its  ratio  to  the  low-frequency  value  from  Eq.  5.76;  and,  finally,  correct  the  E-B  value 
from  Fig.  5.10  or  Eq.  5.77. 

For  solid  rectangular  bars  having  a  =  O.i,  Eq.  5.74  reduces  to 


This  result  differs  significantly  from  the  formula  originally  derived  by  Timoshenko  (1921)  and 
published  in  a  number  of  texts.  The  Timoshenko  formula. 


(5. 79) 


agrees  with  Eq.  5.78  only  up  to  a  10%  correction.  For  higher  frequencies  it  overestimates  the 
correction  by  increasing  amounts,  as  shown  in  Fig.  5.10. 


Wave  Approach 

In  the  approach  to  resonances  used  thus  far,  boundary  conditions  at  the  ends  were  used  to 
evaluate  the  four  coefficients  of  the  complete  solution  for  uniform  beams  and  thus  to  determine 
resonances.  The  wave  approach  to  resonance  calculation  allows  a  single  unified  solution  indepen¬ 
dent  of  the  frequency  regime,  and  it  has  the  important  advantage  that  it  can  readily  be  applied  to 
non-uniform  beams. 

In  the  wave  approach,  emphasis  is  placed  on  the  two  wave  terms  of  Eq.  5.32  and  resonance  is 
found  in  the  same  manner  as  for  an  organ  pipe  or  for  standing  waves  on  a  string.  The  boundary 
conditions  at  each  end  are  assumed  to  act  independently  and  to  introduce  phase  shifts  between 
incident  and  reflected  waves.  The  condition  for  resonance  is  that  a  wave  that  has  made  a  round 
trip  and  is  starting  out  again  be  exactly  in  phase  with  a  wave  being  generated.  This  is  the  well- 
known  conditicm  for  standing  waves  in  any  kind  of  linear  resonator.  Stated  differently,  the 
condition  for  resonance  is  that  the  change  in  phase  of  the  motion  at  one  location  in  the  time  that 
the  wave  makes  a  complete  round  trip  be  equal  to  the  phase  shifts  suffered  by  the  traveling  wave 
upon  reflection  from  the  two  ends.  The  phase  shift  at  a  fixed  point  during  the  time  of  travel,  T,  is 

=  wT  .  (5.  SO) 


Resonance  occurs  when 


-I-  =  2Km  . 


(5.81) 
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The  time  of  travel,  T,  is  obtained  by  integrating  the  reciprocal  of  the  velocity, 

T  .  2  f  —  dv  . 

.0  V 


(5.82) 


Combining  Eqs.  5.80.  5.81  and  5.82,  the  general  resonance  condition  for  any  type  of  plane  wave 
motion  may  be  written 


where  A0  is  the  average  of  the  phase  shifts  at  the  two  ends.  The  integer  m  equals  the  number  of 
nodes  of  the  vibration  along  the  structure. 

The  problem  of  calculating  resonances  using  Eq.  5.83  reduces  to  the  two  separable  tasks  of 
determining  the  wave  speed,  or  wave  number,  and  finding  the  average  phase  shifts.  The  wave  speed 
or  wave  number  can  be  calculated  using  any  of  the  previously  developed  approximations.  Except 
at  the  very  lowest  resonances,  /n  =  /  to  /n  =  3,  the  two  ends  may  be  considered  to  act  indepen¬ 
dently.  The  exponential  term  is  zero  for  a  simply-supported  end.  producing  a  -J80“  phase  shift  at 
all  frequencies. 

The  situation  is  not  so  simple  for  free  and  clamped  end  conditions.  The  reduction  of  7  relative 
to  A:,,  which  occurs  for  thick  beams,  implies  a  change  in  the  influence  of  the  exponential  terms. 
Not  only  does  the  influence  extend  further  from  each  end,  but  also  the  relative  amplitude  in¬ 
creases.  As  an  e.xample,  consider  a  clamped  end  at  .v  =  0.  The  expressions  for  the  displacement  and 
the  slope  are 

w(0>  =  A  ^  B  +  C  .  (5.84) 


and 


—(0)  =  -  ik,.L(A  -  B)  -  7/^C  . 
3.r  ^ 


Setting  both  equal  to  zero. 


(5.85) 


(5.Sf>) 


The  phase  angle  introduced  by  the  reflection  equals  tlie  angle  whose  tangent  is  the  imaginary  part 
of  the  ratio  of  A  to  B  divided  by  its  real  part; 
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tan^  —  . 

5 

(5.87) 

Since  6,  defined  by  Eq.  5.42,  is  a  function  of  frequency,  the  phase  shift  varies  with  frequency, 
from  -  ir/2  at  low  frequencies  to  zero  at  the  highest  frequencies.  The  phase  shift  at  a  free  end  is 
also  given  by  Eq.  5.87. 

For  uniform  beams,  application  of  Eq.  5.83  with  the  appropriate  phase  shifts  leads  to 
resonance  conditions  identical  to  those  derived  by  the  more  common  method,  as  expressed  by 
Eq.  5.71  for  free  and/or  clamped  ends  and  by  Eq.  5.64  for  simply-supported  ones. 

5.6  Non-Uniform  Beams 

Turbine  blades  and  ship  hulls  are  examples  of  beam  structures  whose  resonance  frequencies  are 
affected  by  non-uniformities  of  their  cross  sections.  There  are  two  ways  in  which  these  non¬ 
uniformities  act  to  alter  flexural  wave  speeds  and  hence  resonance  frequencies.  Variations  of  the 
radius  of  gyration  along  the  beam  result  in  different  values  of  the  flexural  wave  speed  at  each 
section,  as  computed  by  the  formulas  of  Section  5.4.  In  addition,  changes  of  the  moment  of 
inertia,  /,  add  terms  to  the  basic  differential  equation.  Thus,  the  correct  differential  equation  for 
non-uniform  beams,  Eq.  5.27,  includes  two  terms  involving  derivatives  of  I  that  are  not  considered 
in  Timoshenko’s  equation,  Eq.  5.28. 

A  number  of  approaches  have  been  used  to  find  resonances  of  non-uniform  beams.  Some 
beams  vary  smoothly  and  solutions  can  be  found  by  analytic  methods.  Other  cases  are  better 
treated  by  dividing  the  structure  into  a  number  of  finite  elements  and  solving  the  resultant 
network  matrix.  The  author’s  wave  approach  to  finding  resonances  described  in  the  previous 
section  can  also  be  applied  to  non-uniform  beams.  It  is  relatively  simple  to  use  and  can  often 
replace  other  methods. 


A0  =  tan'' 


(t) 


1  - 


(t) 


=  -  tan 


■1  _ 1 

1  - 


-  {yjj  +  -  O' 


Finite-Element  Methods 

In  the  finite-element  approach,  the  structure  is  divided  into  as  few  as  4  to  as  many  as  400 
discrete  elements,  and  the  basic  bending  relations  are  expressed  as  a  set  of  four  equations  for  each 
element.  The  resultant  matrix  of  simultaneous  equations  is  then  solved  by  an  analog  or  digital 
computer.  Resonance  frequencies  are  those  frequencies  for  which  the  resultant  solution  agrees 
with  the  end  conditions. 

When  dealing  with  a  finite  section  of  length  At,  Eqs.  5.15,  5.18,  5.22  and  5.25,  which  relate 
forces  and  moments  to  displacements  and  angles,  may  be  written  in  the  form 


(5.88) 


AFj  =  (hIS.x)(j3^w  , 


(5.89) 
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(I'^x)(J^B  *  +  AM  ,  (5.90i 

and 


The  computation  is  started  by  assuming  a  frequency  and  assigning  arbitrary  values  to  the  non-zero 
quantities  at  one  end  and  zero  to  the  others.  The  four  equations  are  then  used  to  calculate  the 
changes  over  length  Ax.  The  procedure  is  followed  until  the  other  end  is  reached.  It  is  then 
repeated  for  other  values  of  frequency.  Those  values  of  frequency  which  give  the  proper  values  at 
the  second  end  are  resonance  frequencies. 

Prior  to  the  development  of  high-speed  digital  computers,  McCann  and  MacNeal  (1950)  and 
Trent  (1950)  independently  developed  electrical  analogy  methods  for  solving  vibrating-beam  prob¬ 
lems.  In  these  methods,  the  expressions  in  parentheses  in  Eqs.  5.88-5.91  are  represented  by  electric 
circuit  elements,  usually  inductances  and  capacitances.  Two  nets  are  used,  coupled  by  trans¬ 
formers.  One  net  deals  with  forces  and  involves  mass  and  shear;  the  other  has  elements  for  bending 
rigidity  and  rotatory  inertia  related  to  Eqs.  5.88  and  5.90.  Figure  5.11  shows  such  a  coupled 
circuit  for  a  beam  element.  With  the  electric  analog,  resonances  are  indicated  by  peaks  of  the 
voltages  that  occur  as  frequency  is  varied.  Damping  can  be  taken  into  account  by  adding  resis¬ 
tances.  The  problem  with  this  method  is  to  pick  a  scaling  factor  such  that  the  circuit  elements  will 
have  reasonable  values. 

Other  finite-element  methods  assume  a  deflection  curve  and  use  variational  techniques  to 
determine  modal  frequencies. 


Ax 


Fig.  S.M.  Electric  Circuit  Analogy  for  Section  of  a  Vibrating  Beam 


132  5.  STRUCTURAL  VIBRATIONS 


Wave  Method 

The  wave  approach  described  in  the  previous  section  can  be  extended  to  non-uniform  beams 
provided  that  the  terms  in  Eq.  5.27  that  involve  derivatives  of  the  moment  of  inertia  are  small. 
Substituting  Eq.  5.44  for  v^  and  Eq.  5.38  for  v^.^  into  Eq.  5.83,  the  expression  for  resonance 

frequencies  of  a  moderately  non-uniform  beam  is 


f  /  ^  ^  A-  8^  +  s)  dx 


(  ^1  +  ® )  dx  = 


mir  + 


(5.92) 


Since  the  parameter  5,  defined  by  Eq.  5.42,  is  a  function  of  frequency  as  well  as  of  position, 
solution  of  Eq.  5.92  requires  an  iterative  procedure. 

There  are  several  practical  ways  of  solving  Eq.  5.92.  In  one  method,  the  integral  is  evaluated  at 
a  number  of  frequencies  spanning  the  range  of  interest  and  the  result  plotted  as  a  function  of  cu. 
The  right-hand  side  is  also  plotted  as  a  function  of  u>  for  a  number  of  mode  numbers.  Each 
intersection  represents  a  resonance  frequency.  In  a  second  method,  the  effect  of  non-uniformity  is 
separated  from  that  of  shear.  The  low-frequency  approximation  for  the  resonance  frequency  is 
found  from 


mn  + 


/  +  e 


(5.93) 


and  the  high-frequency  approximation  from 


cg  (  mir  +  (mir  +  A0^) 

yf^dx  dx 

’'n  K 


(5.94) 


Either  Eq.  5.77  or  Fig.  5.10  is  then  used  to  estimate  the  correction  for  shear  in  terms  of  the  ratio 
of  the  two  limiting  values. 

An  advantage  of  the  wave  method  relative  to  most  finite-element  methods  is  that,  when 
carrying  out  the  integrations,  the  beam  can  be  divided  into  natural  elements  rather  than  into  even 
parts.  Another  advantage  is  that  the  effects  of  non-uniformity  and  of  shear  are  clearly  distin¬ 
guishable.  The  major  disadvantage  is  that  it  is  not  valid  when  derivatives  of  the  moment  of  inertia 
are  important  or  when  end  conditions  at  one  end  affect  the  other.  Both  of  these  problems  occur 
only  at  the  lowest  frequencies,  i.e.,  for  the  lowest-order  modes. 
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Tapered  Cantilever  Beams 

The  limitations  of  the  wave  approach  can  best  be  understood  by  examining  the  extreme  case 
of  a  doubly-tapered  cantilever  beam.  Such  a  beam,  having  rectangular  cross  section,  is  shown  in 
Fig.  5.12.  It  is  usual  to  express  each  resonance  of  a  tapered  beam  in  terms  of  that  of  a  uniform 


h 


0 


Fig.  5.12.  Doubly-Tapered  Cantilever  Beam 


beam  having  the  same  dimensions  as  its  base.  Using  the  wave  approach  and  ignoring  any  effects  of 
shear  distortion,  this  ratio  is 


Expressing  the  thickness,  h,  by 


(5.93) 


it  follows  that 

=  I — \  .  (5.97) 

\2a-2y[^l 

This  result  is  independent  of  both  the  resonance  order  and  taper  of  the  width.  Also,  it  predicts 
that  resonance  frequencies  of  tapered  beams  should  always  be  lower  than  those  of  a  uniform  beam 
having  dimensions  of  the  base  throughout. 

Martin  (1956)  measured  the  resonances  of  a  number  of  tapered  beams.  He  found  that  the 
fundamental  increases  with  increasing  taper,  while  all  of  the  harmonics  decrease.  Mabie  and  Rogers 
(1964,  1972  and  1974)  calculated  the  resonance  frequencies  of  doubly-tapered  cantilever  beams, 
starting  with  the  differential  equation 
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HW  +  YI 


^  2  d^w 
/  dx  bx^ 


1  d^I  b^w 
+  -  -  - 

I  dx^  bx^ 


=  0  . 


(5.98) 


which  accounts  for  changes  of  the  cross  section  but  not  for  shear  distortion.  Their  results  are 
summarized  in  Fig.  5.13.  It  is  clear  from  these  results  that  derivatives  of  the  moment  of  inertia  are 
important  for  the  first  four  or  five  resonances,  and  that  the  wave  approach  solution  given  by 
Eq.  5.97  is  accurate  for  higher  order  resonances. 

Since  doubly-tapered  cantilever  beams  represent  an  extreme,  it  appears  that  derivatives  of  the 
moment  of  inertia  can  be  neglected  when  dealing  with  moderately  non-uniform  beams,  especially 
when  calculating  resonances  involving  five  or  more  nodes.  This  matter  is  discussed  further  in 
Section  5.11  on  the  flexural  resonances  of  ship  hulls. 


Fig.  5.13.  Effect  of  Taper  on  Resonance  Frequencies  of  Cantilever  Beams, 
as  computed  by  Mabie  and  Rogers  (1972,  1974) 
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5.7  Forced  Vibrations  of  Non-Resonant  Structures 


Mechanical  Impedances 

As  discussed  in  the  introduction  of  this  chapter,  beam-like  structures  often  act  as  transmitters 
of  vibrations  from  sources  to  radiating  surfaces.  The  response  of  beams  to  exciting  forces  and  their 
properties  as  transmitters  of  vibrations  are  commonly  described  in  terms  of  input  and  transfer 
impedances  and/or  admittances,  or  mobilities.  Since  the  differential  equations  describing  bending 
are  linear,  vibratory  responses  are  proportional  to  exciting  forces.  Mechanical  impedances  are 
defined  as  ratios  of  exciting  forces  to  resultant  structural  vibratory  velocities.  Thus, 


2/ u)/ 


w(u) 


(5.99) 


If  the  velocity  is  measured  at  the  point  of  application  of  the  force,  the  resultant  is  called  the  input 
impedance.  If  the  velocity  is  measured  at  a  different  location,  then  a  transfer  impedance  is 
determined.  Since  force  and  velocity  are  generally  not  in  phase,  impedance  is  a  complex  quantity 
consisting  of  a  real,  or  resistive,  component  and  an  imaginary,  or  reactive,  term. 

The  resistive  component  of  the  impedance  controls  the  flow  of  power  in  the  system.  If  the 
source  is  a  vibratory  velocity,  then  the  power  transferred  to  the  structure  is  given  by 

W  =  F*  •  =  RP(zi^=  Rw]  .  (5.100) 


If  the  source  is  in  the  nature  of  a  force,  then  the  power  transferred  is 


W  =  w* 


(5.101) 


The  reciprocal  of  impedance  is  called  either  admittance  or  mobility.  The  power  absorbed  or 
transferred  when  the  source  is  a  force  is  therefore  proportional  to  the  real  part  of  the  admittance, 
called  conductance  in  analogy  to  electric  circuits. 

While  almost  all  structures  have  resonances,  their  impedances  as  non-resonant  structures  have 
special  significance.  Thus,  when  dealing  with  excitation  of  one  end  of  a  finite  beam,  the  solution 
involves  its  impedance  as  a  semi-infinite  beam,  and  excitation  far  away  from  a  beam  end  is  related 
to  that  for  an  infinite  beam.  The  two  derivations  are  closely  related.  We  will  first  consider 
semi-infinite  beams. 


Semi-Infinite  Beams 

A  semi-infinite  beam  is  defined  as  a  beam  that  is  not  only  long  relative  to  a  flexural  wave 
length  but  also  sufficiently  long  that  any  wave  reflected  from  the  far  end  would  be  damped  out 
and  therefore  negligible  at  the  near  end.  Thus,  in  the  vicinity  of  the  near  end,  only  two  terms  are 
required  to  describe  the  motion.  Equation  5.32  can  be  written 

w(x)  =Ae'^^f^  -t-  .  (5.102) 

Since  the  beam  must  be  free  to  respond  to  a  force  at  its  end,  the  moment  there  must  be  zero. 
From  Eqs.  5.15,  5.18  and  5.25,  the  moment  is 


t 


136  5.  STRUCTURAL  VIBRATIONS 


^  =  -  YI  —  =  -  YI  i  ^  \  (5.103) 

bx  \  bx^  YS  J 


Using  Eqs.  5.42,  5.59,  5.67  and  5.68,  the  coefficient  of  w  can  be  expressed  in  terms  of  5,  and  y 
by 


^  =  25  —  =  25kn  =  k}  -  7*  . 
YS  4 


Hence, 

if  =  -  (*/  ■ 

The  second  spatial  derivative  of  Eq.  5. 102  is 


(5.105) 


=  -  kiAe^'^f^  +  7*Ce^*  .  (5.106) 

bx^ 

Substituting  Eqs.  5.102  and  5.106  into  Eq.  5.105  and  setting  the  moment  at  x  =  0  equal  to  0 
yields  a  relation  between  the  two  complex  coefficients  A  and  C, 

-  k}A  +  y^C  +  {k}  -  y^)  (A  +  C)  =  0  .  (5.107) 


from  which 

A  ,  •>’  (*’  -  •>’)  C‘(  C.  .  <S  I0S) 

k}  -  (kj  -  Y=)  \y  J 

Since  velocity  at  any  point  is  related  to  displacement  by  the  time  derivative,  it  follows  that 
wfjc)  =  fcjw  =  icjC 

The  expression  for  the  force  corresponding  to  this  velocity  is  somewhat  more  complicated.  From 
Eqs.  5.22,  5.25  and  5.105, 


(5.109) 


£  =  £z 


=  YI  (—  +  {kj  -  7*)  — ^  +  a'p/w* 
\bx^  ^  3x  / 


(5.110) 


After  some  manipulation,  this  becomes 

£  w'”  +  (1  +  a)  {k}  -  7^)  w 

YI  1  -  4S6^ 


(5.111) 
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where  each  prime  indicates  a  differentiation  with  respect  to  x.  Carrying  out  the  differentiations  of 
Eq.  5. 102  withjd  given  by  Eq.  5. 108,  an  expression  for  a  force  at  x  =  0  is 

ik^  -  2a6  — ^  j  -  y  +  2a8  | 

F(0)  =  YlCkl  - ^ ^ ^ .  (5.112) 

1  -  4a8^ 

The  required  force  appears  to  become  very  large  as  the  denominator  approaches  zero.  However, 
the  magnitude  of  the  numerator  also  becomes  zero  and  the  ratio  remains  finite.  Just  as  was  done 
when  deriving  the  flexural  wave  speed  in  Section  5.4,  a  close  approximation  for  the  force  can  be 
derived  by  ignoring  the  terms  involving  rotatory  inertia.  Setting  a  =  0,  Eq.  5. 1 1 2  becomes 

F(0)  =  YlCkj  (Jkf  -  y)  .  (5.113) 

Dividing  the  force  by  the  velocity  at  the  end,  x  =  0,  the  input  impedance  is 


(5.114) 

where  the  ratio  of  y  to  k^  is  given  in  Eq.  5.68  as  a  function  of  5. 

At  low  frequencies,  i.e.,  for  5  <0. 05,  the  input  impedance  reduces  to 


1  +  i 
2 


(5.115) 


Thus,  at  low  frequencies  the  resistive  and  reactive  components  of  the  input  impedance  are  equal. 
As  frequency  increases  and  effects  of  shear  distortion  are  felt,  the  resistive  term  becomes  some¬ 
what  larger  and  the  reactive  term  smaller.  At  very  high  frequencies,  6  >  J,  the  reactive  term  is 
negligible  and  v^in  Eq.  5.1 14  can  be  replaced  by  v^^. 

The  power  transferred  to  a  semi-infinite  beam  by  a  velocity  source  is  given  by 


(5.116) 


while  that  transferred  by  a  force  source  is 
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This  simple  result  is  valid  over  the  entire  frequency  range.  Effects  of  shear  at  higher  frequencies  are 
incorporated  in  the  expression  for  the  flexural  wave  speed. 


Infinite  Beams 

A  beam  may  be  considered  infinite  if  the  excitation  occurs  far  enough  from  the  ends  that 
reflected  energy  is  negligible.  The  derivation  of  the  input  impedance  for  this  case  is  actually 
somewhat  simpler  than  that  for  a  semi-infinite  beam.  The  force  generates  waves  that  progress  away 
from  the  point  of  application,  x  =  0,  in  both  directions.  Thus,  for  .v  >  0, 

wfx  >  0)  =  +  Ce^  .  (5.113) 

At  the  point  of  application  of  the  force,  the  beam  moves  straight  up  and  down  without  rotation. 
The  boundary  condition  is  therefore  d( 0)  =  0.  From  Eq.  5.25,  it  follows  that  w  (0)  =  0.  Taking  the 
derivative  of  Eq.  5.1 18  and  setting  it  equal  to  zero,  one  finds 

A=i  —  Q_  .  (5.119) 

kf 

from  which  it  follows  that  the  velocity  is 


Mx  >  0)  = 


/  JLe-'V  +  e'T* 


)■ 


(5.120) 


Since  the  applied  force  creates  waves  progressing  in  both  directions,  it  must  be  twice  as  large  as 
that  required  to  create  only  the  positive-direction  wave.  Setting  0  and  vv'  equal  to  zero,  Eqs.  5.15, 
5.18,  5.22  and  5.25  yield 


2Y1 


bx^ 


(5.121) 


Taking  the  third  derivative  of  Eq.  5.1 18,  with  A  given  by  Eq.  5.1 19,  Eq.  5.121  becomes 

£=  -  2Y10r{k}  +7*)  =  -  4YlCrk}^^l  +  5^  .  (5.122) 

from  which  the  input  impedance  is 


2i  = 


(5.123) 


At  low  frequencies,  this  is  four  times  as  large  as  that  for  a  semi-infinite  beam.  Eq.  5.1 15.  As  the 
frequency  increases,  the  reactive  term  increases  more  rapidly  than  the  resistive  term.  The  magni¬ 
tude  of  the  impedance  therefore  continues  to  increase  with  frequency  rather  than  approaching  a 
constant  value,  as  does  that  of  a  semi-infinite  beam. 

The  power  transferred  by  a  velocity  source  to  an  effectively  infinite  beam  is 


(5.124) 
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while  that  received  from  a  force  is 


h/.  = 

The  latter  expression  shows  that  away  from  their  ends  beams  become  increasingly  resistant  to  the 
absorption  of  power  from  applied  forces  as  frequency  increases.  It  was  this  fact  that  led  to  the 
statement  in  Section  5.4  that  flexural  waves  are  not  usually  dominant  at  the  higher  frequencies, 
i.e.,  for  6  >  i. 


_  1  - 


yli  +  p 


(5.125) 


Role  of  Damping 

The  criterion  for  a  finite  beam  to  behave  as  an  infinite  beam  is  that  reflected  energy  be 
negligible.  This  will  occur  if  power  is  absorbed  at  an  end  or  if  the  vibration  is  sufficiently  damped 
in  traveling  from  the  source  to  the  end.  Every  flexing  beam  experiences  at  least  a  little  damping. 
Tlie  alternating  extensional  motions  of  its  fibers  involve  storing  and  release  of  energy,  which 
process  invariably  involves  energy  dissipation. 

In  dealing  with  linear  systems  at  a  fixed  frequency,  energy  dissipation  can  be  incorporated  into 
the  analysis  by  replacing  certain  real  quantities  with  complex  ones,  the  imaginary  components  of 
which  are  proportional  to  the  dissipation.  This  was  done  in  Section  2.4  in  considering  damped 
sound  waves  in  slightly  lossy  fluids  and  in  Section  4.3  relevant  to  pulsating  bubbles.  In  treating 
beam  flexural  vibrations,  the  elastic  moduli  Y  and  G  control  energy  storage  and  therefore  account 
for  dissipation.  Since  the  two  moduli  are  related  through  Poisson’s  ratio  by  Eq.  5.5  and  that  ratio 
is  usually  real,  the  same  loss  factor  applies  to  both.  The  procedure  used  is  to  replace  Y  by 
Y(  I  +  ir})  and  G  by  G(  I  +  ir\)  wherever  they  occur.  When  this  is  done. 


(5.126) 

(5.127) 

(5.128) 


(5.129) 


The  effect  of  damping  on  input  impedances  of  non-resonant  structures  is  usually  quite  small. 
In  effect,  the  out-of-phase  components  are  altered  slightly.  Thus,  neglecting  secondary  effects,  the 
input  impedance  of  a  semi-infinite  beam  becomes 
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(5.  ISO) 


Unless  r\>  0.5,  the  effect  of  damping  is  quite  small. 

A  more  important  effect  of  damping  is  that  it  causes  spatial  decay  of  the  vibrations.  Without 
damping,  the  vibratory  motion  would  be  the  same  at  all  positions  on  a  non-resonant  beam  remote 
from  the  source.  The  effect  of  damping  is  to  introduce  attenuation.  Substituting  Eq.  5.129  for 
in  Eq.  S.  109,  the  velocity  at  distance  x  becomes 


2 

g-(riM)k^  -  kfx) 


Thus,  the  space-rate-of-decay  of  the  vibration  is 


(5.131) 


— L.  =  —vkf  =  13.65r)  dBIwavelength  .  (5.132) 

w  dx  4 

A  beam  can  be  treated  as  effectively  infinite  if  the  source  is  located  distance  7/2tj  flexural 
wavelengths  from  the  nearest  reflecting  termination. 

Damping  also  controls  the  rate  at  which  a  vibration  wll  decay  once  the  source  is  removed. 
Thus,  it  can  readily  be  shown  that,  upon  securing  a  source,  a  flexural  vibration  will  decay  at  a  rate 
given  by 

— L-  =  —r^jj  =  27.3i\f  dB/sec  .  (5.133) 

w  dt  2 

Damping  is  often  measured  by  finding  the  time-rate-of-decay  of  vibration. 

5.8  Forced  Vibrations  of  Resonant  Structures 


Role  of  Resonances 

As  discussed  in  Section  S.S,  finite  beams  are  multiply-resonant  systems.  When  allowed  to 
vibrate  freely,  flnite  beams  vibrate  at  one  or  more  of  their  resonance  frequencies.  These  resonances 
also  play  an  important  role  in  the  beam's  response  to  an  applied  force,  acting  as  modes  or 
eigen~ frequencies.  Response  of  a  beam  to  applied  forces  can  be  calculated  as  the  sum  of  its 
responses  at  all  of  the  eigen-frequencies.  Skudrzyk  (1958  and  1968)  has  based  his  extensive 
treatment  of  this  subject  on  the  fact  that  any  lumped  or  homogeneous  system  can  be  represented 
by  an  infinite  number  of  series-resonant  circuits  all  connected  in  parallel,  each  of  which  represents 
one  mode.  Obviously,  the  closer  the  exciting  frequency  is  to  the  resonant  frequency  of  a  mode, 
the  greater  its  excitation,  provided  the  force  is  not  applied  at  a  spatial  node  of  that  mode. 

Usually  one  is  interested  in  a  structure  over  a  range  of  frequencies.  The  approach  taken  is  to 
plot  its  calculated  or  measured  impedance  or  admittance  as  a  function  of  frequency.  Resonances 
and/or  anti-resonances  will  then  show  clearly  and  the  suitability  of  the  system  for  its  intended 
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application  should  be  clear.  Skudrzyk  ( 1 968)  and  Snowdon  ( 1 968)  have  shown  that  input  impe¬ 
dance  and  admittance  functions  are  characterized  by  alternating  resonances  and  anti-resonances, 
while  transfer  functions  sometimes  exhibit  only  resonances. 

Modal  Responses 

The  total  impedance  of  a  number  of  parallel  circuits  is  the  reciprocal  of  the  sum  of  their 
^dmittances.  In  most  cases,  the  location  and  nature  of  the  source  is  such  that  the  different  modes 
experience  different  amounts  of  excitation.  Tlie  total  response  of  the  structure  is  then  the  sum  of 
the  modal  responses  weighted  by  the  excitation  of  each.  For  an  infinite  number  of  undamped 
modes, 

w  'v  —  2  -  .  (5.134) 

tiL  m  =  I 

where  <t>^  is  a  weighting  function  giving  the  relative  force  for  each  mode.  Without  damping,  the 
response  is  infinite  at  each  resonance. 

In  resonant  systems,  material  damping  has  the  important  role  of  limiting  resonant  and  anti¬ 
resonant  responses.  From  Eqs.  5.63  and  5.126, 


and  the  mean-square  velocity  is 


m=l 


(5.136) 


The  half-power  points  on  the  resonance  curve  occur  when  the  two  terms  in  the  denominator  of 
Eq.  5.136  are  equal,  i.e.,  at 


It  follows  that  the  sharpness  of  the  resonance,  as  given  by  its  Q,  is 


(5.137) 


Q  s  J-  =  - -  =  L  .  (5.138) 

Af  2  -  cj|  Tj 

It  can  also  be  shown  that  at  low  frequencies  the  amplitude  of  the  motion  occurring  at  a  resonance 
is  Q  times  that  which  would  occur  if  the  system  were  non-resonant.  Also,  at  low-frequency 
anti-resonances  the  impedance  is  Q  times  that  for  the  non-resonant  system.  Thus,  the  input 
impedance  of  a  structure  treated  as  non-resonant  equals  the  geometric  mean  of  the  values  at 
resonances  and  anti-resonances. 
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Broadband  Excitation 

In  many  instances  the  exciting  force  covers  a  band  of  frequencies  that  is  wide  compared  to  the 
bandwidths  of  any  resonances  within  the  band.  In  this  case,  the  response  of  each  resonance  is 
obtained  by  integrating  over  frequency  across  the  resonance.  Thus 


-  /r202 

-  cj 
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fcj*  -  03^)^  + 

rn 


(5.139) 


-  oJi) 


provided  fwj  -  w  J  is  large  compared  to  the  width  of  the  resonance.  The  power  accepted  by  this 
resonance  is  given  by  Eq.  5.100  as 


2  nL(tJ2  ~ 


If  the  density  of  resonances  is  dNIdu),  then  there  will  be 


(5.140) 


dN 

N  =  - (<*>2  -  <*>1  ^ 

d<jJ 


(5.141) 


resonances  within  the  band,  and  the  total  power  will  be 


n  dN 
H'.  = - 

2  rL  d<jj 


(5.142) 


provided  each  resonance  is  excited  equally. 

The  expression  of  power  transferred  to  a  resonant  structure  is  seen  to  depend  only  on  the 
modal  density  divided  by  the  total  effective  mass.  Following  Nelson  ( 1972).  we  may  write 


dN  dN  dli, 


du)  dkf  d<jj 


Vj.  dkf  \  du)  )  irv^  \ 


I  -  k, 


(5.143) 


and  the  input  power  becomes 


\ 


At  low  frequencies,  the  dispersion  term  is  1/2  and  the  power  reduces  to 


(5.144) 


(5. 145) 
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in  complete  agreement  with  that  for  an  infinite  beam,  as  given  by  Eq.  5.125.  It  follows  that  the 
response  of  a  resonant  structure  to  wideband  excitation  is  the  same  as  that  of  a  non-resonant 
structure  having  the  same  parameters. 

5.9  Attenuation  of  Structural  Vibrations 

In  Section  1.1  it  was  noted  that  reducing  the  efficiency  of  vibration  transmission  from  a  source 
to  a  radiating  surface  is  usually  the  easiest  way  of  achieving  noise  reduction.  There  are  a  number  of 
ways  of  attenuating  such  structural  vibrations,  several  of  which  will  be  discussed  briefly  in  this 
section.  Readers  desiring  more  information  are  referred  to  the  extensive  list  of  references  on  this 
subject  at  the  end  of  this  chapter. 

Isolation  Mounts 

The  most  common  method  of  reducing  structural  vibrations  is  to  interpose  a  relatively  flexible 
vibration  isolator  between  a  source  of  vibrations  and  a  structural  member.  Tlie  force  generated  by 
a  machine,  normally  would  act  to  cause  both  the  machine  and  its  foundation  to  vibrate.  If  the 
two  are  rigidly  connected,  they  must  share  the  same  velocity  and  the  input  force  must  be  divided 
between  them  in  proportion  to  their  impedances.  The  force  transmitted  to  the  foundation  is 
therefore 

F  7 

F  =  -  ,  (5.146) 

where  Zj-  is  the  foundation  impedance  and  Z^  is  the  internal  impedance  of  the  source.  If  we  now 
interpose  an  isolator  with  impedance  Z^  between  source  and  foundation,  the  isolator  and  founda¬ 
tion  will  share  the  same  force  but  divide  the  velocity.  In  other  words,  they  will  act  as  parallel 
impedances.  The  force  imparted  to  the  foundation  will  then  be  given  by 


Ml 


Ml. 


I,  + 


IMl. 


2,2, 


2/^,  +  2^/ 


(5.141) 


The  effectiveness  of  the  mount  is  defined  as  the  ratio  of  non-isolated  to  isolated  foundation  forces 
and  is  given  by 


E± 

ZiZit  +  ZifZii 

4 

4(2/  +  4) 

(5.148) 


This  expression  is  somewhat  simpler  if  instead  of  the  impedances  of  the  elements  one  uses  their 
mobilities,  or  admittances.  Thus 
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The  I<^arithinic  expression  for  mount  effectiveness  is  called  insertion  loss.  Insertion  loss  measures 
the  value  of  an  isolator  as  a  noise  reduction  device.  It  is  more  meaningful  than  the  often  measured 
transmission  loss,  which  is  the  ratio  of  the  vibratory  motion  of  the  source  to  that  of  the  founda¬ 
tion.  This  ratio  is  given  by 


r.  If 


(5.150) 


and  is  always  larger  than  the  insertion  loss.  It  only  measures  whether  an  isolator  is  operational,  i.e., 
whether  ^  as  it  must  be  for  maximum  effectiveness. 

The  expressions  for  mount  effectiveness  given  by  Eqs.  5.148  and  5.149  are  general.  We  can 
better  understand  how  mounts  work  by  considering  some  special  cases.  The  simplest  system  is  one 
in  which  the  machine  is  a  mass,  the  isolator  is  a  lossy  spring  and  the  foundation  presents  infinite 
impedance.  In  this  ideal  case, 


(t) 


M  -  I  —  1  a  - 


(5.151) 


where  is  the  resonance  frequency  of  source  mass  and  isolator  spring  constant,  and  t;  is  the  loss 
factor  of  the  system,  assumed  less  than  0.1.  As  shown  in  Fig.  5.14,  the  mount  is  ineffective  at  low 
frequencies.  In  fact,  at  resonance,  it  serves  to  magnify  the  transmitted  force  by  an  amount  that  is 
only  limited  by  damping.  Well  above  resonance,  the  effectiveness  of  an  ideal  mount  increases  by 
12  dB/octave. 
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Fig.  5.14.  Insertion  Loss  of  an  Ideal  Isolation  Mount 
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In  the  ideal  case,  insertion  loss  increases  indefinitely  with  increasing  frequency  and  the  opti¬ 
mum  mount  is  the  one  with  the  lowest  resonant  frequency.  In  practical  shipboard  systems, 
however,  actual  insertion  losses  seldom  exceed  30  dB  and  10  to  20  dB  are  typical.  Tliere  are  a 
number  of  reasons  for  this  departure  from  the  ideal.  First,  springs  used  as  isolators  are  themselves 
distributed  systems  which  may  have  resonances  at  high  frequencies.  At  these  resonances,  their 
mobilities  are  very  small  and  mount  effectiveness,  by  Eq.  5.149,  is  close  to  unity.  It  is  to  avoid 
such  wave  effects  that  most  modem  isolators  are  composed  extensively  of  rubber,  used  either  in 
compression  or  in  shear.  A  second  reason  tor  less  than  ideal  performance  of  mounts  on  ships  is  the 
relative  mobility  of  the  foundation.  Foundations  are  generally  composed  of  beams  which,  being 
finite,  resonate  at  a  number  of  frequencies.  At  such  resonances  the  foundation  impedance  can 
become  very  small  relative  to  that  of  the  source  itself.  In  such  a  case. 


e 


(5.152) 


and  the  mount  effectiveness  is  controlled  by  the  ratio  of  foundation  to  isolation  impedances.  At 
resonances,  as  discussed  in  Section  5.8.  the  impedance  is  entirely  controlled  by  the  resistive  com¬ 
ponent.  It  is  for  this  reason  that  Sykes  (1958,  1960).  Klyukin  (1961),  Ungar  (1962)  and  others 
have  recognized  the  importance  of  building  extra  damping  into  foundation  structures.  The  final 
reason  for  less  than  ideal  mount  performance  is  that  the  machine  itself  also  has  resonances.  With 
increasing  frequency,  its  mobility  tends  to  become  constant  on  the  average,  rather  than  to  decrease 
as  it  would  if  it  were  a  pure  mass.  Since  springs  composed  of  rubber  have  almost  constant  mobility 
at  liigh  frequencies,  the  insertion  loss  tends  toward  a  constant,  limiting  value. 


Applied  Damping 

The  importance  of  damping  in  limiting  system  responses  at  resonances  has  been  stressed  in 
both  Section  5.8  and  the  discussion  of  vibration  isolation  mounts.  As  will  be  indicated  in 
Qiapter  6,  damping  also  controls  plate  resonant  vibrations  and  thereby  affects  sound  radiation. 
For  instance,  mastic  undercoat  is  used  on  automobiles  and  railway  cars  to  reduce  their  resonant 
responses  and  make  them  sound  less  tinny.  In  fact,  development  of  damping  for  plates  and 
structural  members  has  been  one  of  the  more  active  areas  of  noise  control  development  over  the 
past  30  years. 

One  approach  to  damping  has  been  the  development  of  a  number  of  structural  materials  having 
high  internal  damping.  In  his  review  of  this  subject,  Adams  (1972)  noted  several  materials  having 
favorable  damping  characteristics.  However,  these  materials  are  quite  expensive  and  most  research 
in  this  area  has  focused  instead  on  ways  of  damping  ordinary  metal  structures.  Many  rubbers  have 
high  internal  damping  and  much  of  the  research  has  concentrated  on  the  development  of  rubber¬ 
like  (viscoelastic)  materials  that  can  be  sprayed  on  or  otherwise  readily  attached  to  metal.  Oberst 
(1952,  1954,  1956)  and  his  co-workers  in  Germany  have  developed  chemical  methods  to  produce 
such  damping  materials. 

Oberst  analyzed  the  damping  of  plates  by  homogeneous  layers  of  damping  material,  attributing 
the  damping  to  the  extensional-compressional  motion  which  these  layers  experience  as  the  struc¬ 
ture  flexes.  Consider  the  single-layer  treatment  sketched  in  Fig.  5.15.  The  solid  rectangular  base  is 
characterized  by  Young’s  modulus  Y  and  thickness  ff  i .  The  viscoelastic  layer  has  thickness  Hi  and 
its  Young’s  modulus,  which  includes  damping,  is  Yjf  I  +  irjj).  The  neutral  plane  of  the  combined 
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Fig.  5. IS.  Homogeneous  Damping  Treatment 


plate  is  displaced  from  the  centerline  of  the  base  section  due  to  the  additional  layer.  The 
bending  rigidity  per  unit  width  of  the  combined  structure  is  given  by 


B  =  B(I  +  h)  =  23  I/,  =  K,  —  +  Y^Hlzl  +12  — 

~  12  12 


(5.153) 


The  displacement  of  the  neutral  plane  can  be  found  from  the  requirement  that  the  net  extensional 
force  be  zero;  thus. 


- - -  (  Hy  -V  \ 
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(5.154) 


Assuming  the  extensions!  stiffness  of  the  damping  layer,  Y2H2,  to  be  small  compared  to  that  of 
the  base,  T,  /f | , 


Y\H\  \  2  / 


(5.155) 


Substituting  Eq.  5.155  into  Eq.  5.153,  the  effective  damping  factor  of  the  combination  is 


Y2H2 


3H\  +  6HxH2  +  4H\ 


K,//, 

For  many  cases,  this  reduces  to 


H\  +  llIh.(SH]  +  6H^H2  +  4H\) 
YxH, 


(5.156) 
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V  =  21J2 


(5.157) 
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showing  that  the  damping  is  proportional  to  the  product  of  the  loss  coefficient  of  the  material  and 
the  extensional  thickness  of  the  damping  layer,  magnified  by  a  factor  that  represents  the  relative 
separation  of  the  centers  of  the  two  layers. 

Oberst’s  results  are  plotted  in  Fig.  5.16.  For  very  thin  layers,  the  dependence  on  relative 
thickness  is  linear,  but  the  resultant  loss  factor  is  less  than  0.01.  If  a  damping  treatment  is  to  be 
really  useful,  it  should  produce  a  loss  factor  of  at  least  0.05,  which  for  most  materials  requires  a 
thickness  of  treatment  of  the  same  order  as  that  of  the  base.  Ross,  Ungar  and  Kerwin  (1959) 
showed  that,  using  the  best  damping  materials  then  available,  a  thickness  ratio  of  1.25  was 
required  to  achieve  rj  =  0.1  on  steel  structures,  and  a  ratio  of  0.7  on  aluminum  ones.  These 
thicknesses  correspond  to  weight  ratios  of  16%  for  steel  and  28%  for  aluminum. 
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Fig.  S.16.  Relative  Damping  as  a  Function  of  Layer  Thickness,  after  Oberst  ( 19S2) 

The  problem  with  homogeneous  damping  treatments  is  that  they  are  relatively  heavy  and 
bulky.  They  were  developed  for  use  on  relatively  light  plates  and  are  of  little  use  on  beams.  Kerwin 
(1959)  observed  that  the  use  of  a  thin  metal  cover  on  top  of  a  damping  layer  causes  the  latter  to 
experience  shear  and  that  such  shearing  action  can  be  more  efficient  in  producing  damping.  He 
derived  an  expression  for  the  loss  factor  of  constrained-layer  damping  treatments  and  verified  the 
results  experimentally.  Ross,  Ungar  and  Kerwin  (1959)  published  formulas  for  optimized  con- 
strained'layer  treatments,  finding  that  the  same  weight  of  treatment  produces  from  two  to  four 
times  as  much  damping  as  that  of  a  homogeneous  layer.  Significant  damping  can  be  achieved  with 
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treatments  weighing  less  than  8%  as  much  as  the  base.  If  very  high  damping  is  desired,  a  sandwich 
can  be  built  in  which  two  equal  metal  bars  or  plates  are  separated  by  a  thin  viscoelastic  layer,  as 
described  by  Kurtze  (1959).  In  this  case,  the  resultant  loss  factor  is  about  25%  of  that  of  the 
damping  material. 

As  found  by  Kerwin,  Ross  and  Ungar,  shear  damping  treatments  are  more  frequency  and/or 
temperature  dependent  than  are  homogeneous,  extensional  types.  Figure  5.17  shows  the  fre¬ 
quency  dependence  of  a  typical  shear  treatment  at  two  temperatures.  There  are  several  ways  of 
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Fig.  5.17.  Frequency  and  Temperature  Dependencies  of  a  Typical  Shear 
Damping  Treatment,  from  Ross,  et  al  (1959) 

overcoming  this  problem.  Ungar  and  Ross  (1959)  analyzed  multiple-layer  treatments  and  found 
that  increasing  the  number  of  layers  broadens  the  peak  region,  as  shown  in  Fig.  5.18.  Grootenhuis 
(1970)  has  developed  treatments  in  which  two  different  viscoelastic  materials  are  used  under  a 
single  constraining  layer,  achieving  significant  broadening  of  the  region  of  high  damping. 

A  major  advantage  of  shear  damping  is  its  applicability  to  beam  structures.  Ruzicka  (1961)  and 
Ungar  (1962)  have  developed  and  evaluated  a  number  of  different  ways  of  incorporating  damping 
in  beams,  some  of  which  are  shown  in  Fig.  5.19. 

Impedance  Mismatches 

Another  approach  to  the  attenuation  of  flexural  waves  is  the  introduction  of  changes  of  cross 
section  and  the  attachment  of  mass  elements,  all  of  which  create  impedance  mismatches  which  act 
to  reflect  a  fraction  of  an  incident  flexural  wave.  Cremer  (1953,  1956)  analyzed  cross-sectional 
changes,  finding  a  transmission  loss  of  3  dB  for  a  5:1  ratio  of  section  thicknesses,  which  increases 
about  4  to  5  dB  for  every  doubling  of  this  ratio.  Rader  and  Mao  (1971 )  have  analyzed  this  case  by 
analogy  to  Snell’s  law.  When  bending  waves  are  made  to  turn  a  comer,  a  3  dB  reduction  occurs. 
This  can  be  increased  by  simultaneously  changing  the  structural  rigidity.  Cremer  also  found  that 
the  attachment  of  a  concentrated  mass  load  to  a  beam  may  produce  a  change  in  moment  of  inertia 
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Fig.  5.18.  Damping  Curve  for  a  Double-Layer  Damping  Treatment  Having  a  Total 
Weight  of  5%  of  the  Base  Plate,  from  Ungar  and  Ross  (1959) 


Fig.  5.19.  Examples  of  Damped  Beam  Structures,  after  Ruzicka  (19611  and  Ungar  (1962) 

sufficient  to  cause  as  much  as  20  to  30  dB  of  attenuation  above  a  minimum  frequency.  Below  this 
frequency,  the  mass  acts  as  though  distributed  and  the  loss  is  negligible. 

Periodically-spaced  impedance  discontinuities  in  the  form  of  attached  masses  are  not  as  effec¬ 
tive  as  might  be  expected.  The  reason  is  that  the  structure  itself  develops  resonances  with  nodes  at 
the  attachments.  Waves  at  these  frequencies  are  passed  without  attenuation.  Mead  (1970)  and  Sen 
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Gupta  (1970)  have  analyzed  periodic  structures  by  methods  similar  to  those  developed  by 
Brillouin  (1953)  to  analyze  energy  propagation  in  crystal  lattices.  They  defined  a  complex  propa¬ 
gation  constant  which  is  sometimes  real,  corresponding  to  attenuation,  and  which  is  imaginary  in 
certain  frequency  bands  that  pass  energy  virtually  unattenuated.  Obviously,  multiple  attachments 
are  best  used  with  irregular  spacings,  so  that  there  will  be  significant  attenuation  at  all  frequencies 
above  the  low-frequency  limit. 

Vibration  Absorbers  and  Suppressors 

Yet  another  way  of  attenuating  flexural  waves  is  by  attaching  devices  to  a  vibrating  structure 
that  will  either  absorb  the  energy  or  feed  back  a  cancelling  signal  that  suppresses  the  vibration. 
Klyukin  (1960),  having  noted  that  vibration-sensing  instruments  act  to  suppress  the  vibrations 
they  are  intended  to  measure,  proposed  a  number  of  different  passive  vibration  absorbers.  These 
attachments,  which  are  resonant,  consist  of  masses  on  sprinp  with  dampers.  Such  systems  having 
Q's  as  low  as  2  can  provide  as  much  as  40  dB  of  attenuation  over  an  octave.  Machinery  on  isolation 
mounts  located  inside  ships  undoubtedly  contribute  to  the  damping  of  hull  flexural 
vibrations  by  just  this  mechanism. 

Active  electromechanical  feedback  vibration  suppressors  have  been  developed  and  tested  by 
Knyazev  and  Tartakovskii  (1965,  1966  and  1967).  The  dispersive  nature  of  flexural  waves  makes 
such  an  approach  more  difficult  than  when  the  wave  speed  is  constant,  but  this  difficulty  was 
overcome  with  a  phase-compensating  feedback  system.  Attenuations  at  resonances  of  the  order  of 
15  dB  were  achieved.  In  a  parallel  development,  Rockwell  and  Lawther  (1964)  demonstrated 
similar  reductions  for  a  uniform  beam  supported  by  rubber  mounts,  using  a  co-located  sensor  and 
feedback  source.  In  principle,  and  with  sufficient  investment,  active  dampers  would  be  very 
effective. 

5.10  Fluid  Loading 

Immersion  of  a  structure  in  a  relatively  dense  fluid  such  as  water  can  change  its  vibrational 
characteristics  significantly.  As  compared  to  v  brations  in  air,  the  effective  mass  of  the  structure  is 
increased  by  the  mass  of  the  entrained  fluid,  and  both  fluid  viscosity  and  the  radiation  of  sound 
add  to  the  damping.  Of  these  effects,  the  first  two  are  more  important  for  beams,  while  the  last  is 
a  major  consideration  for  plates  (see  Chapter  6). 

Entrained  Mass 

Entrained  mass  has  been  accounted  for  in  the  derivations  given  in  Sections  5. 3-5. 8  by  inclusion 
of  the  relative  entrained  mass,  e,  defined  as  the  ratio  of  entrained  mass  to  that  of  the  structure. 
However,  its  significance  was  not  evaluated,  nor  were  methods  for  its  calculation  discussed.  In 
many  instances,  such  as  heavy  foundation  structures,  the  relative  entrained  mass  is  very  small. 
However,  in  the  case  of  neutrally  buoyant  structures,  such  as  ship  hulls,  the  entrained  mass  may 
exceed  the  structural  mass.  From  Eqs.  5.65  and  5.1 15  it  is  apparent  that  low-frequency  resonance 
frequencies  are  inversely  proportional  to  yjl  +  e  and  that  flexural  impedances  increase  linearly 
with  total  mass.  Accurate  calculation  of  entrained  mass  therefore  becomes  increasingly  important 
as  its  magnitude  increases,  and  it  is  not  surprising  that  naval  architects  have  given  extensive 
attention  to  this  subject.  At  these  frequencies,  compressibility  of  the  fluid  is  unimportant  and 
classical  incompressible  hydrodynamics  theory  can  be  used. 

As  derived  by  Morse  (1948)  and  others,  the  entrained  mass  of  an  infinitely  long,  rigid,  cylin- 
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drical  rod  oscillating  in  a  plane  equals  that  of  the  displaced  fluid.  Thus,  for  a  rigid  cylinder. 


(5.158) 


However,  actual  structures  are  neither  cylindrical,  infinite  nor  rigid.  Uwis  (1929)  assumed  vibra¬ 
tional  mode  shapes  to  be  the  same  as  those  in  air  and  calculated  the  entrained  mass  lor  slender 
bodies  of  circular,  rectangular  and  ship-like  cross  sections  in  incompressible  fiuids.  His  results  are 
usually  written  in  the  form 

^  JJblUabIh.  Sibil)  .  <5.159) 


where  J  accounts  for  finite  fiexural  wavelengths  and  C  is  a  shape  factor  which  equals  unity  for 
circular '^nd  elliptical  cross  sections.  Chertock  (1975)  has  obtained  Lewis’  results  by  a  simpler 
formulation  derived  from  the  Helmholtz  integral,  Eq.  4.140.  Townsin  (1969)  has  matched  other 
theoretical  and  measured  values  of  7  for  various  order  modes  by 


.  ,  0.  -  i  -  1^/.. 

Because  of  the  complexity  of  ship  structures  and  of  their  resultant  vibrations,  simple  formulas  for 
entrained  mass  are  not  likely  to  be  accurate.  On  the  other  hand,  values  within  ±10%  are  suf¬ 
ficiently  accurate  for  most  purposes. 
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Hydrodynamic  Damping 

Damping  due  to  fluid  viscosity  depends  on  section  shape,  amplitude  of  the  motion,  and  the 
steady-state  flow  speed.  Sharp  edges  increase  tliis  damping.  Blake  and  Maga  (1975)  found  values  ot 
the  hydrodynamic  loss  factor  to  be  from  10'^  to  10"'  for  struts  in  water.  Further  discussion  of 
this  topic  is  beyond  the  scope  of  the  present  volume. 


Sound  Radiation 

As  long  as  the  cross-sectional  circumference  of  a  submerged  beam  is  small,  each  section  will 
radiate  sound  as  an  unbaffled  piston.  As  discussed  in  Section  4.8,  unbaffied  structures  radiate  as 
dipoles  at  low  frequencies,  with  radiation  efficiencies  proportional  to  (ka^)^.  Since  the  various 
sections  of  a  long  beam  vibrate  out  of  phase,  the  radiation  efficiency  for  beam  vibrations  should  be 
even  less  than  that  for  a  free  piston. 

Yousri  and  Fahy  (1973)  and  Kuhn  and  Morfey  (1974)  have  calculated  the  sound  radiated  by  a 
uniform  beam,  finding  a  strong  dependence  on  both  the  aspect  ratio  of  the  beam  and  the  ratio  of 
the  fiexural  wave  speed  to  the  speed  of  sound.  Their  results  have  been  confirmed  by  experiments 
reported  by  Blake  (1974).  His  data  show  r^rad  <  ‘0*^  \f<0.5c^.  In  view  of  these  results, 

one  can  conclude  that  radiation  damping  of  structural  vibrations  is  generally  negligible  for  beam¬ 
like  structures  in  comparison  with  hydrodynamic  damping. 
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5.11  Flexural  Resonances  of  Slip  Hulls 

Although  the  sound  radiated  is  negligible,  resonant  flexural  vibrations  of  ship  hulls  are  of  vital 
importance  to  naval  architects  both  because  of  potential  damage  to  the  structure  and  because  of 
adverse  responses  of  humans  exposed  to  such  vibrations.  The  problem  laced  by  a  ship  designer  is 
to  estimate  both  the  driving  and  resonance  frequencies  and  to  take  steps  to  prevent  their 
coincidence. 

The  methods  discussed  in  Section  5.6  pertaining  to  the  calculation  of  resonance  frequencies  of 
non-uniform  beams  are  all  applicable  to  this  problem.  Using  the  terminology  used  earlier  in  this 
chapter,  ship  hulls  are  characterized  by  very  large  values  of  the  shear  parameter,  P,  and  much 
smaller  values  of  the  relative  rotatory  inertia  coefficient,  a'.  Thus,  examples  of  ship  structures 
described  by  McGoldrick  and  Russo  (1955)  and  Andersson  and  Norrand  (1969)  have  values  of  P 
greater  than  200,  while  a'  seldom  exceeds  10.  The  reason  for  the  high  P  is  that  the  effective 
shear-carrying  area  of  a  ship  is  a  very  small  fraction  of  the  total  cross  section. 

There  are  two  important  practical  consequences  of  the  high  values  of  P  found  for  ships.  First, 
shear  effects  are  experienced  even  at  the  lowest  resonance,  and  calculations  which  ignore  shear  are 
seriously  in  error.  Secondly,  since  a'  <  <  P,  it  is  quite  safe  to  ignore  rotatory  inertia  when  calcu¬ 
lating  ship  flexural  motions.  Thus,  the  approximations  involved  in  Sections  5.4  and  5.7  in  calcu¬ 
lating  flexural  wave  speeds  and  input  impedances,  in  which  a'  was  set  equal  to  zero,  are  especially 
valid. 

Methods  used  by  naval  architects  to  calculate  flexural  resonances  of  ships  are  described  by 
Leibowitz  and  Kennard  (1961)  and  by  McGoldrick  (1960).  These  include  finite-element  tech¬ 
niques  involving  both  analog  and  digital  computers.  Generally,  the  ship  is  divided  into  20  equal 
sections,  each  of  which  is  assumed  to  form  a  Timoshenko  beam  element.  Also,  there  are  more  than 
a  dozen  semi-empirical  formulas  which  can  be  used  to  find  the  fundamental  frequency.  The  higher 
order  modes  can  then  be  assumed  to  be  linearly  related  to  the  fundamental.  One  especially  simple 
formula  for  the  fundamental,  based  on  measured  natural  frequencies  of  commercial  ships,  relates 
this  frequency  inversely  to  the  length  by 

L 

where  /I  =  275  if  L  is  in  meters  and  A  =  700  if  L  is  in  feet. 

The  wave  approach  to  resonance  calculation  described  in  Sections  5.5  and  5.6  would  seem  to 
be  particularly  well  suited  to  this  problem.  The  author  has  attempted  to  use  this  method  to 
calculate  the  resonances  of  a  specific  ship  with  moderate  success.  The  problem  is  to  determine  the 
phase  shift  caused  by  the  ends.  When  the  ends  are  each  assumed  to  cause  a  90®  phase  shift,  as  they 
would  for  a  free-free  uniform  beam,  frequencies  calculated  for  the  lowest  order  resonances  are 
much  too  low.  On  the  other  hand,  if  it  is  assumed  that  the  shear  rigidity  is  zero  at  the  ends  and  the 
phase  shifts  are  zero,  then  these  frequencies  are  somewhat  too  high.  Based  on  this  single  attempt, 
it  appears  that  the  assumption  of  zero  phase  shift  is  more  useful.  However,  more  research  needs  to 
be  done. 

One  advantage  of  the  wave  approach,  as  compared  to  finite-element  methods,  is  that  the  ship 
can  be  divided  into  sections  at  natural  boundaries.  The  flexural  wave  speed  for  each  section  can 
then  be  calculated  and  the  total  travel  time  found  from 
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Using  the  symbology  of  naval  architecture,  the  reciprocal  of  the  flexural  wave  speed,  Eq.  5.44,  can 
be  calculated  from 


(5.163) 


Since  v^  depends  on  frequency,  the  procedure  used  is  to  calculate  T  for  four  or  Five  frequencies 
covering  the  likely  range  ol  resonances  and  to  plot  7  vs  w  or/.  Since  resonances  occur  when 


T 


mw  + 


7.CJ 


m 


(5.164) 


this  expression  for  T  can  also  be  plotted  as  a  function  of  frequency  for  various  values  of  m,  and 
resonance  frequencies  are  then  those  values  for  which  the  curves  from  Eq.  5.162  and  5.164 
intersect. 

It  seems  unlikely  that  more  than  five  modes  would  occur  with  sufficient  strength  to  be 
excited.  For  higher  frequencies,  attenuation  due  to  both  hydrodynamic  damping  and  reflections  at 
structural  discontinuities  would  preclude  the  occurrence  of  flexural  resonances  that  involve  wave 
travel  over  the  entire  hull  length.  Instead,  resonances  involve  vibrations  of  only  part  of  the  length 
of  the  ship.  Such  compartment  resonances  are  usually  dominant  at  frequencies  above  about  10 
times  that  of  the  lowest  flexural  resonance. 
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CHAPTER  6 


RADIATION  BY  PLATE  FLEXURAL  VIBRATIONS 


Most  underwater  sound  originating  inside  a  marine  vehicle  is  radiated  by  flexural  vibrations  of 
hull  plates;  this  is  especially  true  for  frequencies  above  100  Hz.  The  subject  of  plate  radiation, 
along  with  the  important  topic  of  structural  vibration,  was  fust  understood  in  Germany  in  the 
1940’s  under  the  leadership  of  L.  Cremer.  Much  of  the  material  presented  in  this  chapter  is  based 
on  his  work  and  that  of  a  generation  of  investiptors  whom  he  influenced. 

6.1  Plate  Flexural  Vibrations 


In  most  recent  analyses  of  plate  flexural  wave  radiation  the  elastic  equations  for  plate  vibra¬ 
tions  and  the  acoustic  wave  equation  are  treated  as  a  system  of  coupled  equations  using  solutions 
that  are  made  to  match  at  the  plate  surface.  In  this  approach,  the  effect  of  the  fluid  is  considered 
to  be  that  of  a  load  on  the  vibrating  plate.  Before  considering  the  coupled  problem,  we  wdl 
develop  the  applicable  equations  for  plate  flexural  vibrations  in  vacuo. 

Bending  Rigidity  of  Plates 

When  classical  elasticity  theory  is  applied  to  solid  plates,  it  is  found  that  longitudinal  waves 
have  a  phase  speed  given  by 


c  -  r~^ 

^  y  p(l  -  0^) 


(6.1) 


as  was  discussed  in  Section  5.2.  The  same  classical  theory  leads  to  the  result  that  the  bending 
rigidity  of  a  solid  plate  is 


Yk^S 


Yh^  = 

12 


(6.2) 


per  unit  width.  In  deriving  the  equations  for  plate  flexural  motions  from  those  developed  for 
beams,  these  expressions  replace  YI  wherever  it  occurs. 


Thick  Plate  Bending  Equations 

The  exact  elasticity  equations  for  bending  of  thick  plates  are  very  complex.  A  more  tractable 
approximate  equation  analogous  to  that  of  Timoshenko  for  beams  was  derived  by  Mindlin  (1951). 
Skudrzyk  (1968)  showed  Mindlin's  equation  to  be  equivalent  to  the  Timoshenko  beam  equation 
with  B  as  given  by  Eq.  6.2,  a'  =  1  and  K  related  to  a  by 
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4» 
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% 


t 


§ 


Kp  i.  0.76^1  +  —  a  ^  . 


(6.3) 


The  shear  parameter  for  plates  is  given  by 

Y  2 


r„  = 


=  2.65 


KG(I  -  a^)  Kp(I  -  o) 


('^f  ■ 


(6.4) 


For  a  typical  metal  plate,  =  0.85  and  3.3. 

With  the  above  substitutions,  the  differential  equation  for  plates  corresponding  to  Eq.  5.26  can 
be  written 


liW  + 


12  12 


3.3n'h^  ....  ,  . 

- w  =  p(.x.y.t)  , 

12cl 


(6.5) 


where  fi'  is  the  mass  per  unit  area,  given  by  p^li.  The  gradient  operator,  V,  replaces  each  derivative 
with  respect  to  x,  since  motions  propagate  in  two  dimensions.  It  is  assumed  that  changes  of 
thickness  occur  relatively  slowly,  making  spatial  derivatives  of  thickness  negligible.  The  bending 
equation  corresponding  to  Eq.  5.28  can  be  written 


..  clh^  4.3  ^  3.3  A*  ....  p 

w  +  —P— — + - w  -  — . 


(6.6) 


12 


12 


12 


Flexural  Wave  Speed 

Assuming  an  harmonic  disturbance,  the  homogeneous  equation  for  flexural  motions  in  plates 
can  be  expressed  as  an  equation  for  kp  as  done  for  beams  by  Eq.  5.3 1.  The  corresponding  equation 
is 

/i*  r  /?* 

-  ci  —  k^+  (r„  +  D—  uHJ  -  -  u*  =  0  .  (6.7) 

"  12  ‘  '  12  cj,  12 

As  with  the  case  for  beams,  the  two  real  solutions  for  represent  waves  and  the  two  imaginary 
solutions  account  for  distortions  at  discontinuities.  Assuming  real  values  for  kp  Eq.  6.7  can  be 
transformed  into  an  equation  for  the  flexural  wave  speed. 


+  (rp  + 

\^p) 


=  0  . 


(6.8) 


which  corresponds  to  Eq.  5.35.  The  reference  angular  frequency,  12^,  is  given  by 


(6.9) 
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At  low  frequencies  only  the  first  two  terms  of  Eq.  6.7  are  important,  and  the  expression  for 
the  flexural  wave  speed  is  then  similar  to  that  given  by  Eqs.  5.51  and  5.53  for  bars, 


which  is  about  57%  of  the  longitudinal  wave  speed,  C£. 

In  the  intermediate-frequency  range,  the  flexural  wave  speed  correction  for  plates  is  essentially 
the  same  as  that  for  solid  rectangular  bars,  as  given  by  Eqs.  5.54,  5.55  and  5.56,  and  as  plotted  in 
Figs.  5.7  and  5.8. 

Plate  Vibrations 

Plate  vibrations  are  often  more  complex  than  those  of  beams  since  the  motion  is  a  function  of 
two  spatial  variables.  However,  for  relatively  narrow  strips  the  motion  can  be  treated  as  straight- 
crested  and  the  equations  derived  for  beams  can  be  used,  with  cg  replaced  by  c^.  If  the  direction 
of  propagation  of  the  wave  has  direction  cosines  and  then 

where  ifcy-  -  and  =  n^k^.  More  often  the  plate  extends  in  both  directions  and  exciting 

forces  produce  motions  that  spread  out  uniformly  in  all  directions. 

Just  as  in  Qiapter  2  we  treated  acoustic  waves  from  point  sources  in  terms  of  symmetrical 
spherical  waves,  so  we  can  analyze  flexural  waves  spreading  out  from  concentrated  sources  on 
plates  as  cylindrical  waves  in  cylindrical  (polar)  coordinates  with  circular  symmetry.  The  corre¬ 
sponding  Laplacian  in  polar  coordinates  is 


V'  = 


dr*  r  dr 


and  the  Helmholtz  form  of  the  wave  equation,  Eq.  2.12,  becomes 


(6.13) 


1  0  .  (6.14) 

3r*  r  dr 


This  is  a  form  of  Bessel’s  equation,  a  solution  of  which  is 

AJJkr)  ,  (6.15) 

where  is  a  Bessel  function  of  the  first  kind  and  zero  order  and  has  the  shape  of  a  damped 
cosine.  For  small  values  of  kr. 
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JJkr)  =  I 


(t)' 


(kr  <<  1)  . 


(6.16) 


while  for  very  large  values  of  the  argument. 


JJkr)  = 


2  I  JT  \ 

-  cos  I  -  —  j 

rA-r  \  4  / 


(kr  »  1)  . 


(6.17) 


It  can  be  shown  that  the  harmonic  form  of  the  plate  equation  is  related  to  the  Bessel  equation 
of  the  form  of  Eq.  6.14.  At  low  frequencies  the  plate  equation  reduces  to 


c),p.h} 

-B-S- - V  li!  "  ■  £ 

12 


As  in  Eq.  5.59,  the  wave  number  may  be  expressed  by 


(6.18) 


(6.19) 


Substituting  for  oj.  Eq.  6.18  can  be  written 


^  ('7'  - 

Setting  ()  =  0,  the  homogeneous  equation  can  then  be  expressed  as  two  simultaneous  equations. 

+  kj  ^  vv,  =  0 


(6.20) 


(6.21) 


Wi  =  0  . 


(6.22) 


The  fust  of  these  is  a  Be.ssel  equation  when  expressed  in  cylindrical  coordinates  and  has  a  solution 
of  the  form  of  Eq.  6.15.  The  second  has  as  its  solution  Bessel  functions  of  imaginary  arguments.  It 
follows  that  vv,  and  w,  are  the  wave  and  near-field  components  of  the  displacement,  w. 

Dyer  (1960)  and  Skudrzyk  (1968)  have  shown  that  the  homogeneous  form  of  the  Mindlin- 
Timoshenko  thick  plate  equation  is  equivalent  to  three  simultaneous  equations.  These  are 


(V'  +  A/)  'V,  =  0  . 
(V*  -'7^)  "’2  =  ^ 


(6.23) 


(6.24) 


(V*  +  kl)H  =  0 


(6.25) 
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In  these  equations  kf  and  7  are  related  to  kr  by  Eqs.  5.67  and  5.68,  //  is  a  vector  potential  of  the 
shear  motion  in  the  plane  of  the  plate,  and 


It  can  be  seen  from  the  above  that  vv, ,  Wj  and  H  are  all  expressible  by  Bessel  functions  of  either 
real  or  imaginary  arguments. 


Input  Impedance 

The  derivation  of  the  input  impedance  for  a  point  force  exciting  a  thin  plate  involves  several 
types  of  Bessel  functions  and  considerable  manipulation.  The  approximate  expression  for  the 
characteristic  impedance  is  surprisingly  simple,  being 


(6.28) 


This  expression,  derived  by  Cremer  (1950),  is  entirely  real  and  is  independent  of  frequency. 
Measurements  reported  by  Skudrzyk  et  al  (1961)  and  Snowdon  (1974)  of  input  impedances  of 
resonant  plates  confirm  that  the  characteristic  impedance,  as  given  by  the  geometric  mean  of 
resonant  and  anti-resonant  minima  and  maxima,  is  in  good  agreement  with  that  calculated  from 
Eq.  6.28. 


6.2  Fluid  Loading 


In  writing  the  differential  equations  for  plate  flexural  vibrations  the  forcing  function  was 
expressed  as  a  pressure.  This  pressure,  p,  represents  the  sum  of  any  applied  external  forcing 
function  and  the  reaction  on  the  plate  of  the  fluid  in  contact  with  it.  In  this  section  we  will 
consider  the  effect  of  fluid  loading  on  a  plate  that  experiences  no  other  external  forces. 


Boundary  Conditions 

Fluid  in  contact  with  a  plate  shares  the  plate’s  motion  at  all  points  of  contact.  Boundary 
conditions  are  therefore  the  same  as  those  considered  in  Section  2.5  dealing  with  sound  trans¬ 
mission  between  two  media.  In  this  case  the  two  media  are  the  vibrating  plate  and  a  fluid  on  one 
side  of  it.  The  wave  numbers  corresponding  to  this  vibration,  k^  in  the  plate  and  k^  in  the  fluid, 
will  usually  be  different  because  the  speeds  of  waves  in  the  two  media  are  different.  However,  by 
Snell’s  law,  the  component  of  the  wave  number  for  the  fluid  that  is  parallel  to  the  plate  must 
match  that  of  the  flexural  wave  in  the  plate.  From  Eq.  2.14,  the  component  of  k^  in  the  plane  of 


IUMII.4  J,. 


the  plate  is 


'^x.y  =  V  =  V*o  -  • 


and  this  must  equal  Ay.  It  follows  that 
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(6.29) 


k,  =\kl-  k}  . 


(6.30) 


Assuming  straight-crested  waves  in  the  plate,  any  waves  in  the  fluid  will  be  plane  waves,  for  which 
the  acoustic  velocity  will  be  related  to  the  acoustic  pressure  by  Eq.  2.68,  namely. 


v  =  V 


(6.31) 


Tlie  normal  component  of  the  acoustic  particle  velocity  must  equal  the  velocity  of  the  plate  if  the 
two  are  to  remain  in  contact,  hence 


vv  =  V.  = 


V,  P 


V  Po^o 


(6.32) 


The  ratio  of  the  normal  component  to  the  full  acoustic  particle  speed  equals  the  ratio  ot  A.  to  Ay. 
It  follows  from  Eqs.  6.30  and  6.32  that 


p_=  -  p_  =  -  I  -  ^  • 

S  kv  ■  kf 


(6.33) 


which  result  has  a  number  of  important  consequences  tliat  are  dependent  on  the  relative  values  ot 

Coincidence 

When  =  Ay,  the  fluid  loading  effect  on  llexural  vibrations  of  an  undamped  plate  approaches 
infinity.  This  corresponds  to  equality  of  the  speeds  of  sound  and  flexural  waves  and  was  named 
the  coincidence  effect  by  Cremer  (1942).  As  explained  by  Yaneske  (1972),  coincidence  describes 
the  maximum  spatial  coupling  that  can  occur  between  waves  in  a  plate  and  those  in  a  fluid 
medium  in  contact  with  it.  Actually,  as  noted  by  Kurtze  and  Bolt  (1959),  exact  coincidence 
cannot  occur  since  the  implied  infinite  fluid  loading  would  prevent  the  flexural  wave  speed  from 
equalling  that  of  the  fluid.  Nevertheless,  the  coincidence  frequency  is  an  important  concept  in 
dealing  with  plate  radiation  and  fluid  loading. 

Tlie  coincidence  frequency,  f^,  is  the  frequency  at  which  the  flexural  wave  speed  of  a  plate 
vibrating  without  fluid  load  would  equal  the  sound  speed  in  the  fluid  medium.  For  thin  plates, 
using  Eq.  6.10  for  the  flexural  wave  speed. 


=  2irf^  = 


(6.34) 
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The  corresponding  wave  number  is 


(6.35i 


Cpl» 


For  metal  plates  in  air  (c.  =  340  m/sec  and  c  =  5300  m/sec). 


}.  =  -  (ai’')  . 

h 


(6.36) 


where  h  is  the  plate  thickness  in  meters.  For  metal  plates  in  water,  the  thick-plate  intermediate- 
frequency  correction.  Eq.  5.54,  must  be  used,  and  the  result  is 


275 

/  =  -  (water)  , 

c 


(6.37) 


At  frequencies  other  than  coincidence,  flexural  wave  speeds  are  either  greater  or  less  than  the 
speed  of  sound  in  the  fluid.  It  is  sometimes  useful  to  express  the  relative  speed  in  terms  of  a 
flexural  wave  Mach  nwnher,  given  by 


M,  ^  ^  i 

V 


(6.3S) 


'c  >/  C 

where  the  last  two  relationships  for  coincidence  wave  number  and  trequency  apply  only  when  thin 
plate  assumptions  are  valid. 

Entrained  Mass 

Below  coincidence  <  Ay,  and  Eq.  6.33  for  the  pressure  attributable  to  Huid  loading  becomes 


P  = 


I6J9> 


This  has  the  effect  of  adding  a  second  mass  term  to  Eq.  6. 1 8,  which  equation  now  becomes 


m'  + 


12 


X2*w  =  0  . 


(6.40) 


Substituting  for  cJi  from  Eq.  6.19,  this  can  be  written 


(1  +  e^vv 


I 


=  0  . 


(6.41) 
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where  e  is  the  entrained  mass  and  is  given  by 

£  =  ^  _ ^2 _  i  _ - 1 -  .  (6.42) 

P.V'V'  -  V'  -  •«/ 

Tlie  relative  entrained  mass  is  thus  a  function  of  the  densities  and  sound  speeds  of  the  two  media 
and  of  the  relative  Mach  number.  Table  6.1  lists  values  of  the  media  constants  for  aluminum  and 


Table  6.1 


Fluid 

Metal 

Air 

Po  =  =  340 

Water 

p,,  =  1000.c„  =  1480 

P,  =  2700 
Alum.  =  5400 

0.002055 

0.390 

p,  =  7800 
c-  =  5250 

0.000692 

0.1313 

steel  plates  in  air  and  water,  and  Fig.  6.1  is  a  plot  of  the  Mach  number  dependence.  The  entrained 
mass  at  first  decreases  with  increasing  frequency  to  a  minimum  at  =0.7  and  then  increases 
rapidly  near  coincidence. 


Mf=  yw/Wp 


Fig.  6.1.  Relative  Entrained  Mass  Function 
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The  entrained  mass  acts  as  a  reactive  load  on  the  plate.  From  Eq.  4.10,  the  specific  radiation 
reactance  is 


_  X'^  _  n'eu  _  Mf 

Po^o  -  Mj 


(6.43) 


which  function  is  plotted  in  Fig.  6.2.  Calculations  of  the  flexural  wave  speed  of  a  fluid-loaded 
plate  should  include  the  effects  of  entrained  mass,  as  indicated  in  Section  5.4  for  beams. 


Fig.  6.2.  Specific  Radiation  Reactance  of  Entrained  Mass 


Radiation 

Above  the  coincidence  frequency,  the  effect  of  fluid  loading  changes  from  that  of  an  entrained 
mass  to  that  of  a  radiation  resistance  and  sound  is  radiated  into  the  fluid.  Thus,  for  the 

expression  for  the  fluid  pressure  given  by  Eq.  6.33  is  imaginary,  representing  radiation.  It  can  be 
written  as 


where 


P  =  - 


,  ,  Mf 


yjMj  -  I 


w 


P  = 


PQ^O 

cjm' 


p  c 

O  - 


Pipjt 


(6.44) 


(6.45) 
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is  the  ratio  of  the  specific  radiation  resistance  of  the  fluid  to  the  mass  reactance  of  the  plate  per 
unit  area.  The  frequency  cj^  is  the  low-frequency  approximate  value  of  the  coincidence  frequency 
as  given  by  Eq.  6.34.  The  effect  on  the  plate  of  fluid  loading  above  coincidence  is  thus  that  of  a 
radiation  resistance.  Equation  6. 1 8  can  be  written 


where 


(1  -  iyif)w  - 


(6.46) 


(6.47) 


is  the  loss  factor  for  sound  radiation  into  the  fluid.  This  function  is  plotted  in  Fig.  6.3.  The  motion 
of  the  plate  above  coincidence  is  damped  by  a  loss  factor,  r\j,  given  by  the  sum  of  the  radiation 


0  0.S  1  1.5  2  2.5 


Mf 


Fig.  6.3.  Normalized  Radiation  Load  Factor  for  Flat  Plates 

and  structural  damping  loss  factors.  Since  all  power  transmitted  to  the  structure  is  eventually 
converted  ii.  ’o  sound  and  heat,  the  radiation  efficiency  is 


(6.48) 


Radiation  only  occurs  at  relatively  high  frequencies  for  which  it  usually  is  necessary  to  include 
shear  and  rotatory  inertia  when  calculating  the  flexural  wave  speed.  It  follows  that  the  approxi- 
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mate  relations  for  Mp  given  by  Eq.  6.38,  are  not  valid.  In  fact,  the  highest  possible  value  of  3/^  is 
that  given  by  using  Eq.  6. 1 1  for  v^.; 


(6.49) 


The  value  is  8.5  for  metal  plates  in  air  and  only  2.0  for  plates  immersed  in  water. 

As  shown  in  Fig.  6.4,  the  requirement  of  trace  matching  of  the  acoustic  and  flexural  waves 
establishes  the  direction  of  propagation  of  the  acoustic  wave.  Thus, 


(6.50) 


Sound  waves  travel  parallel  to  the  plate  when  Mj-^1  and  approach  the  perpendicular  as  jWy 
increases.  The  steepest  angle  is.  of  course,  limited  by  the  maximum  value  o(Mp  Another  approach 
to  understanding  Eq.  6.50  is  to  think  of  a  plate  with  flexural  waves  as  being  composed  of  a  line 
array  of  alternating-phase  pistons  spaced  Xy/2  apart.  From  the  analysis  ot  arrays  in  Section  4.7,  the 
steered  angle,  0^,  for  such  an  array  is  that  given  by  Eq.  6.50. 

The  angle  0^  is  real  only  if /W^>  I.  When  <  1,  it  is  imaginary,  corresponding  to  the  fact 
that  below  coincidence  no  sound  is  radiated  from  an  infinite  plate  and  the  effect  of  fluid  loading  is 
entirely  that  of  added  mass,  as  discussed  above. 

Returning  to  Eq.  6.33,  the  intensity  of  the  sound  radiated  into  the  fluid  can  be  expressed  as  a 
function  of  the  plate  velocity  and  the  flexural  Mach  number  by 


Po<^o 


(6.51) 


Fi*.  6.4.  Trace  Matching  of  Acoustic  and  Flexural  Waves 
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The  power  radiated  per  unit  area  of  the  plate  is  given  by 


^  Af, 

Kc  =  ^ 


yjM}  -  I 

From  Eq.  4.9,  it  follows  that  the  specific  radiation  resistance  is 


(6.52) 


= 


Kc 


Mr 


‘^M}’-  1  cos 


(6.53) 


and  that  the  loss  factor,  tj,,  equals  the  product  of  and  the  impedance  matching  function,  p,  i.e.. 


Vr=l30r=  — ^ 

cos  0^ 

Figure  6.3,  which  is  a  plot  of  is  thus  also  a  plot  of  the  specific  radiation  resistance,  a^.  These 
results  were  first  derived  by  Gosele  (1953)  and  Westphal  (1954). 

6.3  Point-Excited  Infinite  Plates 

The  conclusion  that  no  sound  is  radiated  below  coincidence  applies  only  to  straight-crested 
waves  on  freely  vibrating  infinite  plates.  Sound  will  be  radiated  if  a  plate  is  excited  by  a  concen¬ 
trated  force.  As  explained  in  Section  6.1,  flexural  waves  spread  out  equally  in  all  directions  from  a 
point  source.  The  solution  for  the  velocities  is  in  terms  of  Bessel  functions  and  includes  exponen¬ 
tial  near-field  terms  as  well  as  wave  terms.  The  power  radiated  from  point-excited  thin  plates  has 
been  derived  by  Heckl  (1959,  1963)  and  Gutin  (1964)  and  its  directional  properties  by  Maidanik 
and  Kerwin  (1966)  and  Feit  (1966),  as  well  as  by  Gutin. 


Radiation  below  Coincidence 


For  low  frequencies,  for  which  <  <  7,  Heckl  and  Gutin  used  Fourier  transform  methods  to 
derive  the  radiated  power,  finding 


(6.55) 


where  it  is  assumed  that  fluid  loading  occurs  on  one  side  only.  The  effect  of  fluid  loading  given  by 
the  term  within  the  brackets  is  identical  to  that  for  piston  radiation,  Eq.  4.131,  and  is  plotted  in 
Fig.  6.5.  For  0  <  <  0. 05  it  is  essentially  unity,  while  for  0  >  2  it  is  given  by 


7  _  ptm-'  —  i  —  (&>  2)  .  (6.56) 

0  30^ 

The  two  limiting  cases  of  light  and  heavy  fluid  loading  lead  to  significantly  different  results. 

Light  fluid  loading  is  experienced  by  metal  plates  in  air,  for  which  p<0.05  over  most  of  the 
frequency  range  of  interest.  For  this  case,  it  is  instructive  to  express  the  radiated  acoustic  power  in 
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Fig.  6.S.  Radiation  Fluid  Loading  Factor,  from  Eq.  6.SS 

terms  of  the  velocity  at  the  excitation  point.  Using  Eq.  6.28  for  the  input  impedance,  Eq.  6.55 
becomes 
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(6.57) 


Comparing  this  result  with  that  for  a  circular  piston  radiating  in  a  baffle,  as  given  by  Eq.  4. 1 23 
supplemented  by  Eq.  4.9,  one  finds 


E  i  E 

V  k'/  v 


kl  IT  , ,  4 

O  s  _  r*  Ir^ 


2 


(6.58) 


from  which  it  follows  that  the  power  radiated  is  the  same  as  that  for  a  circular  piston  of  radius 
given  by 


(6.59) 


Practical  sources  extend  over  a  finite  area  and  may  be  treated  as  pistons  in  infinite  baffles,  with  the 
piston  radius  being  the  sum  of  the  radius  of  the  applied  force  and  a  quarter  of  a  flexural 
wavelength. 
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As  found  by  Gutin  (1964),  Maidanik  and  Kerwin  (1966)  and  Felt  (1966),  the  radiation  pattern 
under  light  loading  conditi<Mis  is  virtually  omnidirectional,  the  pressure  at  distance  r  being  given  by 

pYr.d)  =  ~  .  (6.60) 

~  2vn'r 

Under  these  conditions  the  radiation  efficiency  is  given  by 


(6.61) 


This  is  independent  of  both  frequency  and  plate  thickness,  being  about  9X10"^  for  steel  plates  in 
air  and  2.6  X  10*^  for  aluminum  plates. 

For  metal  plates  in  water  at  low  frequencies,  /)>/  and  therefore  Eq.  6.56  (or  heavy  fluid 
loading  is  applicable.  Equation  6.55  for  the  radiated  sound  power  reduces  to 


klF^  - 

611P0C0  6irPoCl 


(6.62) 


which  has  a  cubic  dependence  on  Mach  number  typical  of  dipole  radiation.  Indeed,  well  below 
coincidence  the  directional  pattern  is  a  cosine  one.  Thus,  when  radiating  into  water,  a  point  force 
acting  on  a  thin  plate  radiates  sound  at  low  frequencies  as  though  the  plate  were  not  there,  very 
much  in  the  same  manner  as  an  oscillating  hydrodynamic  force,  as  discussed  in  Sections  3.4 
and  9.1. 


Directional  Radiation  at  High  Frequencies 

Feit  (1966)  used  the  Mindlin-Timoshenko  thick-plate  equations  in  his  analysis  of  radiation 
above  the  coincidence  frequency,  finding 


(6.63) 


where  is  the  coincidence  frequency  as  calculated  for  a  thin  plate  by  Eq.  6.34.  For  heavy  fluid 
loading,  the  second  term  inside  the  brackets  is  negligible  and  the  pressure  corresponds  to  the 
conditions  for  Eq.  6.62.  On  the  other  hand,  if  |3  <<  f ,  as  is  usually  true  at  high  frequencies  even 
in  water,  then  Eq.  6.63  reduces  to 
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The  function  in  brackets  is  unity  when  6=0.  It  follows  that  Eq.  6.60  applies  in  the  direction 
perpendicular  to  the  plate  and  that  the  expression  in  brackets  is  the  directivity  function,  D( 6),  as 
defined  by  Eq.  4.66.  Above  coincidence  D(Q)  has  a  peak  at  the  angle,  6 for  which  the  denomi¬ 
nator  inside  the  brackets  is  zero,  i.e.,  for  which 


The  lowest  frequency  for  which  the  solution  of  this  equation  is  real  is  the  coincidence  frequency 
itself,  corresponding  to  0,^  =  90°  and  given  by 


(6.66) 


Putting  in  the  constants  appropriate  to  metal  plates  in  water,  is  21%  higher  than  cj^..  Tliis  is  in 
agreement  with  the  value  derived  using  Eq.  5.54  and  expressed  by  Eq,  6.37.  Solutions  of  Eq.  6.65 
for  6^^  at  other  frequencies  are  in  good  agreement  with  that  expected  for  straight-crested  waves,  as 
given  by  Eq.  6.50  with  v^  calculated  by  the  methods  of  Section  5.4.  Figure  6.6  shows  the  angle  of 


Fig.  6.6.  Angle  of  Maximum  Radiation  for  Metal  Plates  in  Water,  from  Eq.  6.65 


sszr. 
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maximum  radiation  as  a  function  of  relative  frequency  for  njetal  plates  in  water.  Figure  6.7  shows 
a  typical  directional  radiation  pattern,  as  calculated  by  Feit.  At  very  higli  frequencies.  6^  ap¬ 
proaches  the  limit. 


(6.67) 


which  is  about  31*  for  metal  plates  in  water.  In  addition  to  the  peak  defined  by  Eq.  6.65.  a 
second,  smaller  peak  is  sometimes  observed  at  sin  6^  =  cjc„.  This  corresponds  to  radiation  from 
the  surface  bulges  associated  with  longitudinal  plate  waves.  The  angle  for  this  secondary  peak  is 
about  3-2/3°  in  air  and  16-1/2°  in  water. 


Fig,  6.7.  Directional  Radiation  from  Plate  Flexural  Vibrations  at  High  Frequencies,  after  Feit  (1966) 


6.4  Radiation  from  Finite  Plates 


Radiation  Resistance 

The  acoustic  power  radiated  by  point  excitation  of  a  very  large  plate  below  coincidence  is 
independent  of  the  area  of  the  plate.  For  such  a  plate,  from  Eq.  4.9  for  and  Eq.  6.57  for 
the  specific  radiation  resistance  for  radiation  into  air  at  low  frequencies  is 
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Since  X],  increases  linearly  with  plate  thickness,  the  radiation  resistance  for  point-excited  plates  at 
low  frequencies  in  air  is  proportional  to  the  square  of  the  plate  thickness  and  inversely  propor¬ 
tional  to  the  area  of  the  plate. 

G6sele  (1953,  1956)  considered  straight-crested  standing  flexural  waves  on  baffled  rectangular 
plates.  He  found 


■575  - <Mf  «  I)  ,  (6.69) 

where  L  is  the  plate  length  in  the  direction  of  the  waves  as  illustrated  by  Fig.  6.8.  Nikiforov  (1964) 
and  Smith  (1964)  each  considered  finite  plates  with  various  edge  conditions.  They  reported  that 


L 


Fig.  6.8.  Baffled  Finite  Plate  with  Straight-Crested  Flexural  Waves 

clamped  plates  radiate  most  efficiently,  that  freely  supported  plates  produce  half  as  much  sound 
and  that  plates  with  free  edges  radiate  very  little. 

Gosele  also  considered  traveling  fiexural  waves  for  which  the  radiation  efficiency  is  roughly 
half  that  of  standing  waves.  His  now  classical  plot  of  the  radiation  resistance  for  three  relative  plate 
lengths  is  reproduced  in  Fig.  6.9. 


Fig.  6.9.  Radiation  Resistance  of  Traveling  Waves  on  Finite  Plates,  after  GSsele  ( 1956) 
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Modal  Approach 

The  general  subject  of  radiation  from  plates  and  beam-plate  systems  can  best  be  underetood  by 
following  an  approach  to  radiation  problems  developed  by  Maidanik  (1962,  1974)  which  has 
received  wide  acceptance.  As  discussed  in  Section  5.8,  tinite  systems  have  resonances  which  act  as 
modes  when  the  system  is  excited  by  an  external  force.  All  of  the  modes  are  excited  to  some 
degree.  Maidanik  considered  all  modes  having  flexural  wavelengths  shorter  than  that  for  sound 
waves  in  the  fluid  to  be  non-radiating,  and  those  with  longer  wavelengths  to  radiate  with  unity 
efficiency.  For  frequencies  above  coincidence,  most  of  the  modes  excited  are  radiating  modes. 
Below  coincidence,  however,  most  of  the  vibratory  energy  is  in  non-radiating  modes.  To  find  the 
radiated  power,  one  must  calculate  the  fraction  of  the  vibratory  motion  that  is  in  radiating  modes. 
Maidanik  observed  that  below  coincidence  the  reverberant  flexural  motions  in  the  central  area  of  a 
plate  do  not  radiate  and  that  radiation  occurs  only  from  strips  at  the  edges  that  are  about  the 
width  of  a  quarter  of  a  flexural  wavelength.  Near-field  pressure  measurements  by  Blank  (1968) 
confirm  that  the  radiation  is  indeed  from  plate  edges. 

For  plates  that  are  large  in  both  dimensions  relative  to  a  flexural  wavelength  but  small  com¬ 
pared  to  the  wavelength  in  air.  Maidanik  found 
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(6.  70) 


where  Lp  is  the  plate  perimeter.  This  relation  shows  a  weak  frequency  dependence  of 
1.5  dB/octave,  whereas  that  given  by  Eq.  6.68  for  point  excitation  alone  shows  none.  For  a  point- 
excited  finite  plate,  the  radiation  is  the  sum  of  the  forced-field  component  given  by  Eq.  6.68  and 
the  reverberant,  or  edge,  component  given  by  Eq.  6.70.  Before  adding  these  two  expressions,  it  is 
necessary  to  relate  the  mean-square  reverberant  plate  velocity  either  to  the  force  or  to  the  plate 
velocity  at  the  location  of  the  force.  Tlie  mean-square  reverberant  velocity  of  a  flat  plate  can  be 
calculated  by  equating  the  power  dissipated  to  the  vibratory  power  input.  Thus. 


T)J.U)H'SW^  =  —  =  . 


where  Z,-,  the  input  impedance,  is  a  real  quantity  given  by  Eq.  6.28.  It  follows  that 

“  5  S 


(6.  71) 


and  that 
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(6.  72) 


(6.  73) 


Wlicn  the  reverberant  contribution  is  added  to  Eq.  6.68,  the  result  is 
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When  the  forced  radiation  is  added  to  the  reverberant  contribution,  Eq.  6.70  becomes 


(6. 74) 


(6. 75) 


Effect  of  Damping 

In  Section  5.9  it  was  indicated  that  damping  is  often  an  effective  way  of  accomplishing  noise 
reduction  when  it  is  used  to  attenuate  structural  vibrations  and  thereby  reduce  the  excitation 
transmitted  to  a  radiating  surface.  Originally,  however,  damping  materials  were  developed  for 
direct  application  to  surfaces  radiating  into  air.  While  several  dB  of  radiation  reduction  were 
usually  achieved,  the  resultant  noise  reduction  was  always  found  to  be  much  less  than  the  vibra¬ 
tion  reduction  and  consequently  much  less  than  what  had  been  expected.  Nikiforov  (1963)  ex¬ 
plained  this  relative  ineffectiveness  of  damping  by  noting  that  below  coincidence  most  of  the 
vibratory  energy  is  in  short  wavelength  modes  which  are  relatively  easy  to  dampen  but  which  do 
not  radiate,  while  the  radiating  long  wavelength  modes  are  only  slightly  affected  by  applied 
damping.  Examination  of  Eq.  6.74  leads  to  the  same  conclusion.  The  most  that  damping  can  do  is 
to  reduce  the  second  term.  Since  even  without  damping  this  term  is  often  smaller  than  unity,  it  is 
apparent  that  damping  will  usually  have  relatively  little  effect  on  radiation  by  point-excited  plates 
below  coincidence. 

Orthotropic  Plates 

Orthotropic  plates,  i.e.,  plates  having  directionally  dependent  flexural  rigidity,  are  useful  in 
analyzing  many  practical  structures,  at  least  over  part  of  the  frequency  spectrum.  Heckl  (I960) 
was  the  first  to  recognize  the  importance  of  radiation  from  orthotropic  plates.  Maidanik  (1 966) 
expressed  the  bending  rigidity  as  a  vector  quantity.  As  indicated  by  Eq.  6.34,  the  coincidence 
frequency  varies  inversely  with  the  square  root  of  the  bending  rigidity.  Bp.  It  follows  that  the 
Mach  number  corresponding  to  a  given  frequency  is  highest  in  the  direction  of  maximum  flexural 
rigidity  and  lowest  in  the  direction  of  least  rigidity.  In  addition,  it  follows  from  Eqs.  6.68  and  6.70 
that  the  specific  radiation  resistance  is  also  highest  for  radiation  associated  with  vibrations  in  the 
direction  of  highest  bending  rigidity.  Stated  another  way.  more  of  the  modes  are  of  the  radiating 
type  when  the  bending  rigidity  is  increased. 

Feit  (1 970)  determined  that  radiation  patterns  for  orthotropic  plates  have  a  range  of  fre¬ 
quencies  for  which  directional  radiation  occurs  in  one  direction  but  does  not  occur  in  the  perpen¬ 
dicular  plane.  This  phenomenon  has  been  confirmed  experimentally  in  connection  with  radiation 
from  cylinders. 

Beam  on  a  Plate 

Beam-plate  systems  are  quite  common.  The  presence  of  a  single  beam  attached  to  a  plate  has 
three  distinct  effects:  it  changes  any  resonance  frequencies;  when  a  vibratory  force  excites  one 
region  of  the  plate,  it  acts  to  attenuate  the  vibratory  velocities  experienced  at  the  other  side;  and  it 
increases  the  sound  radiated  by  the  plate. 
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The  effect  of  an  infinite  beam  attached  to  a  plate  on  the  propagation  of  straight-crested 
flexural  waves  has  been  analyzed  by  Cremer  (1948)  and  Ungar  (1961).  They  found  that  trans¬ 
mission  occurs  only  at  those  angles  for  which  Snell’s  law  is  satisfied  for  flexural  waves  in  the  plate 
and  flexural  or  torsional  waves  in  the  beam.  Heckl  (1961)  considered  finite  systems  and  found  that 
peak  transmissions  occur  at  frequencies  close  to  beam  resonance  frequencies.  For  relatively  high 
frequencies  and  long  beams,  Heckl  found  the  broadband  average  transmission  coefficient  to  be 
given  by 


(6.  76) 


where  subscript  p  refers  to  plate  and  subscript  B  to  beam.  The  second  term  in  Eq.  6.76  is  negligible 
for  heavy  beams  but  important  for  relatively  light  ones.  Heckl  measured  transmission  through  a 
2.5  cm  high  steel  beam  on  an  0.8  mm  thick  aluminum  plate  in  air,  finding  transmission  loss  values 
of  from  15  to  35  dB.  Without  including  beam  resonances  in  his  analysis,  Nikiforov  (1969)  showed 
that  Eq.  6.76  can  be  derived  by  considering  the  transmission  of  diffuse  fields  by  infinite  beam- 
plate  systems. 

The  attenuation  of  flexural  waves  by  a  beam  or  other  obstacle  may  be  reduced  significantly  if 
the  plate  is  immersed  in  liquid.  Lyapunov  (1968)  has  shown  that  an  appreciable  fraction  of  the 
incident  energy  may  be  transferred  past  the  obstacle  by  the  near-field  acoustic  disturbance  in  the 
liquid. 

As  for  sound  radiation,  Maidanik  (1962),  Lyon  (1962)  and  Romanov  (1971)  have  all  shown 
that  the  presence  of  a  beam  can  significantly  increase  plate  radiation  below  coincidence.  Maidanik 
established  that  beams  have  the  effect  of  increasing  the  ratio  of  perimeter  length  to  surface  area, 
thereby  increasing  the  contribution  from  the  reverberant  field,  as  implied  by  Eq.  6.70.  Lyon 
evaluated  the  radiation  resistance  per  unit  length  of  beam  for  a  number  of  assumed  boundary' 
conditions  and  found  that 


K  =  0.6pJipCiMf 


(6.  77) 


at  low  frequencies,  with  only  slight  dependence  on  boundary  assumptions.  Romanov  noted  that 
the  increase  in  radiation  occurs  if  plate  damping  is  small,  but  that  heavy  damping,  qX). /,  can 
negate  the  effect  of  the  beam.  It  thus  appears  valuable  to  apply  damping  to  plates  for  which 
attached  beams  would  otherwise  result  in  increased  radiation. 


Periodic  Structures 

Heckl  (1961)  examined  plates  with  periodically-spaced  beams  both  experimentally  and 
theoretically.  He  found  that  the  first  of  a  series  of  beams  h  ^  the  greatest  effect  on  vibration 
transmission.  The  first  beam  only  passes  waves  which  approach  it  at  angles  such  that  there  is  wave 
number  matching  between  the  incident  waves  and  waves  propagating  in  the  beam.  Since  these 
angles  are  also  the  correct  ones  to  pass  the  second  beam,  only  scattering  within  the  bays  will  result 
in  additional  attenuation  by  the  second  and  subsequent  beams.  Heckl  confirmed  this  under¬ 
standing  by  showing  experimentally  that  varying  the  spacing  of  identical  beams  has  little  effect  but 
that  varying  the  shape  of  one  beam  has  significant  effect.  Thus,  beams  on  plates  can  be  considered 
to  be  filters  which  pass  flexural  waves  having  certain  propagation  directions  and  frequencies. 
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Putting  identical  filters  in  series  adds  little  attenuation  in  their  pass  band.  Variation  of  filter 
characteristics  is  much  more  effective  in  reducing  transmission. 

Maidanik  (1962)  and  Plakhov  (1967)  found  that  periodically-spaced  ribs  increase  the  radiation 
from  a  plate  by  from  6  to  1 2  dB,  the  higher  values  being  measured  for  plates  radiating  into  air  and 
lower  ones  being  more  typical  of  water  loading.  The  theoretical  expressions  derived  by  both 
investigators  are  quite  complex  and  imply  considerable  variability  of  the  effect  of  multiple  beams 
on  sound  radiation. 

At  very  low  frequencies,  for  which  the  spacing  between  beams  becomes  short  compared  to  a 
flexural  wavelength,  the  beams  no  longer  act  as  periodic  impedance  elements.  Instead  they  act  to 
distribute  stiffness  in  the  parallel  direction  and  add  mass  in  the  perpendicular  direction.  Thus,  at 
very  low  frequencies  periodic  structures  behave  acoustically  as  orthotropic  plates  with  the  direc¬ 
tional  radiation  characteristics  previously  discussed. 


Cylindrical  Shells 

The  dominant  effect  of  plate  curvature  is  to  add  stiffness  without  adding  mass.  Thus,  conclu¬ 
sions  reached  in  our  discussion  of  orthotropic  plates  apply  to  curved  plates  and  are  also  indicative 
of  properties  of  cylindrical  shells.  Tlie  parameter  that  expresses  the  relative  importance  of  plate 
curvature  is 


(jM  ua 

V  =  -  ,  or  - 


(6. 78) 


where  a  is  the  radius  of  curvature.  If  v  <1,  curvature  affects  both  vibrations  and  radiation  signifi¬ 
cantly.  On  the  other  hand,  for  v>  2,  curved  surfaces  behave  as  flat  plates.  Heckl  (1962)  calculated 
modal  densities  of  cylindrical  shells  by  using  an  approximate  formula  for  resonance  frequencies. 
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where  m  is  the  number  of  longitudinal  modes,  n  the  number  of  circumferential  ones,  and  a,  L  and 
It  are  the  radius,  length  and  thickness  of  the  shell.  Heckl  found  that  for  v  I  there  are  approxi¬ 
mately  y/v  as  many  resonances  per  frequency  band  as  there  would  be  for  a  fiat  plate.  He  also 
showed  that  low-order  longitudinal  modes  of  cylindrical  shells  have  much  higher  flexural  wave 
speeds  than  do  those  of  flat  plates.  Manning  and  Maidanik  (1964)  measured  the  acoustic  power 
radiated  by  a  point-driven  cylindrical  shell  in  air.  As  shown  in  Fig.  6.10,  they  found  that  below 
coincidence  the  radiation  resistance  decreases  at  a  rate  of  about  6  dB/octave  until  it  reaches  the 
value  attributable  to  the  force  alone.  Similar  results  were  found  by  Szechenyi  (1971). 

As  noted  by  Komarova  (1969),  applied  damping  is  less  effective  in  reducing  radiation  from 
cylinders  than  from  plates.  As  she  explained,  most  of  the  vibratory  energy  is  in  circumferential 
modes  which,  though  readily  damped,  do  not  radiate  efficiently.  Radiation  is  dominated  by  the 
relatively  stiff  longitudinal  modes  which  have  higher  flexural  wave  speeds  and  which  are  also 
harder  to  damp. 

Radiation  from  Hull  Sections 

Although  curved  plates  and  reinforcing  ribs  make  hull  structures  quite  complex,  the  discussion 
of  orthotropic  plates  and  cylindrical  shells  given  thus  far  in  this  section  indicates  that  general 
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Fig.  6. 1 0.  Radiation  from  a  Cylinder  in  Air,  after  Manning  and  Maidanik  ( 1 964) 

characteristics  of  hull  radiation  can  be  predicted  from  rather  elementary  formulas.  Thus,  Eq.  6.62 
can  be  used  at  low  frequencies  for  which  water  loading  is  significant.  This  can  be  written: 

cj*  ^  Afi 

i  ^ - f-  (Mf  «  1)  .  (6.80) 

Po^o 

At  high  frequencies  essentially  all  of  the  vibratory  power  accepted  by  the  structure  will  be 
radiated.  Thus, 


Z/  «  "X  VV^oA  / 
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(6.81) 


where  the  factor  in  parentheses  is  given  in  Table  6.1.  The  result  of  combining  Eqs.  6.80  and  6.81  is 
shown  in  Fig.  6. 1 1  for  aluminum  and  steel  plates  in  water.  This  ignores  any  reverberant 
contribution. 

Donaldson  (1968)  measured  the  radiated  power  for  several  ship-like  structures  floating  in  a 
tank  of  water,  finding  good  agreement  with  Fig.  6.1 1  for  frequencies  above  about  400  Hz,  corre¬ 
sponding  in  his  case  to  =  0.02.  Below  this  frequency,  the  measured  power  exceeds  the 
calculated  power  by  an  increasing  amount.  At  the  low  frequencies,  resonances  are  prominent  and 
reverberant  energy  is  apparently  dominant.  Donaldson’s  low-frequency  results  correspond  to  a 
radiation  factor,  as  given  by  Fig.  6. 1 1 ,  of  about  -  45  dB.  Thus  his  results  are  consistent  with  those 
of  Fig.  6. 1 1  provided  a  minimum  floor  of  about  -  45  dB  is  used  for  the  lowest  frequencies. 
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Fig.  6.1 1.  Sound  Radiation  by  Forces  Applied  to  Flat  Plates  in  Water 

Equations  6.80  and  6.81  combined  with  Eq.  6.34  For  indicate  that  hull  construction  plays 
a  relatively  minor  role  in  governing  the  acoustic  power  radiated  by  a  given  force.  In  the  mid- 
frequency  range  for  which  Eq.  6.80  applies  the  power  radiated  is  independent  of  hull  parameters. 
At  high  frequencies,  above  the  coincidence  frequency,  less  sound  is  radiated  the  thicker  the  hull 
and  the  lower  the  value  of  Steel  radiates  a  few  dB  less  than  aluminum.  No  conclusions  can  be 
stated  for  the  lowest  frequencies  since  Donaldson’s  tests  did  not  cover  a  wide  range  of  plate 
thicknesses.  The  reverberant  fleld  is  important  at  these  frequencies  and  structural  details  may  be 
expected  to  affect  the  amount  of  sound  radiated  at  specific  frequencies. 

6.5  Transmission  through  Structures 

A  common  situation  in  acoustics  is  that  in  which  sound  waves  in  one  body  of  fluid  are 
transmitted  into  a  second  fluid  separated  from  it  by  a  solid  structure.  In  a  sonar  dome  the  aim  is  to 
minimize  any  effects  of  the  structure.  In  other  cases  maximum  transmission  loss  may  be  desired. 

Response  of  Structures  to  Sound  Waves 

The  response  of  structures  to  incident  sound  waves  is  the  inverse  of  the  problem  of  radiation 
of  sound  by  structures.  Lyamshev  (1959)  noted  that  the  acoustic  reciprocity  principle,  whereby 
sources  and  receivers  are  interchangeable,  applies  equally  well  to  structural  radiation  situations. 
Thus,  the  velocity  of  a  plate  structure  that  is  excited  by  a  uniformly  distributed  sound  field  is 
directly  related  to  the  sound  field  radiated  by  the  same  structure  when  excited  by  a  point  force. 
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The  radiation  resistance  coefficients  derived  in  the  previous  section  are  therefore  indicative  of  the 
sound-absorbing  properties  of  structures.  Sound  excites  radiative  long  wavelength  modes  and  does 
not  excite  non-radiative  short  modes.  Thus,  above  coincidence  flexural  waves  are  readily  excited 
by  sound,  but  below  coincidence  their  response  is  relatively  weak. 

Low-Fiequency  Transmission  through  Walls 

Below  the  coincidence  frequency,  the  dominant  mechanism  ot  sound  transmission  through 
plates  and  walls  is  that  involving  longitudinal  waves.  Consider  the  situation  depicted  in  Fig.  6.12  in 
which  fluid  body  1  is  separated  from  fluid  body  2  by  a  solid  wall  of  thickness  h,  which  is  thin 
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Fig.  6.1 2.  Wall  Separating  Two  Fluids 

compared  to  a  wavelength  in  the  solid.  The  two  fluids  may  be  the  same  or  different.  It  is  assumed 
that  both  density  and  sound  speed  are  higher  in  the  structure  than  in  the  fluid.  Application  of 
Snell’s  law  at  both  interfaces,  taking  into  account  phase  shifts  as  well  as  amplitudes,  results  in 


a,  = 
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for  normal  incidence.  Taking  the  reciprocal,  and  noting  that  p^h  equals  the  surface  density  p  .  it 
follows  that 


■7 


(6.83) 


and  the  transmission  loss,  TL,  is  10  log  aj* .  There  are  several  special  cases  of  interest. 
1 .  Water  to  water.  The  two  fluids  are  identical  and  Eq.  6.83  reduces  to 


(6.84) 


where  0  is  the  load  factor  defined  by  Eq.  6.45.  Tlie  resultant  TL  is  plotted  in  Fig.  6.13. 
where  it  is  seen  that  the  loss  is  less  than  3  dB  provided  /<  1(4  f^. 

2.  Air  to  air.  Equation  6.84  applies  and  0  is  very  small.  Hence. 


TL  s  20  log 


(6.85) 
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Fig.  6.13.  Ideal  Transmission  Loss  for  Steel  Plates  in  Water,  from  Eq.  6.84 


The  transmission  loss  increases  with  frequency  and  with  structural  density.  Tliis  is  the 
familiar  mass  taw  that  governs  transmission  by  walls  at  low  frequencies  up  to  about  112 

3.  Water  to  air.  In  this  case  PiCi  >  >  PjCa*  ^q.  6.83  reduces  to 


4. 


Pit‘i 

4p2Ci 


(6.86) 


Since  /J|  >  /  for  water  loading  at  low  frequencies,  this  result  differs  very  little  from  that 
derived  in  Section  2.5.  Thus,  well  below  coincidence  the  solid  structure  has  no  effect  on 
the  transmission  loss.  Only  for  /  >  1/5 does  it  reduce  the  power  transmitted. 

Air  to  water.  In  this  case  PiC i  <  <  PjCj,  and  Eq.  6.83  reduces  to 


Since  water  is  now  the  second  medium,  the  result  is  identical  to  that 


conformity  with  the  reciprocity  theorem. 


(6.87) 

for  water  to  air,  in 


It  is  clear  from  these  four  examples  that  the  structure  plays  a  relatively  minor  role  below  coinci¬ 
dence  if  water  loading  occurs  on  one  or  both  sides.  Only  in  the  air-to-air  case  can  a  large  TL  be 


achieved  in  the  low-frequency  regime. 


Use  of  Impedance  Concepts 

The  equations  for  normal-incidence  transmission  loss  at  low  frequencies  can  readily  be  ex¬ 
tended  to  other  angles  of  incidence  and  other  types  of  wave  motions  in  the  structure  by  using 
relatively  elementary  network  concepts.  In  this  approach,  each  medium  is  characterized  by  one  or 


6.5  TRANS.  THROUGH  STRUCTURES  183 


more  impedance  elements  in  series  or  in  parallel  and  these  elements  are  placed  in  series  with  each 
other.  The  power  transmission  coefTicicnt,  a,,  is  the  ratio  of  the  power  transmitted  through  the 
intervening  structure  to  that  which  would  have  been  transmitted  if  the  structure  were  absent  and 
medium  2  were  identical  to  medium  1.  Consider  the  circuit  shown  in  Fig.  6.14.  The  power 


Fi».  6.14.  Network  Rcpresentine  Transmission  Loss 


delivered  to  the  load.  Zi.  is 
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(6.88) 
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It  follows  that 

^  ^  _ _  .  (6.90) 

(Rt  +  Ri  +  /?/  +  (X,  +  T,  +  T/ 

At  a  surface,  the  noritui  impedance  for  lonjptudinal  waves  in  a  fluid  medium  is  given  by 

Z  •  (6.91) 

—i  . 

COS 

which  is  purely  resistive.  At  frequencies  sufficiently  below  coincidence,  walls  can  be  treated  as 
masses  for  which  Z, » /cam  *  /ca/i'S.  Substituting  these  relations  into  Eq.  6.90  and  assuming 
normal  incidence,  Eq.  6.83  can  be  derived  for  the  transmission  coefficient.  For  oblique  incidence, 
each  pc  product  should  be  replaced  by  pdcosB,  where  B  is  the  angle  relative  to  the  normal. 


Role  of  Flexural  Vibrations 

As  discussed  by  Beranek  (1959)  and  Schiller  (1967),  fiexural  waves  become  dominant  in  wall 
transmission  for  frequencies  above  about  i/2/;.  Those  components  of  a  diffuse  sound  field  that 
match  the  reverberant  wave  field  of  the  structure  are  transmitted  virtually  without  loss.  The 
remainder  is  reflected.  The  reverberant  velocity  of  the  structure  is  controlled  by  the  damping 
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factor  as  given  by  Eq.  6.73.  Cremer,  Heckl  and  Ungar  (1973)  used  reciprocity  to  show  that  the 
radiation  process  is  related  to  the  absorption  process  by  They  found  that  the  effective 

wall  impedance,  for  flexural  waves  above  coincidence  is  a  pure  resistance  given  by 

R]  =  -S.  ^  \  (uin'S)^  .  (6.92) 

4it  w  w  \oj[.  / 

This  resistance  is  relatively  small  when  either  fluid  is  a  liquid,  but  is  significant  when  both  fluids 
are  gases.  Thus,  for  air-to-air  transmission,  substitution  of  Eq.  6.92  into  Eq.  6.90  leads  to 

TL  =  10  log  — ^ —  =  20  log  — ~ —  +  10  log  +  10  log -  .  (6. 93) 

4RxRi  2p^c^  n 

The  first  term  is  the  mass  law  of  Eq.  6.85,  the  second  term  is  negative  by  an  amount  that  depends 
on  total  dumping  and  the  third  term  is  an  additional  dependence  on  frequency.  It  is  apparent  that, 
for  frequencies  controlled  by  flexural  wave  transmission,  the  amount  of  isolation  that  can  be 
achieved  by  built-in  damping  is  second  only  to  that  caused  by  the  wall’s  mass. 

Sound  Isolation  by  Walls 

When  walls  are  being  used  to  isolate  one  space  from  another  acoustically,  several  things  can  be 
done  to  decrease  the  transmission.  The  most  obvious  is  to  raise  the  coincidence  frequency  above 
the  frequency  range  for  which  high  TL  is  desired.  This  poses  a  problem  in  that  is  inversely 
dependent  on  thickness  and  TL  in  the  mass  law  regime  is  proportional  to  thickness.  Kurtze  (1959) 
and  Kurtze  and  Watters  (1959)  proposed  that  the  flexural  wave  speed  be  reduced  without 
sacrificing  mass  by  using  multilayered  plates  in  which  a  viscous  liquid,  a  viscoelastic  solid  or  a 
porous  layer  is  placed  between  two  thin  elastic  layers.  A  number  of  practical  wall  constructions 
have  been  developed  using  this  principle. 

It  has  been  demonstrated  that  anything  adding  stiffness  to  a  wall  without  adding  much  mass  is 
detrimental  to  sound  isolation.  Venzke  et  al  (1973)  demonstrated  that  adding  stiffeners  to  walls 
increases  their  sound  radiation  below  coincidence  and  thereby  decreases  the  TL.  Shenderov  (1963, 
1969),  Plakov  (1968)  Warren  (1974)  demonstrated  that  periodically-spaced  stiffeners  on 
plates  cause  rejection  ot.  s  for  which  the  TL  is  high  as  well  as  pass  i  nds  for  which  it  is  low. 
Shenderov  (1964)  proved  theoretically  what  a  large  number  of  investigators  have  found  experi¬ 
mentally,  namely,  that  the  method  of  support  of  a  panel  affects  its  acoustic  transmissivity. 

It  is  clear  that,  at  coincidence  as  well  as  above  it,  the  TL  of  a  wall  is  a  direct  function  of  its 
damping.  Increasing  the  damping  is  probably  the  single  most  effective  way  of  increasing  TL  in 
cases  where  it  is  impossible  to  use  litnp  walls  that  have  both  hi^  mass  and  low  stiffness,  i.e.,  low 
flexural  wave  speeds  together  with  high  surface  mass  densities. 

6.6  Boundary- Layer  Flow  Noise 

When  fluid  flows  past  a  surface,  a  boundary  layer  is  formed  in  which  the  flow  velocity 
decreases  from  a  value  related  to  the  free-stream  velocity  to  zero  at  the  surface.  Often  the 
boundary  layer  is  characterized  by  turbulent  flow  conditions  involving  fluctuating  velocities  and 
pressures.  The  radiated  and  sonar  self-noise  associated  with  such  turbulent  pressure  fluctuations  is 
called  boundary-layer  flow  noise.  Although  this  topic  has  interested  many  investigators  over  the 
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post  20  yean,  full  undentanding  of  all  of  the  noise-generating  mechanisms  is  still  lacking.  This 
section  begins  with  a  description  of  the  significant  characteristics  of  turbulent  boundary-layer 
flows  based  primarily  on  papen  published  by  the  author. 

Turbulent  Boundary  Layers 

If  a  fluid  were  completely  inviscid,  it  would  theoretically  be  able  to  flow  past  a  surface  with 
finite  relative  speed.  However,  even  a  small  amount  of  viscous  friction  is  sufficient  to  cause  zero 
local  flow  speed  right  at  the  surface.  The  transition  region  from  the  surface  to  the  point  where 
viscosity  has  no  effect  is  termed  the  boundary  layer.  Close  to  the  nose  of  a  body,  or  in  pipes  at 
very  low  flow  speeds,  fluid  viscosity  dominates  and  the  boundary  layer  is  laminar.  However, 
further  downstream  and/or  at  higher  flow  speeds  the  laminar  shear  layer  becomes  unstable  and 
eddies  form.  These  eddies  become  dominant  and  eddy  momentum  transfer  becomes  more  impor¬ 
tant  than  viscous  transfer  as  the  boundary  layer  becomes  turbulent.  Since  flow  fluctuations  asso¬ 
ciated  with  laminar  flows  are  very  small,  laminar  boundary-layer  flow  noise  is  negligible.  It  is  the 
eddy  motions  of  turbulent  boundary  layers  that  give  rise  to  velocity  and  pressure  fluctuations  and 
thereby  cause  flow  noise.  Hence,  all  discussions  of  boundary-layer  flow  noise  refer  to  the  turbulent 
condition. 

The  physical  quantities  which  characterize  a  turbulent  boundary  layer  are  the  mean  flow 
velocity  distribution,  u(z},  and  the  distributions  of  turbulent  stresses.  Til},  eddy  mixing  lengths. 
Sfr>.  and  turbulent  velocity  components.  v'  and  w'.  The  thickness  of  the  disturbed  layer,  5,  is 
an  indefinite  quantity  and  it  is  common  practice  to  describe  the  extent  of  the  layer  by  the 
displacement  thickness.  8*,  defined  by 

^  d:  .  (6.94) 


—  dz  .  (b.9S) 

M|  /  II, 

where  ii,  is  the  flow  velocity  immediately  outside  the  disturbed  region.  The  displacement  thick¬ 
ness  measures  the  extent  by  which  the  ideal  potential  flow  streamlines  are  displaced  from  the 
surface  by  the  boundary  layer,  while  the  momentum  thickness  measures  the  momentum 
deflcienc'y. 

Figure  6.15  shows  several  typical  turbulent  boundary-layer  velocity  profiles.  Each  boundary 
layer  consists  of  two  basically  different  major  regions,  called  inner  and  outer.  The  inner  region  is 
controlled  by  local  wall  conditions  and  the  outer  region  is  dominated  by  eddies  that  were  created 
relatively  far  upstream.  As  shown  in  Fig.  6.16,  a  blending  region  connects  the  two.  The  inner 
region  is  further  divided  into  three  zones:  a  laminar  sublayer  in  immediate  contact  with  the  wall 
in  which  the  turbulence  level  is  low  and  viscosity  dominates,  a  buffer  zone  in  which  viscous  and 
turbulent  shear  stresses  are  both  active,  and  a  turbulent  zone  in  which  flte  level  of  turbulence  is 
governed  by  local  wall  conditions. 

The  velocity  distribution  in  the  inner  region  is  related  to  the  value  of  the  shear  stress  at  the 


-  f(' 

and/or  the  momentum  thickness,  d,  given  by 

OO 
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Fig.  6.  i  S.  Four  Typical  Turbulent  Boundary-Layer 
Velocity  Profiles,  from  Ross  (1956) 


wall,  T^.  This  is  usually  expressed  by  a  velocity, 
velocity,  defined  by 


Fig.  6. 16.  Regions  of  a  Turbulent  Boundary-Layer 
Velocity  Profile,  from  Ross  (1956) 

^  called  the  friction  velocity,  or  wall-shear-stress 


The  inner  velocity  profile  is  a  function  of  the  non-dimensional  distance  from  the  wall. 


(6.96) 


(6.97) 


and  the  relative  wall  roughness.  In  the  laminar  sublayer  adjacent  to  a  smooth  wall. 


(6.98) 


As  shown  in  Fig.  6,17,  this  linear  region  extends  only  as  far  as  r^  =  5.  Beyond  Zj.  =  20  and 
extending  outward  for  about  10%  of  the  total  boundary-layer  thickness  the  velocity  profile  is 
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Fig.  6.17.  Properties  of  the  Regions  of  a  Smooth-Wall  Turbulent  Boundary  Layer,  from  Ross  (1956) 
logarithmic,  of  the  form 


-  =  A  +  B  log  Zj.  . 


(6.99) 


For  smooth  walls,  both  constants  are  approximately  5.6.  That  these  coefficients  are  practically 
universal  constants  independent  of  pressure  gradients.  Reynolds  number  and  upstream  history  was 
first  proposed  by  Ludwieg  (1949)  and  is  known  as  the  law  of  the  wall.  For  smooth  walls,  the 
log-law  relation  of  Eq.  6.99  intersects  the  linear  relation  of  Eq.  6.98  at  u*  =  11.5. 

As  shown  in  Fig.  6.17,  the  outer  turbulent  region  is  characterized  by  having  essentially  con¬ 
stant  eddy  mixing  length.  Its  velocity  distribution  is  a  defect  relation  in  which  the  velocity  is 
expressed  relative  to  its  undisturbed  value  by 


(6.100) 


Tliat  the  magnitude  of  the  velocity  defect  should  be  a  function  of  upstream  rather  than  local 
conditions  was  proposed  by  Prandtl  (1935)  and  by  Schultz-Grunow  (1938).  Ross  and  Robertson 
(1950)  demonstrated  that  this  fact  is  central  to  an  understanding  of  boundary-layer  phenomena. 
They  called  the  dependence  of  the  outer  profile  on  upstream  conditions  the  history  effect,  and 
Coles  (1956)  later  named  it  the  law  of  the  walce.  The  outer  profile  can  be  expressed  as  a  power 
function  of  the  distance  inward  from  the  outer  edge  of  the  layer,  namely 


(' ■  t)  -  - 1)' 


(6.101) 
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Ross  (1956)  chose  n  =  1.5,  writing 


(6.102) 


other  investigators  have  found  better  fits  to  their  data  using  somewhat  different  values  of  the 
exponent.  The  critical  point  is  that  the  outer  region  in  all  cases  is  a  defect  region  in  which  the 
magnitude  of  the  velocity  deficiency  and  its  shape  are  determined  by  upstream  conditions. 

The  inner  and  outer  profiles  connect  in  the  blending  region.  As  shown  in  Fig.  6.15,  this  may 
involve  an  inflection  point.  In  the  blending  region  both  local  wall  conditions  and  spatial  history  are 
important  and  no  simple  velocity  profile  has  been  proposed.  Figure  6. 1 8  shows  how  inner  and 


Fig.  6.18.  Typical  Boundary>Layer  Profiles  Illustrative  of  Blending  Region,  after  Ross  (1956) 

outer  regions  blend  for  a  number  of  typical  velocity  profiles.  In  some  instances  the  functions  for 
the  two  major  turbulent  regions  seem  to  overlap  and  blending  is  unnecessary.  However,  for  profiles 
that  have  large  momentum  deficiencies  blending  may  occur  through  as  much  as  20%  of  the 
boundary  layer. 

Boundary  layers  on  smooth  plates  in  parallel  flows  having  zero  pressure  gradients  grow  quite 
slowly  and  have  outer  turbulent  regions  which  bear  a  constant  relation  to  their  inner  regions. 
Gauser  (1956)  has  called  these  equilibrium  boundary  layers.  Unfortunately,  most  published 
boundary-layer  analyses  treat  all  boundary  layers  as  though  they  were  equilibrium  layers.  Not  only 
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does  this  lead  to  serious  errors  regarding  the  mean  flow,  but  also,  as  will  be  discussed,  it  leads  to 
erroneous  results  concerning  turbulent  boundary-layer  noise.  It  is  essential  that  the  spatial  history 
extending  over  an  upstream  distance  of  about  50  boundary-layer  thicknesses  be  taken  into 
account. 

Boundary- Layer  Friction 

The  drag  which  a  body  experiences  due  to  its  boundary  layer  can  be  expressed  in  terms  of  a 
dimensionless  friction  coefficient,  Cp  defined  by 

(6.103) 

As  shown  by  Ross  (1953,  1956),  this  friction  coefficient  is  a  function  of  a  Reynolds  number,  Rq, 
defined  in  terms  of  the  local  momentum  thickness. 


d{<i 

V 


(6.104) 


and  the  effective  velocity,  uq,  at  a  distance  out  from  the  wall  equal  to  the  momentum  thickness. 
Thus,  the  law  of  the  wall  can  be  written 


J!e_  = 

III 


5.6  +  5.6  log 


(f") 


the  solution  of  which  is  approximately 


1  11 
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From  his  study  of  several  hundred  velocity  profiles,  Ross  (1956)  found 


(6.105) 


(6.106) 


^  =  0.885  -  —  D  .  (6.107) 

U|  5 

It  follows  that  the  frictioi  ^efficient  for  a  smooth  wall  is  a  function  of  both  the  local  momen¬ 
tum-thickness  Reynolds  number  and  previous  history  of  the  flow,  as  expressed  by  D  or  an 
equivalent  parameter. 

The  above  relations  apply  only  to  walls  that  are  hydraulically  smooth,  i.e.,  any  roughnesses  are 
smaller  than  the  thickness  of  the  laminar  sublayer.  Walls  having  larger  roughnesses  are  called 
hydraulically  rough.  For  such  walls,  the  laminar  sublayer  is  thicker  than  it  would  be  for  a  smooth 
wall  since  turbulent  motions  cannot  penetrate  into  the  roughness  region.  As  discussed  by  Hama 
(1954),  the  logarithmic  and  linear  curves  for  a  hydraulically  rough  wall  intersect  at  a  value  of  2  =  c 
related  to  the  roughness  heights  and  type.  It  follows  that 
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—  *  ^  +  5.6  log  —  (6.108) 

U*  V  € 

in  the  inner  turbulent  region  of  rough  boundary  layers.  It  also  follows  that  the  skin  friction 
coefficient  is  higher  than  for  a  smooth  wall  by  an  amount  that  depends  on  the  ratio  of  eu*tv 
to  11.5. 


Boundary- Layer  Turbulence 

The  basic  equations  for  viscous  flows  are  the  continuity  equation  and  the  Navier-Stokes  form 
of  the  momentum  equation.  These  were  extended  to  turbulent  conditions  by  Reynolds  (1895), 
who  assumed  that  instantaneous  velocities  could  be  expressed  as  the  sum  of  time-independent 
mean  values  and  fluctuating  components  in  much  the  same  manner  as  in  Section  2.2  in  deriving 
the  acoustic  wave  equation.  Reynolds  found  that  the  turbulent  stress  is  given  by 


(6. 109) 


which  relation  was  used  by  Liglithill  in  deriving  Eq.  3.16  for  turbulence  noise  sources.  The 
turbulent  stresses  in  a  boundary  layer  can  also  be  related  to  the  velocity  gradient  through  a  length 
scale,  S,  called  the  mixing  length: 


(6.110) 


It  follows  that  the  level  of  turbulence  is  proportional  to  the  product  of  the  mixing  length  and  the 
velocity  gradient. 

The  3/2-power  velocity  deficiency  relation,  Eq.  6.102,  is  consistent  with  the  assumptions  of 
constant  mixing  length  and  linear  dependence  of  shear  stress  in  the  outer  region,  as  indicated  in 
Fig.  6. 1 7.  Thus,  expressing  t  by 


it  follows  that 


and  that 


(6.111) 


(6.112) 


(6.113) 


Comparing  with  Eq.  6.102,  the  magnitude  of  the  deficiency,  D,  is  related  to  the  turbulence  level 


6.6  FLOW  NOISE  191 


by 
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(6.114) 


Beth  the  turbulence  level  and  the  scale  of  the  eddies  in  the  outer  region  are  dependent  on 
upstream  history.  Since  the  mixing  length  is  roughly  proportional  to  the  boundary-layer  thickness 
and  since  this  thickness  is  close  to  that  of  an  equilibrium  boundary  layer,  it  follows  that  the 
velocity  deficiency  is  primarily  controlled  by  the  level  of  turbulence  generated  upstream. 
Figure  6.19  shows  a  typical  shear  stress  distribution  in  which  the  local  wall  shear  stress,  is 
significantly  lower  than  the  effective  value,  r^,  that  describes  the  outer  region. 


Fig.  6.19.  Typical  Shear  Stress  Distribution,  from  Ross  (1956) 

For  boundary  layers  on  flat  plates  with  zero  pressure  gradients,  is  related  to  and  a  single 
universal  velocity  can  be  derived  in  terms  of  ii*  Tlie  boundary-layer  turbulence  level  can  in  this 
case  be  related  to  the  wall  shear  stress.  However,  such  relationships  between  boundary-layer 
turbulence  levels  and  local  wall  shear  stress  coefficients  are  applicable  only  when  equilibrium 
conditions  exist. 

Intermittency  Effects 

Equation  6.109  pertains  to  average  turbulence  levels  in  a  turbulent  flow.  Actual  turbulent 
shear  flows  are  characterized  by  certain  large  scale  phenomena  that  are  called  intermittencies  to 
distinguish  them  from  the  smaller  scale  turbulent  motions.  These  occur  in  both  the  outer  and  inner 
regions  of  a  boundary  layer.  Corrsin  and  Kistler  (1955)  reported  that  the  outer  edge  of  a  free 
turbulent  shear  flow  is  an  irregular  surface  dividing  non-turbulent  from  turbulent  regions.  Tlie 
scale  of  the  waviness  is  close  to  half  the  boundary-layer  thickness.  Tlius.  an  instrument  sensitive  to 
turbulence  placed  in  the  outer  part  of  a  boundary  layer  will  find  itself  in  a  turbulent  field  only 
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part  of  the  time,  the  percentage  decreasing  from  100%  at  z  **  6/J  to  zero  somewhat  beyond  the 
apparent  boundary-layer  thickness. 

A  second  important  intermittent  effect  was  discovered  by  Kline  et  al  (1967),  who  found 
evidence  of  semi-periodic  eddy  formation  in  the  laminar  buffer  zone  involving  large-scale  spanwise 
motions  and  explosive  bursts  of  turbulence  into  the  turbulent  zone.  Streaks  of  vorticity  preceding 
the  bursts  were  photographed  and  were  found  to  move  at  speeds  close  to  13.8  The  importance 
of  this  phenomenon  was  recognized  by  Black  (1966)  and  by  Landahl  (1975).  The  latter  concluded 
that  these  explosive  bursts  are  a  dominant  source  of  high-frequency  boundary-layer  flow  noise. 

Wall  Pressure  Fluctuations 

Many  boundary-layer  noise  investigations  of  the  past  20  years  have  concentrated  on  measuring 
various  properties  of  wall  pressure  fluctuations  associated  with  turbulent  boundary  layers  on  flat 
plates  and  in  pipes.  The  results  have  been  presented  as  fluctuation  spectra  and  spatial  correlations. 
As  shown  in  Fig.  6.20,  pressure  fluctuation  spectra  sometimes  peak  at  a  non-dimensional  fre- 


Fig.  6.20.  Typical  Wall  Pressure  Fluctuation  Spectrum 

quency  ratio  of  about  0.2.  They  decrease  markedly  at  higher  frequencies  by  as  much  as  9  to 
12dB/octave.  Moreover,  as  calculated  by  Corcos  (1963,  1967)  and  confirmed  by  Gilchrist  and 
Strawderman  (1965),  Lyamshev  and  Salosina  (1966)  and  Geib  (1967,  1969).  measured  high- 
frequency  spectra  are  frequently  affected  by  cancellation  effects  due  to  finite  transducer  size. 
Low-frequency  spectra  show  a  great  deal  of  scatter,  primarily  due  to  extraneous  noises  but  also 
due  to  actual  differences  of  the  test  configurations. 
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The  total  wall  pressure  is  dominated  by  low-frequency  components  and  therefore  is  not  much 
affected  by  transducer  size.  For  equilibrium  boundary  layers  with  zero  pressure  gradient, 

Prms  **  O.OOSqx  ,  (6.115) 

where 


Different  measurements  have  shown  appreciable  scatter  for  this  quantity.  Also,  Mugridge  (1971) 
found  that  wall  pressures  in  the  adverse  pressure  gradient  region  of  a  lifting  airfoil  are  as  much  as 
15  dB  higher  than  those  for  a  flat  plate.  Schloemer  (1967)  also  found  that  the  spectral  distribution 
of  pressure  fluctuations  is  affected  by  favorable  as  well  as  adverse  pressure  gradients. 

Longitudinal  correlation  measurements  show  that  turbulence  is  convected  by  the  mean  flow. 
As  would  be  expected,  low-frequency  components  associated  with  larger  eddies  in  the  outer  flow 
are  convected  at  higher  speeds  than  are  higher-frequency,  small-scale  components.  Typically,  the 
convection  velocity,  u^,  for  low-frequency  components  is  about  80  to  85%  of  the  free-stream  flow 
speed  while  for  the  highest  frequency  components  the  ratio  is  only  60  to  65%. 

Since  turbulent  pressure  fluctuations  are  dependent  on  turbulence  levels  which  in  turn  are 
related  to  hydrodynamic  drag  through  the  wall  shear  stress,  it  would  be  expected  that  anything 
that  could  be  done  to  reduce  drag  would  also  reduce  pressure  fluctuations.  Kadykov  and 
Lyamshev  (1970)  confirmed  that  the  addition  of  dilute  polymer  solutions  reduces  pressure  fluc¬ 
tuations  by  from  1  to  8  dB.  This  reduction  of  pressure  fluctuations  is  related  to  the  drag  reduction 
first  reported  by  Toms  (1948)  and  more  recently  confirmed  by  Fabula  (1965),  Van  Driest  (1970) 
and  many  others. 

Self-Noise  of  Flush-Mounted  Hydrophones 

One  form  of  flow  noise  is  that  of  flush-mounted  hydrophones  under  a  turbulent  boundary 
layer.  For  such  hydrophones,  wall  pressure  fluctuations,  sometimes  referred  to  as  pseudo-sound, 
are  usually  the  dominant  source  of  self-noise.  The  pseudo-sound  component  of  the  self-noise 
spectrum  is  given  by  the  product  of  the  pressure  spectrum,  as  depicted  in  Fig.  6.20,  and  the 
hydrophone  size  cancellation  spectrum;  it  therefore  depends  on  the  ratio  of  hydrophone  size  to 
boundary-layer  thickness  as  well  as  on  the  dimensionless  frequency. 

At  the  lowest  frequencies,  hydrophone  size  effects  are  negligible  and  the  pressure  spectrum  is 
approximately  flat.  As  mentioned  above,  measurements  in  this  frequency  regime  show  con¬ 
siderable  scatter  depending  on  test  configuration.  However,  as  summarized  by  Haddle  and 
Skudrzyk  (1969)  and  by  Blake  (1970),  the  wall  pressure  spectrum  can  be  estimated  within  a  factor 
of  two  from 

p'((Ai)  ^  0.003 PqU^ ^ .  (6.117) 

Thus,  low-frequency  self-noise  levels  increase  with  boundary-layer  thickness  as  well  as  with  flow 
speed. 

For  somewhat  higher  frequencies,  most  measurements  display  a  negative  slope  of  about 
9  dB/octave  for  about  two  decades  of  frequency.  For  this  part  of  the  spectrum,  Lyamshev  and 
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Salosina  (1966)  found 


p'(ui)  =  0.003p^i?J^a^^^ 


(6.118) 


At  a  given  frequency  in  this  part  of  the  spectrum,  self-noise  increases  with  the  cube  of  flow  speed. 

At  high  frequencies  the  hydrophone  size  cancellation  effect  adds  to  the  spectral  slope  of  the 
turbulent  fluctuations  and  produces  a  very  rapid  decrease  of  pseudo-sound  flow  noise.  However, 
flow  noise  measurements  by  Skudrzyk  and  Haddle  (1960)  showed  no  such  trend.  In  a  later  article, 
Haddle  and  Skudrzyk  (1969)  stressed  the  importance  of  directly  radiated  turbulence  noise  from 
the  boundary  layer  itself  and  proposed  that  such  acoustic  noise  dominates  relative  to  pseudo¬ 
sound  at  the  higher  frequencies. 

Hydrophone  shape  is  important  in  the  frequency  region  for  which  flow  noise  is  dominated  by 
pseudo-sound.  The  dimension  which  controls  in  Eq.  6.1 18  is  that  in  the  direction  of  motion  of  the 
flow.  Thus,  White  (1967)  has  reported  reductions  of  self-noise  levels  of  up  to  8  dB  by  using 
rectangular  and  elliptical  transducers  with  their  longest  dimensions  in  the  direction  of  flow.  These 
lower  flow  noise  levels  in  the  pseudo-sound  regime  are  associated  with  the  fact  that  turbulent 
eddies  are  convected  across  the  transducer  face  at  a  relatively  slow  speed.  Defining  a  turbulent 
hydrodynamic  wave  number,  as  the  ratio  of  the  angular  frequency  to  the  convection  wave 
speed,  i.e.. 


kf  =  —  .  (6.1 19) 

«c 

one  can  interpret  White’s  result  as  the  reduction  of  response  of  a  continuous  line  array  having 
kL  >  1.  analogous  to  that  for  acoustic  waves  as  derived  in  Section  4.7. 

Arrays  of  Flush-Mounted  Hydrophones 

Just  as  an  array  of  point  transducers  can  be  used  in  place  of  a  continuous  line  as  a  spatial  Alter 
for  acoustic  waves,  so  an  array  of  small  transducers  can  be  used  to  discriminate  against  turbulent 
pressure  fluctuations.  Jorgensen  and  Maidanik  (1968)  compared  the  flltering  action  of  systems  of 
two  and  three  elements  with  that  of  a  continuous  line,  finding  equally  good  discrimination  for  the 
discrete  systems  provided  k^cl  <2.  where  cl  is  the  separation  of  the  elements.  Maidanik  (1967) 
considered  a  larger  number  of  elements  and  pointed  out  that  the  response  could  be  altered  by 
steering  the  array,  i.e.,  by  introducing  phase  shifts  between  the  elements.  More  recently,  Kennedy 
(1975)  has  shown  that  optimum  beam-forming  techniques  can  be  used  to  design  transducer  arrays 
having  maximum  discrimination  against  turbulent  pressure  fluctuations  while  still  having  full  sensi¬ 
tivity  to  sonic  signals. 

Maidanik  and  Jorgensen  (1967)  proposed  the  use  of  an  even-number  array  of  alternating 
polarity  transducers  as  a  system  that  would  be  insensitive  to  acoustic  disturbances  but  would 
respond  to  turbulent  fluctuations  obeying  certain  relations  between  wave  number  and  frequency. 
Such  a  system,  which  they  termed  a  wave-vector  filter,  is  analogous  to  a  diffraction  grating  in 
optics.  Its  purpose  is  to  study  boundary-layer  pressure  fluctuations  without  interference  from 
acoustic  components  of  the  flow  noise.  Blake  and  Chase  (1971)  applied  wave-vector  Alters  to  a 
series  of  boundary-layer  measurements,  finding  them  useful  in  suppressing  wind-tunnel  back¬ 
ground  noise.  Wave-vector  filters  are  particularly  valuable  when  making  measurements  of  con¬ 
vection  speed  as  a  function  of  frequency. 
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Radiated  Flow  Noise 

There  are  several  basic  physical  mechanisms  by  which  noise  may  be  radiated  from  turbulent 
boundary  layers.  Controversy  concerning  their  relative  importance  has  pervaded  the  literature  on 
this  subject  and  the  evidence  does  not  solidly  establish  any  one  mechanism  as  dominant.  Further¬ 
more.  the  effectiveness  of  any  of  them  is  often  dependent  on  secondary  factors.  It  seems  likely 
that  in  any  given  situation  several  physical  mechanisms  may  contribute  to  the  total  noise  field. 

One  source  of  radiated  noise  from  any  turbulent  fluid  motion  is  the  direct  quadrupole  radia¬ 
tion  from  the  turbulent  stresses  treated  by  Lighthill  and  discussed  in  Section  3.4.  However,  this 
radiation  is  strongly  dependent  on  Mach  number  and  is  negligible  at  the  low  Mach  numbers  of 
liquid  flows.  Curie  (1955)  showed  that  in  the  presence  of  a  rigid  boundary  fluctuating  shear 
stresses  can  produce  dipole  radiation  associated  with  the  resultant  wall  pressure  fluctuations. 
Powell  (1960)  noted  that  when  the  wall  is  planar,  rigid  and  large  compared  to  a  wavelength  these 
dipole  components  tend  to  cancel  and  in  this  case  the  only  effect  of  the  boundary  is  to  augment 
the  quadrupole  radiation  by  a  factor  of  four.  More  recently,  Landahl  (1975)  reexamined  this 
question  in  light  of  the  discovery  by  Kline  et  al  (1967)  of  turbulence  bursts  in  the  laminar  buffer 
region.  Landahl  showed  that  the  intensity  of  dipole  radiation  associated  with  these  bursts  is 

f  ^  ^ 

Since  varies  with  flow  speed  approximately  as  ,  this  direct  radiation  can  be  expected  to 
vary  with  fiow  speed  to  approximately  the  5.4  power. 

Haddle  and  Skudrzyk  (1969)  measured  the  noise  radiated  by  metal  shell  and  solid  wood 
buoyant  bodies  of  torpedo  shape.  Their  measured  levels  were  independent  of  body  construction, 
from  which  they  concluded  that  direct  radiation  from  the  turbulence  was  the  dominant 
mechanism.  However,  other  (unpublished)  results  indicate  that  noise  radiated  by  buoyant  bodies 
may  come  from  the  stabilizing  fins  rather  than  from  the  body  itself.  Since  the  same  fins  were  used 
on  both  models,  the  Haddle  and  Skudrzyk  results  cannot  be  said  to  prove  conclusively  that 

rigid-wall  turbulence  radiation  is  dominant. 

The  mechanism  that  has  received  the  most  attention  is  that  of  excitation  of  flexural  vibrations 
by  wall  pressure  fluctuations  and  radiation  by  these  vibrations.  Evidence  that  this  mechanism  can 
be  a  dominant  one  was  found  by  Ludwig  (1962)  and  Maestrello  (1965).  Both  investigators 
measured  the  noise  radiated  by  rectangular  panels  in  wind  tunnels,  finding  roughly  fifth-power 
dependencies  on  flow  speed  and  Inverse  variation  of  radiated  acoustic  power  with  plate  thickness. 

While  several  theoretical  analyses  of  flow  noise  involving  wall  flexural  vibrations  have  been 
made,  none  can  be  said  to  be  consistently  in  good  agreement  with  experimental  results.  Most  of 
the  turbulent  energy  is  convected  at  speeds  that  are  low  compared  to  the  speeds  of  both  plate 
flexural  waves  and  sound  in  the  acoustic  medium.  As  a  result,  all  but  a  very  small  fraction  of  the 
vibratory  energy  induced  in  the  plate  by  the  turbulence  is  in  non-radiating  modes.  Radiation  can 
only  occur  from  that  very  small  fraction  of  the  turbulent  energy  that  is  in  the  very  low  wave 
number  part  of  the  spectrum  and  from  any  of  the  higher  wave  number  vibratory  components  that 
are  converted  to  low  wave  numbers  through  scattering  by  ribs,  supports  and  other  discontinuities. 

The  first  attempt  to  calculate  radiated  flow  noise  involving  plate  flexural  vibrations  was  made 
by  Dyer  (1958,  1959).  He  found  that  the  mean-square  plate  vibration  is  independent  of  turbulence 
convection  speed  when  that  speed  is  small  compared  to  the  speed  of  flexural  waves,  as  is  true  for 
liquids.  Dyer  also  predicted  that  plate  damping  would  be  an  effective  method  of  reducing  flow 
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noise.  A  similar  analysis  by  Aupperle  and  Lambert  (1973)  for  thin  plates  gave  results  in  good 
agreement  with  experimental  data  reported  by  Ludwig  (1962).  White  (1966)  and  Davies  (1971) 
applied  modal  analyses  treating  comer  as  well  as  edge  modes  to  derive  formulas  for  the  radiated 
flow  noise  of  thin  panels  in  air.  Their  results  also  appear  to  be  in  good  agreement  with  thin  panel 
experimental  measurements.  Davies  found  that  fluid  loading  effects  can  reduce  radiated  flow  noise 
levels  from  thin  panels  by  as  much  as  10  to  IS  dB. 

Turbulent  pressure  fluctuations  seem  clearly  to  excite  structural  vibrations  in  non-rigid  walls. 
Strawderman  and  Brand  (1969)  and  others  have  successfully  calculated  these  vibrations  using 
measured  wall  pressure  spectra  and  Corcos’  (1964)  results  for  cross-power  spectral  densities.  The 
degree  to  which  these  vibrations  radiate  and  the  ratio  of  their  radiation  to  rigid-wall  dipole 
radiation  remain  unknown.  The  author  agrees  with  Vecchio  and  Wiley  (1973),  who  concluded  that 
flexural  wave  radiation  is  usually  dominant  at  low  frequencies  while  direct  dipole  radiation  is  often 
stronger  at  the  hi^er  frequencies. 

Domed  Sonar  Sdf-Noise 

In  order  to  avoid  the  direct  pseudo-sound  noise  of  turbulent  boundary-layer  pressure  fluctua¬ 
tions,  most  sonar  receivers  are  located  inside  thin  domes  that  isolate  them  from  the  turbulence 
while  transmitting  acoustic  signals  virtually  undistorted.  The  turbulence  is  then  on  the  other  side 
of  the  structure  from  the  receiver,  and  flexural  vibrations  and  their  radiation  must  be  the  domi¬ 
nant  mechanism  whereby  flow  noise  is  received.  Analyses  of  this  case  have  been  published  by  Dyer 
(1958),  Plakhov  (1966),  Maidanik  (1968)  and  Dowell  (1969,  1970).  Dyer  attempted  a  complete 
analysis  of  both  vibration  excitation  and  cavity  radiation  aspects  of  the  problem  but  was  forced 
for  lack  of  sufficient  information  to  make  a  number  of  simplifying  assumptions.  He  noted  that 
coincidence  may  occur  within  the  frequency  range  of  interest  and  that  radiation  should  be  treated 
differently  in  the  two  frequency  regimes.  Plakhov  treated  the  problem  in  a  manner  similar  to  that 
of  transmission  through  a  wall  placed  between  two  fluids  having  respective  wave  speeds  of  and 
Cg.  He  concluded  that  those  structural  properties  which  increase  the  TL  of  a  wall  also  tend  to 
decrease  turbulent  flow  noise.  In  agreement  with  this  conclusion,  Maidanik  noted  that  ribs  and 
other  discontinuities  that  increase  radiation  of  flexural  waves  from  plates  also  increase  the  trans¬ 
mission  of  turbulence  noise.  Dowell  included  the  effects  of  non-linear  plate  stiffness  and  cavity 
fluid  motions,  finding  that  flutter  can  occur  in  some  cases  when  the  panel  is  very  thin. 

In  summary,  while  no  single,  simple  formulation  is  available,  it  appears  that  domes  do  indeed 
reduce  flow  noise  levels  in  most  cases,  and  that  dome  design  should  follow  the  principles  of  good 
wall  design  by  avoiding  discontinuities  that  can  act  to  transform  vibrations  from  high  wave 
number,  non-radiating  modes  into  low  wave  number,  radiating  modes. 
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CHAPTER? 


CAVITATION 

7.1  Introduction 

The  term  cavitation  was  first  used  by  R.E.  Froude,  S.W.  Bamaby  and  Sir  Charles  Parsons  in 
connection  with  propeller  performance  breakdown  of  early  steamships.  In  1 895  Parsons  built  the 
first  water  tunnel  to  study  cavitation,  and  some  20  years  later  he  made  the  connection  between 
cavitation  and  the  erosion  of  marine  propellers. 

Cavitation  is  the  rupture  of  a  liquid  or  of  a  liquid-solid  interface  caused  by  reduction  of  local 
static  pressure.  A  rupture  is  the  formation  of  a  macroscopic  or  visible  bubble.  Liquids  contain 
many  microscopic  and  submicroscopic  voids  which,  as  will  be  explained,  act  as  nuclei  for  cavita¬ 
tion.  However,  cavitation  is  only  said  to  occur  when  these  voids  grow  to  significant  size.  Cavitation 
is  distinguished  from  boiling  in  being  caused  by  a  reduction  of  local  static  pressure  rather  than  by 
an  increase  of  temperature. 

Cavitation  occurs  in  many  ways,  can  have  both  beneficial  and  deleterious  effects,  produces 
light  as  well  as  sound  and  is  of  interest  to  physicists,  chemists,  biologists  and  doctors  as  well  as  to 
many  types  of  engineers.  Controlled  cavitation  is  used  in  the  ultrasonics  industry  for  cleaning, 
etching  and  cutting.  It  is  also  used  to  accelerate  some  chemical  reactions,  and  it  may  be  used  in  the 
practice  of  medicine  for  destruction  of  undesirable  cells.  However,  most  interest  in  cavitation  is  in 
avoiding  its  undesired  effects.  Not  only  does  cavitation  produce  unwanted  noise,  but  also  it  causes 
erosion  damage  to  pipes,  valves,  pumps,  turbines  and  propellers.  It  also  causes  damage  in  bearings, 
contributes  to  erosion  of  diesel-engine  cylinder  liners  and  limits  the  outputs  of  sonar  transducers. 

Cavitation  is  an  especially  important  noise  source  in  underwater  acoustic's.  Since  it  involves 
volume  changes,  it  is  basically  a  monopole  noise  source.  In  marine  vehicles,  cavitation  usually 
occurs  most  seriously  on  the  propulsor.  While  submarines  and  torpedoes  can  often  avoid  cavitation 
by  operating  at  deep  depths,  surface  ships  cannot  avoid  it.  Propeller  cavitation  noise  of  surface 
ships  is  usually  dominant  over  the  entire  spectrum  from  subaudible  to  ultrasonic  frequencies; 
whenever  submarines  or  torpedoes  operate  so  as  to  experience  cavitation,  it  is  a  dominant  noise 
source  for  them  as  well. 

Cavitation  is  described  by  the  cause  of  the  static  pressure  drop,  the  location  of  the  rupture  and  > 
the  contents  of  the  bubble.  One  cause  of  cavitation  is  the  pressure  drop  occurring  in  the  negative 
half  cycle  of  a  sound  wave.  A  sound  wave  in  a  liquid  having  a  sound  pressure  level  (SPL)  of  220  dB 
re  1  pPi  has  a  peak  negative  pressure  of  over  1  atm.  Such  acoustic  cavitation  can  limit  transducer 
outputs  but  also  is  used  to  produce  beneficial  effects  in  ultrasonics  devices.  A  second  cause  of 
pressure  drop  is  flow  of  liquids  in  hydraulic  systems,  called  hydraulic  cavitation.  A  third  type  is 
associated  with  the  motion  of  bodies  in  a  liquid,  or  the  equivalent  motion  of  liquids  past 
stationary  bodies.  This  is  termed  body  cavitation  for  three-dimensional  bodies  and  hydrofoil 
cavitation  for  flows  past  two-dimensional  shapes.  Since  they  experience  the  highest  relative  flow 
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speeds,  propeller  blade  tips  are  usually  the  first  part  of  a  vehicle  to  cavitate.  Propeller  cavitation  is 
a  most  important  source  of  underwater  noise. 

There  are  two  locations  where  cavitation  occurs:  at  a  liquid-solid  interface  or  within  the 
volume  of  the  liquid.  While  theory  usually  deals  with  volume  cavitation,  most  cavitation  actually 
occurs  at  or  very  close  to  solid  surfaces,  as  boundary  or  surface  cavitation. 

All  cavitation  bubbles  contain  mixtures  of  vapor  and  gas,  and  cavitation  is  called  vaporous  or 
gaseous  depending  on  which  is  dominant.  Vapor  cavitation  causes  most  of  the  noise  and  erosion 
associated  with  cavitation,  but  gaseous  cavitation  can  limit  transducer  outputs  and  cause  serious 
effects  in  biological  systems. 

Robertson  (1969)  estimated  that  more  than  10,000  papers  have  been  published  on  cavitation, 
yet  there  are  only  a  very  few  books  devoted  to  this  subject,  most  of  which  are  the  proceedings  of 
symposia.  Similarly,  the  subject  is  often  mentioned  in  university  courses  but  rarely  treated  in  any 
detail.  This  lack  of  attention  is  hard  to  comprehend.  The  present  chapter  covers  the  physics  of  this 
phenomenon,  with  emphasis  on  those  aspects  important  to  an  understanding  of  its  noise  produc¬ 
tion.  The  following  chapter  covers  propeller  cavitation  and  includes  sections  on  surface  ship  noise 
and  the  contribution  of  such  noise  to  the  ocean’s  ambient  background. 

7.2  Tensile  Strength  of  Liquids 

A  fluid  is  distinguished  from  a  solid  by  the  fact  that  it  cannot  permanently  sustain  a  shear 
stress.  Most  persons  would  describe  a  liquid  as  an  almost  incompressible  fluid  that  cannot  sustain 
tension.  Actually  the  latter  attribute  is  not  always  true.  Under  certain  conditions  liquids  can 
sustain  very  fugh  tensions  without  rupturing.  In  fact,  very  pure  liquids  are  capable  of  withstanding 
tensions  of  tens  or  even  hundreds  of  atmospheres.  It  is  impurities  in  a  liquid  that  cause  it  to 
rupture  at  much  lower  pressures. 

Static  Tensile  Strength 

The  intermolecular  forces  resisting  rupture  of  a  pure,  gas-free  liquid  are  very  strong.  Calcula¬ 
tions  based  on  the  kinetic  theory  of  liquids  predict  static  tensile  strengths  for  water  in  excess  of  a 
thousand  atmospheres.  Other  estimates,  based  on  the  van  der  Waals  equation  of  state,  predict 
maximum  strengths  of  the  order  of  250  to  275  atm.  Attempts  at  measurement  within  the  volume 
of  a  liquid  are  often  frustrated  by  ruptures  at  liquid-solid  interfaces.  However,  several  investigators 
have  observed  values  in  excess  of  100  atm. 

Extremely  hi^  tensions  have  only  been  measured  with  small  samples  of  very  pure  liquid  in 
very  clean  containers.  However,  tensions  of  up  to  an  atmosphere  or  so  can  occur  in  the  laboratory 
without  such  extreme  measures.  All  that  is  required  is  that  prior  to  the  experiment  the  liquid  be 
pressurized  or  other  steps  taken  to  eliminate  undissolved  air  bubbles.  It  is  this  ability  of  water  free 
of  entrapped  air  to  sustain  tension  that  is  responsible  for  boiler  explosions.  When  water  has  been 
boiled  for  a  long  time,  it  may  lose  its  air  bubbles  and  be  able  to  sustain  several  degrees  of 
superheat.  When  this  happens,  each  rupture  releases  a  lot  of  energy.  A  crack  may  then  occur, 
followed  by  an  explosion. 

Cavitation  Nuclei 

It  is  now  recognized  that  the  seeds  of  cavitation  and  boiling  are  the  many  small  impurities 
and/or  microscopic  bubbles  that  normally  exist  in  a  liquid.  To  understand  how  these  nuclei 
control  cavitation  inception,  consider  a  small,  gas-fllled,  spherical  void  in  a  liquid.  Because  of  the 


204  7.  CAVITATION 


action  of  surface  tension,  the  pressure  inside  the  bubble  is  higher  than  that  outside.  Thus,  the 
pressure  outside  the  bubble  can  be  reduced  somewhat  below  zero,  i.e.,  can  become  a  tension,  while 
the  pressure  inside  the  bubble  remains  positive.  If  the  outside  pressure  is  reduced  below  zero  by  an 
amount  that  exceeds  the  surface-tension  pressure  rise,  then  the  pressure  inside  the  bubble  will  be 
low  enough  that  rapid  vaporization  can  take  place  and  rupture  will  occur. 

The  pressure  drop  across  a  stationary  free  surface  due  to  surface  tension  is  given  by 

^  =  Pi  -  Po  =  —  '  (7.1) 

a 

where  o  is  the  surface  tension  and  a  is  the  radius  of  curvature  of  the  surface.  For  water  at  room 
temperature,  a  ^72  dynes/cm.  Figure  7.1  is  a  plot  of  the  surface-tension  pressure  change  as  a 
function  of  radius,  showing,  for  example,  that  a  radius  of  lO*^  cm  will  sustain  a  pressure  difference 
of  1.4  atm.  Static  tensions  of  over  100  atm.  require  that  maximum  bubble  sizes  be  under  10**  cm, 
i.e.,  so  small  as  not  to  be  visible  under  a  powerful  microscope. 

While  today  there  is  no  doubt  that  nuclei  control  cavitation  inception,  there  is  still  consider¬ 
able  controversy  in  the  literature  concerning  the  exact  nature  of  the  nuclei  and  their  causes. 
Akulichev  (1965,  1966)  has  considered  the  roles  of  solid  particles  and  of  ions.  He  found  that  ions 
causing  negative  hydration  reduce  the  tensile  strength  of  water,  while  positive  hydration  ions  have 
no  effect.  Apfel  (1970)  has  explained  experimental  results  of  Strasberg  (1959),  Barger  (1964), 
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Fig.  7.1.  Surface-Tension  Pressure  Difference  Across  a  Water  Surface  as  Function  of  Curvature 
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Galloway  (1954)  and  others  by  assuming  nuclei  to  be  gas-filled  crevices  in  tiny  solid  motes.  Bemd 
(1966)  considered  the  effects  of  surface  films  in  stabilizing  such  nuclei.  Sette  and  Wanderlingh 
(1962)  showed  that  even  cosmic  rays  can  affect  the  nucleus  population  in  a  pure  liquid.  Sirotyuk 
i  (1965)  has  shown  that  tensile  strength  is  clearly  related  to  the  distribution  of  nuclei,  as  has 

Lauterbom  (1969)  who  found  that  repeated  cavitation  tends  to  use  up  the  largest  nuclei  and  that 
tensile  strength  therefore  increases  with  time. 

In  summary,  although  the  exact  cause  and  nature  of  submicroscopic  nuclei  in  liquids  are 
uncertain,  there  is  full  agreement  that  somehow  such  gas  nuclei  do  exist,  and  that  the  largest  ones 
•  in  a  population  determine  the  tensile  strength  of  the  liquid. 

Dynamic  Tensile  Strengths 

Often,  as  in  flowing  liquids  or  in  exposure  to  transient  pulses,  the  liquid  is  under  tension  for 
only  a  short  time.  In  such  cases  higher  breaking  strengths  are  found,  either  because  the  largest 
t  nuclei  happen  not  to  be  in  the  peak  negative-pressure  region  or  because  there  is  insufficient  time 

for  a  microscopic  bubble  to  grow  into  a  macroscopic  one.  Many  researchers  have  reported  on 
cavitation  inception  experiments  in  a  variety  of  liquids  with  a  number  of  different  types  of  setups. 
It  is  generally  agreed  that  dynamic  effects  can  be  important  when  exposure  times  are  shorter  than 
about  1  msec. 

f  Dynamic  effects  are  especially  important  in  ultrasonics,  where  exposure  times  per  cycle  are  less 

than  0.03  msec.  They  are  also  important  in  many  laboratory  experiments,  such  as  water  tunnel 
tests,  for  which  exposures  of  less  than  1  msec  are  common.  However,  most  full-scale  marine 
occurrences  involve  exposure  times  in  excess  of  10  or  even  100  msec,  providing  ample  time  for 
macroscopic  cavities  to  form.  Also,  most  liquids  encountered  in  engineering  situations  are  rela- 
f  tively  dirty  and  contain  numerous  nuclei  larger  than  10*^  cm.  Thus,  it  is  only  in  model  experi¬ 

ments  and  in  ultrasonics  that  liquids  sustain  tension.  Liquids  in  most  practical  situations  break  as 
soon  as  the  local  static  pressure  drops  to  vapor  pressure,  if  not  sooner. 

7.3  Single  Bubble  Growth  and  Collapse 

t 

A  cavitation  nucleus  subjected  to  sufficient  tension  to  cause  the  inside  pressure  to  drop  to  the 
vapor  pressure  will  expand  as  a  vapor  bubble  until  it  experiences  a  positive  pressure,  at  which  point 
it  will  cease  growing,  will  reverse  the  procedure  and  collapse.  A  number  of  phenomena  affect  the 
rates  of  growth  and  collapse,  different  ones  being  important  for  different  phases  of  the  growth- 
§  collapse  cycle.  These  include  pressure  and  velocity  fields  of  a  moving  boundary,  surface  tension, 

evaporation,  heat  conduction,  viscosity  and  compressibility.  A  complete  equation  including  all  of 
these  effects  would  not  only  be  non-linear  but  would  also  be  so  complex  that  understanding  of  the 
physics  would  be  lost.  It  would  not  show  clearly  how  different  effects  are  dominant  during 
different  phases  of  the  process.  Thus,  heat  conductivity  is  important  in  the  initial  stage  of  growth 
^  of  bubbles  in  boiling  but  has  little  effect  in  cavitation  except  sometimes  during  the  final  stages  of 

collapse.  Compressibility  can  become  important  in  the  final  stages  of  collapse  if  bubble  wall  speeds 
approach  the  speed  of  sound,  but  not  otherwise.  Viscosity  plays  a  role  in  inception,  and  may  do  so 
again  in  final  collapse. 

However,  except  for  the  periods  when  cavity  growth  is  initiated  and  when  final  collapse 
^  occurs,  the  two  dominant  effects  are  the  interaction  of  the  velocity  and  pressure  fields  of  a  moving 

surface.  These  are  the  basis  of  classical  theory  of  cavitation  dynamics  which  can  therefore  be  very 
useful  even  though  it  ignores  the  other,  (ess  important  effects. 
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Qassical  Theory 

Qassical  theory  of  bubble  dynamics  treats  a  uniformly  expanding  spherical  surface  in  an  ideal 
incompressible  medium.  The  velocity  potential  for  such  a  surface,  as  derived  by  Lamb  (1932),  is 
given  by 


where  a  is  its  instantaneous  radius.  The  equation  of  motion  (Eq.  2.43  of  Section  2.2)  can  be 
written  in  terms  of  the  velocity  potential.  For  an  irrotational  motion  of  an  incompressible  fluid, 
the  result  is 


f  \  =  0 

\Po  ^  3^  / 


Hence,  for  an  expanding  sphere. 


p(r)  ^  I  / a^a  \  ^  /  2aa*  +  a^a  \  _  pfoo) 

Po  -  \  Po 

which  equation  applies  everywhere  outside  the  surface  of  the  sphere.  On  the  surface,  r»a  and 
Eq.  7.4  reduces  to 

...  3  1  d  f  ,  X  p<a)  -  p(oo)  p 

aa  +  —a^  = - Ka^a^)  = - - -  =  —  .  (7.5) 

2  2a^a  dt  p^ 

where  p<a)  is  the  pressure  in  the  liquid  just  outside  the  surface. 

Rayleigh  (1917)  assumed  that  the  pressure  term  is  constant  during  bubble  growth  or  collapse. 
Integrating  Eq.  7.5  he  found 

=  f  2—a^adt^  —  —  f  a^dt  =  —  —  (a^(t)  -  a^fO))  (7.6) 

'^0  Po  ^  Po  "^0  ^  Po 


from  which  the  velocity  is 


a  =  ± 


^  2_  p_  j 

^  Po  U  / 


and  the  acceleration  is 


a  =  ± 


a^(0)P 


As  previously  indicated,  these  equations  can  be  used  to  predict  all  but  the  initial  and  final  stages  of 
bubble  growth  and  collapse. 
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Except  when  the  bubble  is  very  small,  Eq.  7.7  predicts  a  constant  rate  of  growth  and  Eq.  7.8 
conflnns  that  the  acceleration  becomes  very  small.  From  Eq.  7.7  the  velocity  during  most  of  the 
growth  stage  is 

/  2  P 

a  =  / - .  (7.9) 

V  ^  Po 

Under  constant  tension,  the  bubble  will  grow  to  a  maximum  size  given  approximately  by 


(7.10) 


where  is  the  time  spent  in  a  negative  pressure  region.  This  result  is  only  approximate,  since  it 
does  not  take  into  account  either  the  acceleration  and  deceleration  periods  at  the  beginning  and 
end  of  the  expansion  or  the  fact  that  the  tension,  F,  is  not  always  constant. 

For  the  collapse  phase.  Lord  Rayleigh  found  the  total  time  of  collapse,  T^,  to  be 


Tc= 

\  2  P 


a^/^da 

I  - 


=  0.91 5a 


(7.11) 


showing  that  the  time  of  complete  collapse  is  proportional  to  the  maximum  bubble  radius,  a^, 
which,  by  Eq.  7.10,  is  itself  proportional  to  the  time  of  growth.  Moreover,  combining  Eqs.  7.10 
and  7. 1 1 ,  it  is  found  that  for  the  same  static  pressure  difference  the  time  a  bubble  takes  to 
collapse  is  very  close  to  three-quarters  of  the  time  it  takes  to  grow. 

In  his  original  derivation  of  Eq.  7.7  for  the  bubble  wall  velocity  during  collapse,  Rayleigh 
equated  the  sum  of  the  kinetic  and  potential  energies  of  the  motion  to  the  potential  energy 
existing  when  the  bubble  is  at  its  maximum  radius.  The  potential  energy  at  any  instant  is 


Epo,  =  Py(t)  =  —xa^P  , 
3 


(7.12) 


while  the  kinetic  energy  for  the  entire  velocity  field  given  by  Eq.  7.2  is 


—OO  -OO  y  ^  ^ 

-  —  Po  J  u^4irr^dr  =  2itpg  J  a  y~j  ~  2irp^a‘^a^ 


(7.13) 


From  this  it  follows  that 


—  ira’F  +  2irp  a^a^  =  —  wa^P  . 
3  3 


(7.14) 


The  velocity  is  given  by 
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3  Po  \a’  / 


(7.15) 


in  agreement  with  Eq.  7.7. 

Figure  7.2  shows  a  typical  bubble  growth  and  collapse  cycle  as  predicted  by  classical  theory. 
Rayleigh  himself  recognized  that  compressibility  must  affect  the  final  collapse  stage,  since 
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Fig.  7.2.  Growth  and  Collapse  of  an  Empty  Bubble  in  an  Ideal 
Incompressible  Liquid  according  to  Classical  Theory 

Eq.  7. 1 5  predicts  infinite  velocity  as  the  radius  approaches  zero.  He  also  noted  that,  if  the  bubble 
contained  any  permanent  gas,  the  kinetic  energy  would  be  consumed  in  compressing  the  gas  and 
the  motion  would  stop  prior  to  complete  collapse.  Since  his  theory  neglects  all  dissipative  mecha¬ 
nisms,  it  implies  that  the  bubble  will  oscillate  indefinitely  between  its  minimum  and  maximum 
radii.  Such  rebounding  is  actually  observed  but  it  dies  rather  quickly  since  energy  is  lost  by  sound 
radiation  and  heat  conduction. 

Photographic  observations  of  bubble  collapse  reported  by  Knapp  et  al  (1970)  show  good 
agreement  with  classical  theory,  except  that  the  time  of  collapse  is  about  10%  greater  than  that 
predicted. 

Pressure  Inside  a  Bubble 

Rayleigh’s  theory  deals  with  the  pressure  just  outside  the  bubble  wall,  which  was  taken  to  be 
equal  to  that  inside  the  empty  cavity,  i.e.,  to  be  essentially  zero.  Actually,  as  indicated  by  Eq.  7.1, 
surface  tension  causes  the  pressure  inside  to  be  greater  than  that  outside  a  static  bubble.  Also,  the 
bubble  is  not  empty;  it  contains  vapor  and  some  permanent  gas.  Thus,  the  pressure  inside  a  static 
cavity  is  given  by 


Pi  Py  +  Pg  =  P^of  + 


(7.16) 
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where  the  surface  tension  is  a  function  of  temperature  but  is  assumed  to  be  independent  of  bubble 
radius.  The  gas  pressure,  p^,  will  vary  during  any  rapid  changes  of  bubble  volume.  Since  permanent 
gases  go  into  and  out  of  solution  very  slowly,  the  total  amount  of  such  gas  is  essentially  constant, 
and  the  instantaneous  gas  pressure  is  related  to  an  equilibrium  value  by 

where  6  is  3  if  the  process  is  isothermal  and  37  if  it  is  adiabatic. 

In  addition  to  the  static  pressure  drop  due  to  surface  tension,  a  moving  boundary  also  exper¬ 
iences  a  pressure  difference  attributable  to  the  viscosity  of  the  liquid.  Viscosity  appears  in  the 
Navier-Stokes  equations  in  two  terms,  but  Poritsky  (1952)  has  pointed  out  that  its  dominant 
contribution  to  the  problem  under  consideration  here  is  at  the  boundary  between  the  bubble  and 
the  fluid.  If  the  bubble  is  expanding,  viscosity  adds  a  single  term  and  Eq.  7.16  becomes 

(a  \ *  2a  a 

I  =  p(a)  +  —  +  4p —  .  (7.18) 

a  }  a  a 

Bahl  and  Ray  (1972)  have  shown  that  the  surface-tension  term  is  only  significant  during  collapse  if 
Qg  is  less  than  ISo/p^.  Poritsky  noted  that  in  a  highly  viscous  liquid  the  viscosity  term  could 
prevent  bubble  collapse.  However,  it  plays  only  a  minor  role  in  water. 

Effects  of  Compressibility 

As  already  noted,  classical  theory  predicts  infinite  collapse  speed  as  the  bubble  radius  ap¬ 
proaches  zero.  However,  one  would  expect  compressibility  effects  to  reduce  the  velocity  when  the 
speed  approaches  a  Mach  number  of  one.  Gilmore  (1952)  and  Hunter  (1960)  adapted  equations 
originally  derived  to  treat  explosion  bubbles  and  found  that  compressibility  effects  begin  to 
become  important  when  the  Mach  number  exceeds  0.3,  at  a  relative  radius  of  about  5%.  At  a 
relative  radius  of  1%,  the  collapse  speed  is  calculated  to  be  only  about  40%  of  that  predicted  by 
classical  theory. 

Gilmore’s  analysis  ignored  the  contents  of  the  bubble.  Actually,  as  will  be  discussed  in  the 
following  paragraphs,  permanent  gases  also  tend  to  cushion  the  collapse  and  to  limit  the  maximum 
bubble  collapse  speed.  Compressibility  only  becomes  important  if  the  partial  pressure  of  the 
permanent  gas  is  less  than  1%  of  the  ambient  pressure,  a  condition  which  is  quite  rare. 

While  the  hydrodynamic  effects  of  compressibility  are  less  important  than  was  thought  during 
the  1950’s,  it  is  this  property  of  the  liquid  that  makes  possible  the  radiation  of  a  significant 
fraction  of  the  bubble  energy  as  sound.  The  radiation  of  sound  associated  with  bubble  collapse  will 
be  discussed  in  Section  7.4. 

Effects  of  Permanent  Gases 

In  Section  7.2  it  was  pointed  out  that  permanent,  dissolved  gases  can  play  a  major  role  in 
determining  the  tensile  strength  of  a  liquid  because  they  control  the  cavitation  inception  process. 
Another  major  effect  is  that  of  cushioning  the  final  collapse  process  and  storing  some  of  the 
kinetic  energy  of  a  rapidly  collapsing  bubble  as  potential  energy.  As  a  result  of  this  stored  energy, 
bubbles  do  not  collapse  to  zero  radius  but  instead  stop  collapsing  with  a  minimum  radius  that  may 
be  from  2  to  10%  of  their  maximum  radius.  They  then  rebound,  form  new  cavities  and  collapse 
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again,  often  repeating  the  process  four  or  five  times.  Instead  of  the  ideal  single  collapse  shown  in 
Fig.  7.2,  the  history  is  more  often  as  shown  in  Fig.  7.3. 

As  mentioned  earlier,  Rayleigh  (1917)  recognized  the  importance  of  permanent  gas  in  arresting 
the  collapse  motion.  He  assumed  isothermal  conditions,  for  which  the  work  of  compression  is 
given  by  the  product  of  the  initial  pressure  and  volume  and  the  logarithm  of  the  initial  volume 
divided  by  the  instantaneous  volume.  Subtracting  this  energy  from  the  kinetic  energy,  he  found 


2  _P 
^  Po 


(7.19) 


where  Q  is  the  pressure  of  the  permanent  gas  when  the  bubble  is  at  its  maximum  radius  and  P  is 
the  collapse  pressure. 

From  Eq.  7.19,  Rayleigh  estimated  the  minimum  radius  by  setting  a  equal  to  zero,  finding 


a 


m 


e-P/3Q 


He  found  the  maximum  pressure  to  be 


(7.20) 


°  (tJ  ' '  i^) ■ 

from  which,  theoretically,  the  peak  gas  pressure  becomes  quite  astronomical  if  the  partial  gas 
pressure,  Q,  is  less  than  2%  of  the  collapse  pressure,  P. 

It  is  closer  to  physical  reality  to  assume  that  the  compression  of  the  gas  is  adiabatic.  Noltingk 
and  Neppiras  (1950)  derived  an  equation  for  a  partially  gas-filled  bubble  in  an  ideal,  inviscid, 
incompressible  liquid.  Essentially,  they  modified  Eq.  7.5  by  a  permanent  gas  term. 
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Fig.  7.3.  Growth  and  ColUpte  of  a  Cavitation  Bubble  Having  Finite  Gas  Content 
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from  which  they  found  the  velocity  to  be 


P(y  -  1) 


(7.22) 


7^er"'l 


(7.23) 


and  the  acceleration  to  be 


a  =  - 


?[' 


P(y  -  I)  P(y  -  1) 


Setting  the  velocity  equal  to  zero,  they  found  the  minimum  radius  to  be  given  by 


Q  yf3(y-U 


P(y  -  1) 


-  l/3(y-  1) 


(7.24) 


(7.25) 


provided  <  1(3  a^.  Figure  7.4  is  a  plot  of  this  equation  for  two  values  of  7.  The  gas  pressure 
inside  the  bubble  corresponding  to  the  minimum  radius  is 


Pmax  =  G  ^ 


p(y  -  1) 


Q 

P(y  -  d) 


(7.26) 


Setting  (i  -  0.  Eq.  7.24  predicts  that  the  bubble  wall  will  have  its  maximum  collapse  speed 
when 


“c  *  ^ 


Qy  \if3(y-n  /  ^  Q  \-i/S(y-n 


P(y  -  1) 


Pfy  -  1) 


=  «m7 


3(y  -  1) 


(7.27) 


and  that  this  maximum  speed  will  be 

.  2P(y  -  1)  (P(y  -  I) 


\ 


ihy-i)  /  Qy  \y/(y-i} 
^  \  /Tt  -  d) 


Since  the  compression  is  assumed  to  be  adiabatic,  this  theory  also  yields 


d  =8 
max  o  _ 

Q 


it)’ 


P(y  -  I) 


P(y  -  I) 


(7.28) 


(7.29) 


as  maximum  temperature,  where  both  8'%  are  measured  in  degrees  Kelvin.  Thus,  incompressible 
theory  predicts  maximum  temperatures  in  excess  of  a  thousand  degrees  provided  Q<0.  IP. 
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Fig.  7.4.  Minimum  Bubble  Radius  as  Function  of  Relative  Gas 
Content,  for  Two  Specific  Heats  (Eq.  7.25) 


The  Noltingk-Neppiras  incompressible  equation  can  be  expected  to  overestimate  collapse 
speeds  when  It  predicts  Mach  numbers  in  excess  of  0.3.  From  Eq.  7.28.  the  maximum  Mach 
number  for  bubble  collapse  is  given  by 


Qy  \7/2f7-/y 
P(j  -  1)  ) 


(7.30) 


This  can  also  be  expressed  in  terms  of  the  ratio  of  to  by  using  Eq.  7.25  and  neglecting 
several  small  terms.  When  this  is  done,  the  ma.ximum  Mach  number  is  found  to  be  virtually 
independent  of  7  for  a^la^  up  to  about  0.25.  corresponding  to  a  relative  gas  pressure  of  about 
10%.  Over  this  range  the  maximum  Mach  number  can  be  approximated  by 


where  P  ^  is  static  pressure  in  atmospheres. 


(7.31) 
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The  maximum  Mach  number  computed  by  the  incompressible  theory  is  plotted  as  a  function 
of  PIQ  in  Fig.  7.5.  It  is  clear  that  the  validity  of  the  incompressible  assumption  is  a  function  of  the 
collapse  pressure  as  well  as  the  relative  gas  content.  Thus,  incompressible  theory  is  seen  to  be  valid 
for  values  of  Q/P  as  low  as  1%  when  the  collapse  pressure  is  1  atm.,  but  only  for0//’>4%  fora 
collapse  pressure  of  10  atm.  For  most  practical  cavitation  problems,  it  seems  reasonable  to  assume 
that  the  incompressible  theory  is  valid  unless  the  gas  content  is  very  low. 


12  S  10  20  50  100  200 

P/Q 

Fig.  7.5.  Maximum  Collapse  Mach  Number  as  a  Function  of  Gas 
Content  Using  Incompressible  Theory  (Eq.  7.30) 

Trilling  (1952)  included  compressibility  in  his  calculation  of  the  collapse  of  a  bubble  con¬ 
taining  gas.  He  assumed  the  speed  of  propagation  of  ail  disturbances  to  be  equal  to  the  speed  of 
sound.  Hickling  and  Plesset  (1964)  used  Gilmore’s  (1952)  results  to  solve  for  bubble  motion  when 
gas  cushions  the  collapse.  They  found  the  minimum  radius  for  a  given  gas  to  depend  primarily  on 
the  ratio  of  the  equilibrium  gas  pressure,  Q.  to  the  collapse  pressure.  P,  and  secondarily  on  the 
actual  value  of  P.  Their  results  for  collapse  pressures  of  1  and  10  atm.  are  compared  to  the 
Noltingk-Neppiras  incompressible  theory  in  Table  7.1.  Compressibility  effects  are  seen  to  increase 
the  minimum  radius  and  thereby  decrease  maximum  pressures  and  temperatures  appreciably.  The 
incompressible  theory  gives  reasonable  results  if  the  permanent  gas  pressure  exceeds  1%  of  the 
collapse  pressure. 

Within  the  range  of  validity  of  the  Noltingk-Neppiras  theory.  Eq.  7.31  leads  to  simplification 
of  some  of  the  equations  for  bubble  velocity  and  acceleration.  TIius.  Eq.  7.28  for  the  maximum 
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Table  7.1. 

Comparison  of  Compresible  and  Incompressible 
Theories  for  Collapse  of  Gas-Filled  Cavities  (7  =  1.4) 


QIP 

Incompressible 

Theory 

Eq.  7.25 

Compressible  Theory* 

P  =  1  bar  P  =  10  bars 

Relative  Minimum  Radius 

0.10 

0.262 

0.28 

0.010 

0.047 

0.060  0.074 

0.0010 

0.0069 

0.018  0.025 

10-* 

0.0010 

0.006  0.009 

10'* 

0.0035 

*After  Hickling  and  Plesset  (1964). 


velocity  can  be  replaced  by 


Q 

—  <  0.1 


and  to  a  close  approximation  the  wall  velocity  is 


=  Sa'L.. 

may 


and  the  acceleration  is 


aa  =  -  I 


(7.32) 


(7.33) 


3(y-  n 


(7.34) 


These  equations  are  used  in  the  analysis  of  noise  radiation  in  the  following  section. 

The  Noltingk-Neppiras  equation  has  been  used  for  bubble  collapse  analyses  by  Khoroshev 
(1963).  He  presented  his  results  as  a  correction  to  classical  theory,  the  correction  factor  being 
given  as  a  function  of  the  relative  gas  content  at  maximum  radius.  QIP.  For  example,  Khoroshev 
calculated  the  time  of  collapse  from 


finding  for  QfP  less  than  about  20%  that 


«  0. 91 5a 


a  ^ 
o 

*7) 


(735) 


(7.36) 


He  assumed  7  »  413  since  that  value  leads  to  tractable  integrals. 
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Boguslavskii  (1967)  calculated  the  rate  at  which  gas  diffuses  into  a  bubble,  finding  that  it 
increases  as  the  5/2  power  of  the  growth  time.  Since  the  volume  grows  as  the  cube  of  this  time,  the 
relative  gas  content  diminishes  somewhat  as  a  bubble  continues  to  grow.  Gas  diffusion  also  plays  a 
role  in  the  inception  of  acoustic  cavitation  and  this  subject  has  been  treated  in  more  detail  by 
Hsieh  and  Plesset  ( 1961)  and  by  Eller  (1969,  1975). 

Asymmetrical  Bubble  Collapse 

The  Noltingk-Neppiras  theory,  like  the  classical  theory  of  Rayleigh,  assumes  spherical  growth 
and  collapse.  Early  photographic  studies  of  cavitation  bubbles  by  Knapp  et  al  (1948,1970)  con¬ 
firmed  symmetrical  collapse  and  revealed  the  rebound  phenomenon.  More  recently,  Ellis  (1966), 
Ivany  et  al  (1966),  Kozyrev  (1966,  1969)  and  Mitchell  and  Hammitt  (1973)  have  all  found  that 
bubbles  collapsing  close  to  solid  boundaries  collapse  asymmetrically.  The  bubbles  distort  into 
prolate  spheroidal  cavities  and  the  more  remote  surface  dollapses,  forming  a  Jet  which  passes 
through  the  closer  wall  and  strikes  the  solid  boundary.  It  is  now  believed  that  this  mechanism 
explains  cavitation  erosion,  as  will  be  discussed  in  Section  7.6. 

Theoretical  studies  by  (Thapman  and  Plesset  (1972).  Hsieh  (1972)  and  Plesset  and  Chapman 
(1971)  confirm  that  a  solid  boundary  should  indeed  cause  toroidal  collapse  with  the  formation  of 
a  Jet.  However,  the  seriousness  of  this  effect  relative  to  the  conclusions  of  the  Noltingk-Neppiras 
theory  has  not  been  evaluated. 


Summary  and  Conclusions 

The  phenomenon  of  bubble  growth  and  collapse  in  cavitation  is  extremely  complicated,  in¬ 
volving  motions  of  the  liquid,  compressibility,  viscosity,  surface  tension,  heat  conduction,  gaseous 
diffusion  and  thermodynamic  effects.  In  addition,  many  bubbles  collapse  near  a  solid  surface, 
making  the  assumption  of  spherical  symmetry  untenable.  Despite  all  these  complexities  the  domi¬ 
nant  characteristics  are  correctly  given  by  Rayleigli's  classical  theory  for  a  bubble  in  an  ideal 
liquid,  as  modified  by  the  Noltingk-Neppiras  correction  to  account  for  residual  gases. 

7.4  Single  Bubble  Cavitation  Noise 

Expression  for  Radiated  Energy 

The  volume  changes  that  are  inherent  in  the  cavitation  phenomenon  radiate  sound  as  mono¬ 
poles.  Expressions  were  derived  in  Section  4.1  for  the  power  radiated  by  a  volume  source  in  terms 
of  the  acoustic  pressure  and  for  acoustic  pressure  in  terms  of  volume  acceleration.  These  equations 
can  be  combined  to  obtain  an  expression  for  the  total  energy  radiated  in  terms  of  the  volume 
acceleration : 


The  volume  is.  of  course,  a  function  of  the  radius,  and  it  can  readily  be  shown  that 
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from  which  it  follows  that 


V  =  4ir(2aa^  +  a*a>  , 


/a(t) 

(2aa^  + 

t  n 


(7.38) 


(7.39) 


In  evaluating  this  integral,  it  is  expedient  to  deal  separately  with  the  growth  and  collapse  phases. 

» 

Growth  Phase 

For  most  of  the  growth  phase,  the  classical  result  of  constant  wall  velocity  is  a  good  approxi¬ 
mation  to  actual  motion.  The  approximate  result  for  total  radiated  energy  is 


E  - 

‘^ac  - 


da  = 


16it  /  2  \ 


(t) 


(7.40) 


whence  the  ratio  of  radiated  energy  to  potential  energy  of  the  bubble  when  fully  expanded  is 


(7.41) 


PVo  ^  V 

which  for  almost  all  practical  cases  is  less  than  1%. 


G>llapse  Phase 

Most  of  the  sound  radiated  by  cavitation  bubbles  occurs  during  the  collapse  phase.  One 
approach  to  calculating  the  sound  radiated  by  a  collapsing  vapor-gus  bubble  is  to  use  Rayleigh's 
classical  theory  to  calculate  volume  acceleration  and  wall  velocity  and  to  use  the  Noltingk- 
Neppiras  result  for  minimum  radius.  Using  Eq.  7.15  fora*,  the  volume  acceleration  is 


V  =  4it 


3  \a*  /  a* 


_2.  = - s-\l  -  4 

a*  p^  a*  V 


(7.42) 


from  which  ^  can  also  be  expressed  by 


V  =  -  2n 


(  /  « 

,  \3I2  \  (~)  ) 

j  )  /  /  ^  \  ^ 


(743) 


Using  Eqs.  7.42  and  7.43  with  Eq.  7.37,  we  find 
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where  x  =  . 

These  equations  are  derived  under  the  assumption  that  the  cavity  is  empty,  but  that  somehow 
it  suddenly  stops  collapsing  at  its  minimum  radius.  When  the  more  exact  Noltingk-Neppiras  equa¬ 
tion  is  used,  the  results  are  modified  slightly.  As  shown  in  Fig.  7.6,  inclusion  of  gas  causes  the 
velocity  term  to  decrease  and  the  acceleration  term  to  increase.  Analysis  shows  Eq.  7.42  to  be  a 
good  approximation  for  volume  acceleration  for  the  entire  period.  We  are  therefore  justified  in 
estimating  sound  radiation  from  classical  theory  using  the  Noltingk-Neppiras  results  only  to  calcu¬ 
late  the  minimum  radius. 

For  values  of  corresponding  to  relative  gas  contents  of  under  10%,  integration  of  Eq.  7.44 
yields 


n.45) 


0  I...  I  I  I _ ■  ■  ■  ■  I  t  i  I  I  ■  I  I  I 
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BUBBLE  RADIUS  RELATIVE  TO  VALUE  AT  PEAK 


Fig.  7.6.  Effect  of  Gas  on  Collapse  Curve  of  a  Bubble  by  Incompressible  Theory  (Eq.  7.33) 
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This  simple  result  enables  one  to  use  previously  derived  expressions  for  the  maximum  Mach 
number  to  estimate  the  fraction  of  bubble  energy  radiated  as  sound.  Since  tlie  Mach  number  is 
greater  for  lower  gas  concentrations  and  for  higlier  collapse  pressures,  it  follows  that  the  fraction 
of  potential  energy  radiated  under  these  conditions  is  also  greater. 

In  calculating  the  total  energy  radiated  by  collapse  of  a  partially  gas-tilled  vapor  bubble,  the 
energy  for  initial  collapse  and  subsequent  rebounds  should  be  summed.  Figure  7.7  shows  pressure 
pulses  corresponding  to  a  rebound  situation  similar  to  that  shown  in  Fig.  7.3.  The  total  energy 
radiated  may  be  assumed  to  be  about  twice  that  radiated  during  the  initial  collapse.  It  is  physically 
impossible  for  a  bubble  to  emit  more  sound  energy  than  the  potential  energy  which  it  had  at  its 
maximum  radius:  a  reasonable  estimate  of  the  sound  energy  radiated  may  therefore  be  made  by 
assuming  that  two  thirds  of  the  energy  is  radiated  when  Q  <<P  and,  further,  that  if  there  is 
sufFicient  gas  in  the  bubble  to  cushion  the  collapse  and  reduce  the  radiated  sound,  then  double  the 
value  given  by  Eq.  7.45  will  be  apj}licable.  Figure  7.8  uses  these  assumptions.  It  shows  the  fraction 
of  potential  energy  estimated  to  be  radiated  as  sound  as  a  function  of  collapse  pressure  and  relative 
gas  content.  When  relative  gas  content  is  less  than  about  1/2%,  it  is  clear  that  the  energy  radiated 
as  sound  depends  entirely  on  the  potential  energy  of  the  bubble.  Relative  gas  contents  greater  than 
1%  should  act  to  cushion  the  collapse  and  reduce  the  sound.  Reductions  of  noise  due  to  excess  gas 
content  were  reported  by  Ross  and  McCormick  (1948)  and  by  Osborne  (1947),  and  may  also  be 
inferred  from  measurements  reported  by  others. 


Acoustic  Pressures 

Instantaneous  radiated  acoustic  pressure  is  related  to  volume  acceleration  by  Eq.  3.28.  From 
Eq.  7.42,  it  can  be  written 


p'(t)  = 


'•'(■-f) 


47rr 


7^  (?)■('-'&)■) 


from  which  the  peak  positive  acoustic  pressure  is 


Assuming  7  =  413.  this  yields 


""  27  r  \0  / 


(7.46) 


(7.47) 


(7.4S) 


showing  that,  for  a  fixed  relative  gas  pressure,  maximum  radiated  pressure  is  proportional  to  the 
product  of  collapse  pressure  and  maximum  bubble  radius. 

As  shown  in  Fig.  7.7,  the  pressure  is  negative  during  the  last  stage  of  bubble  growth  and  the 
first  stage  of  collapse.  By  the  time  the  radius  decreases  to  60%  of  its  maximum  value,  the  pressure 
becomes  positive.  The  negative  peak,  which  occurs  when  a  =  a^,  is  given  by 


Fig.  7.8.  Fraction  of  Energy  Radiated  as  Sound  as  Function  of  Partial  Gas  Pressure 
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I 


(7.49) 


The  positive  peak  will  not  exceed  the  magnitude  of  the  negative  peak  unless  Q  <0.2P.  When  the 
partial  gas  pressure  is  less  than  2%  of  P,  the  positive  acoustic  peak  will  exceed  the  neptive  one  by 
a  factor  of  several  hundred. 


Spectrum 

The  radiation  from  a  collapsing  bubble  consists  of  a  relatively  low-frequency,  neptive  bubble- 
oscillation  component  and  a  very  sharp  positive  peak,  as  may  be  inferred  from  the  pressure  pattern 
shown  in  Fig.  7.7.  The  low-frequency  component  dominates  when  the  gas  content  is  high,  i.e., 
especially  for  pseous  cavitation,  and  the  positive  pulse  is  most  important  for  vaporous  cavitation. 
The  radiated  spectrum  is  related  to  the  Fourier  transform  of  the  pulse  and  is  flat  up  to  a  high 
frequency  equal  to  the  reciprocal  of  the  pulse  width.  Above  this  frequency  it  decreases  at  a  rate  of 
6  dB/octave. 

The  pressure  pulses  emitted  by  collapsing  bubbles  having  low  ps  content  are  often  of  suf¬ 
ficient  amplitude  to  produce  non-linear  effects  in  th?  medium  leading  to  shock  waves.  However, 
this  does  not  change  the  conclusions  drawn  as  to  the  fraction  of  bubble  energy  radiated,  nor  is 
there  an  important  effect  on  observed  radiated  spectra. 

Experimental  Results 

While  there  have  been  only  a  few  experimental  studies  of  sound  radiated  by  collapsing  cavities, 
the  results  have  been  similar.  All  of  the  investiptors  reported  sharp  pulses  that  increase  in 
amplitude  with  increasing  bubble  size.  Harrison  (1952)  studied  single  bubbles  produced  in  the 
mouth  of  a  Venturi  nozzle.  He  found  the  peak  pressure  10  cm  from  the  point  of  collapse  to  be 
proportional  to  the  initial  collapse  radius  over  a  ranp  from  0.2  to  1  cm.  He  also  found  that 
between  30  and  50%  of  the  bubble  potential  energy  was  radiated  as  sound.  These  results  are 
consistent  with  relative  gas  contents  of  about  2  to  3%.  Harrison  studied  a  spark  bubble  as  well, 
getting  very  similar  results.  Mellen  (1956)  also  studied  spark-generated  bubbles,  finding  the  in¬ 
crease  in  peak  pressure  with  bubble  radius  to  vary  as  the  3/2  power  to  1  cm  and  then  linearly.  His 
results  are  consistent  with  ps  contents  between  1-1/2  and  2%.  The  importance  of  gas  content  in 
controlling  the  radiated  pulse  was  also  confirmed  by  Osborne  (1947). 

These  experiments  are  also  in  good  agreement  with  most  of  the  results  of  an  analysis  published 
by  Khoroshev  (1963).  He  also  started  from  the  Noltingk-Neppiras  equation  and  derived  expres¬ 
sions  for  acoustic  pressures  similar  to  Eq.  7.48.  The  analysis  presented  in  this  section  has  the 
advantap  of  being  less  complex  and,  in  addition,  it  takes  compressibility  into  account  by  using  the 
fact  that  energy  radiated  as  sound  cannot  exceed  the  initial  potential  energy  of  the  bubble. 

7.5  Broadband  (lavitation  Noise 

Il’ichev  and  Lesunovskii  (1963),  Akulichev  and  Olshevskii  (1968),  Morozov  (1968),  Lyamshev 
(1969)  and  Boguslavskii  et  al  (1970)  have  all  treated  cavitation  as  a  random  process  and  have  used 
statistical  methods  to  derive  its  spectral  properties.  Because  of  the  pulse  nature  of  the  individual 
collapses  and  the  random  sequence  of  occurrence,  the  resultant  spectrum  covers  a  wide  frequency 
range.  As  shown  in  Fig.  7.9,  the  spectrum  rises  sharply  to  a  peak  and  then  decreases  at  a  rate  of 
6  dB/octave  over  a  wide  frequency  band. 


LOG  FREQUENCY 


1 


Fig.  7.9.  Idealized  Cavitation  Spectrum 

The  acoustic  power  radiated  by  cavitation  is  the  product  of  the  average  energy  radiated  per 
bubble  and  the  number  of  bubbles  collapsing  per  second.  Since  the  energy  radiated  per  collapse  is 
proportional  to  the  product  of  the  collapse  pressure  and  the  maximum  bubble  volume,  it  follows 
that  the  radiated  power  is  proportional  to  the  total  volume  of  cavitation  produced  per  unit  time, 

AV 

P -  .  (7.50) 

and  that  the  proportionality  constant  is  a  function  of  the  relative  gas  content,  Q/P,  as  given  by 
Fig.  7.8. 

Measured  cavitation  spectra  show  peaks  at  frequencies  related  to  the  collapse  time  of  the 
largest  bubbles: 


(7.51) 


The  peak  frequency  is  thus  lower  for  larger  bubbles.  It  increases,  however,  with  collapse  pressure. 
Below  the  peak,  the  spectrum  increases  at  a  rate  of  6  to  12  dB/octave.  At  high  frequencies,  an 
octave  or  more  above  the  peak,  it  decreases  at  a  rate  close  to  6  dB/octave. 

Several  observers  have  noted  that  the  intensity  of  high-frequency  radiation  decreases  somewhat 
as  cavitation  becomes  more  developed.  This  may  be  due  to  increased  gas  content  in  the  bubbles 
acting  to  cushion  collapse  and  thus  reduce  the  sound,  or  it  may  be  caused  by  a  change  of  acoustic 
properties  of  the  medium  itself  due  to  the  presence  of  many  bubbles.  Van  Wijngaarden  (1966)  and 
others  have  noted  that  the  sound  speed  is  drastically  reduced  in  a  liquid  containing  bubbles. 
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Compressibility  effects  therefore  become  important  at  lower  collapse  velocities,  tending  to  reduce 
maximum  wall  collapse  speeds.  Also,  outer  bubbles  may  effectively  screen  inner  ones  by  absorbing 
energy  that  would  otherwise  radiate  as  sound.  Akulichev  and  Il’ichev  (1963,  1964)  have  pointed 
out  that  the  presence  of  many  bubbles  in  fully-developed  cavitation  may  lead  to  additional 
non-linear  effects,  such  as  the  production  of  sum  and  difference  frequencies  and  the  development 
of  broad  tonals  at  any  modulation  frequencies. 

7.6  Other  Effects  of  Cavitation 

Only  a  small  fraction  of  the  vast  literature  on  cavitation  is  devoted  to  noise  aspects.  Much  of  it 
is  concerned  with  ultrasonics  applications  or  with  avoiding  cavitation  to  prevent  erosion  damage. 
The  following  paragraphs  give  brief  descriptions  of  some  of  these  other  phenomena  associated  with 
cavitation.  Interested  readers  are  referred  to  the  books  and  articles  listed  at  the  end  of  the  chapter. 

Sonoluminescence 

It  has  been  known  for  over  40  years  that  faint  liglit  is  often  emitted  by  cavitation.  Termed 
sonoluminescence,  this  light  serves  no  useful  purpose  but  must  be  explained  by  any  complete 
theory  of  cavitation.  There  are  apparently  two  ways  in  which  cavitation  may  generate  light.  If  the 
gas  content  of  a  bubble  is  relatively  lo’v,  then  compression  of  the  small  amount  of  permanent  gas 
may  raise  its  temperature  above  5000®K.  Thus,  Eq.  7.29  predicts  peak  temperatures  in  excess  of 
this  amount  if  the  relative  gas  content  is  less  than  2%.  Heat  conduction,  compressibility  and 
acoustic  radiation  would  all  act  to  reduce  the  actual  temperature  below  that  calculated.  Neverthe¬ 
less.  there  is  considerable  experimental  evidence  to  indicate  that  one  source  of  sonoluminescence  is 
black-body  radiation  of  hot  gas  at  peak  compression.  Thus.  Kuttruff  (1962)  and  West  and  Howlett 
(1969)  have  observed  the  timing  of  sonoluminescence  flashes  and  find  them  to  occur  just  ahead  of 
or  at  minimum  bubble  volume,  prior  to  any  rebound.  Jarman  and  Taylor  (1970)  confirmed  this 
result.  Spectral  measurements  are  indicative  of  black-body  radiation  at  8,000  to  12,000'’K. 

On  the  other  hand,  Jarman  (1959)  and  others  have  found  cases  of  light  emission  when  the 
bubble  is  close  to  its  maximum  radius,  which  they  attribute  to  electric  discharges  within  the 
bubble.  Degrois  and  Badilian  (1962,  1966,  1969)  have  found  that  sonoluminescence  intensities  are 
higher  for  gaseous  than  for  varporous  cavitation.  They  also  found  that  hydrogen  peroxide  is 
produced  by  gaseous  cavitation,  which  is  consistent  with  electric  discharges  occurring  inside  the 
bubbles.  It  thus  appears  that  there  is  a  second  mechanism,  namely  electric  discharges,  operative 
when  the  gas  content  is  high,  and  that  thermal  radiation  causes  the  sonoluminescence  when  the  gas 
content  is  low. 

Chemical  Reactions 

Cavitation  is  sometimes  used  to  accelerate  or  to  produce  chemical  reactions.  Microstreaming  of 
cavitation  bubbles  generates  currents  in  liquids,  a  phenomenon  equivalent  to  stirring,  which 
thereby  hastens  chemical  reactions.  Other  chemical  reactions  are  directly  caused  by  the  high 
^  pressures  and  temperatures  associated  with  cavitation  or  by  its  electric  discharges.  Hydrogen 

peroxide  production  and  chlorine  liberation  from  carbon  tetrachloride  are  two  examples.  Depoly¬ 
merization  of  large  molecules  is  another  example  of  a  chemical  change  directly  attributable  to 
cavitation. 
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Erosion  Damage 

The  longest  known  effect  of  cavitation,  discovered  by  Parsons  and  others  in  the  early  days  of 
propeller-driven  steamships,  is  erosion  damage  to  metals.  Research  in  this  fleld  has  taken  three 
directions.  Cavitation  inception  has  been  investigated  from  the  point  of  view  of  developing  body 
shapes  that  avoid  damage  by  avoiding  cavitation.  This  will  be  covered  in  sections  on  body  and 
hydraulic  cavitation  in  the  present  chapter.  Secondly,  many  investigators  have  studied  the  mech¬ 
anisms  by  which  erosion  takes  place.  The  third  area  has  been  the  development  of  materials  with  a 
high  degree  of  resistance  to  cavitation  erosion. 

Up  until  about  1965,  there  were  two  competing  theories  of  cavitation  erosion;  mechanical 
and  chemical.  The  mechanical  theory  asserted  that  the  damage  was  done  to  the  eroding  surface  by 
the  impingement  of  shock  waves  generated  by  imploding  bubbles.  The  chemical  theory  postulated 
erosion  caused  by  electric  discharges.  It  is  now  pretty  much  agreed  that  the  cause  of  the  damage  is 
mechanical.  What  occurs  is  fatigue  failure  of  the  metal  from  repeated  hammer-like  blows  asso¬ 
ciated  with  cavitation  bubble  collapse.  However,  present  mechanical  theory  differs  from  the  older 
one  in  that  it  is  now  believed  that  the  hammer  blows  are  provided  by  impact  of  high-velocity 
liquid  jets  generated  by  asymmetrical  collapse  of  bubbles  near  a  solid  surface.  As  discussed  in 
Section  7.3,  liquid  jets  have  been  observed  photographically,  and  recent  calculations  indicate  that 
they  have  sufficient  momentum  to  cause  the  observed  pitting. 

Cavitation  damage  depends  significantly  on  properties  of  the  liquid,  especially  on  its  gas 
content.  To  the  extent  that  permanent  gas  cushions  the  collapse  and  reduces  the  noise  output,  it 
also  reduces  mechanical  forces  exerted  on  nearby  surfaces  and  thus  reduces  erosion.  High  tempera¬ 
tures  of  the  liquid  reduce  damage  by  increasing  the  vapor  pressure,  thereby  reducing  collapse 
pressures  and  speeds  of  bubble  collapse. 

The  literature  on  cavitation  erosion  is  extensive.  Some  of  the  readily  available  articles  are  listed 
at  the  end  of  this  chapter. 

7.7  Hydrodynamically-Produced  Cavitation 

The  two  major  ways  that  cavitation  occurs  in  engineering  systems  is  through  the  use  of 
acoustic  fields,  as  in  ultrasonics  and  transducer  cavitation,  and  by  dynamic  effects  of  liquid  flows. 
To  the  student  of  underwater  noise  mechanisms  the  latter  is  of  greater  interest,  since  cavitation 
noise  of  surface  ships  and  underwater  vehicles  is  invariably  attributable  to  one  or  more  hydro- 
dynamic  cavitation  sources. 

The  term  hydrodynamic  cavitation  covers  all  of  the  ways  that  cavitation  may  occur  in  liquids 
due  either  to  fluid  flow  or  to  movement  of  a  body  through  the  liquid.  It  is  convenient  to  discuss 
hydrodynamically-produced  cavitation  in  terms  of  six  types  distinguished  from  each  other  by  the 
location  of  the  cavitation.  These  are: 

hydraulic  cavitation,  inside  pipe  systems,  including  Venturis,  nozzles,  pipe  bends  and  valves; 

body  cavitation,  on  the  surfaces  of  three-dimensional  bodies  either  immersed  in  flows  or 
moving  through  liquids; 

hydrofoil  cavitation,  on  the  surfaces  of  two-dimensional  lifting  foils  due  to  motion  relative  to  a 
liquid; 

vortex  cavitation,  in  the  core  of  a  line  vortex; 

wake-turbulence  cavitation,  in  the  turbulent  eddies  of  a  wake,  usually  of  a  three-dimensional 
body; and 

jet  cavitation,  in  turbulent  eddies  of  a  jet. 
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These  various  types  ate  discussed  in  this  and  subsequent  sections  of  the  present  chapter.  Their 
occurrence  in  connection  with  propulsors  is  covered  in  Chapter  8. 

Cavitation  Parameter 

In  treating  the  various  types  of  hydrodynamic  cavitation  it  is  useful  to  define  a  dimensionless 
scaling  parameter,  K,  that  measures  the  condition  of  a  flow  relevant  to  cavitation.  Such  a  cavita¬ 
tion  flow  parameter  can  be  developed  from  consideration  of  the  relation  between  static  pressure, 
p,  and  flow  speed,  U.  It  follows  from  BernouUi’s  equation. 


p  +  p^gz  +  — PglP  =  constant  , 


(7.52) 


that  any  pressure  drop  due  to  flow  will  be  proportional  to  the  product  of  density  and  the  square 
of  flow  speed.  EHviding  the  available  static  pressure,  p^  -  by  the  dynamic  pressure  of  the  flow 
leads  to  a  dimensionless  parameter,  K, 


that  measures  the  state  of  the  flow  relative  to  cavitation. 

The  cavitation  parameter  is  reversed  from  most  common  parameters  in  that  it  actually 
measures  the  resistance  of  the  flow  to  cavitation.  The  higher  the  cavitation  parameter,  the  less 
likely  cavitation  is  to  occur;  the  lower  it  is,  the  more  likely.  If  cavitation  is  occurring,  lowering  the 
flow  parameter  either  by  decreasing  static  pressure  or  by  increasing  flow  speed  will  increase  the 
extent  of  the  cavitation;  raising  it  may  eliminate  cavitation  entirely. 

The  value  of  the  cavitation  parameter  that  marks  the  border  between  cavitation  and  no 
cavitation  is  called  the  critical  cavitation  index,  or  the  inception  cavitation  index,  K^.  For  a  given 
geometry  it  may  have  two  values,  depending  on  whether  one  starts  at  a  point  free  of  cavitation  and 
measures  inception,  or  whether  one  begins  with  existing  cavitation  and  finds  the  condition  for  its 
disappearance.  The  former  is  the  incipient  cavitation  index  and  the  latter  the  desinent  cavitation 
index.  Any  difference  between  them  is  referred  to  as  cavitation  hysteresis.  These  distinctions  are 
generally  not  important  in  large  engineering  systems  but  are  significant  when  working  with  models 
in  water  tunnels. 

There  are  therefore  two  distinct  types  of  cavitation  parameters:  a  flow  cavitation  number,  K, 
defined  by  Eq.  7.S3,  and,  for  each  geometry,  a  critical,  or  inception,  cavitation  index,  AT,-.  The 
amount  of  cavitation  depends  on  the  relation  between  these  two.  If  the  flow  parameter  is  higher 
than  the  critical  value,  cavitation  does  not  occur.  Cavitation  occurs  only  when  the  flow  parameter 
is  smaller  than  the  critical  value;  the  lower  it  is,  the  greater  the  extent  of  the  cavitation  zone. 

Body  Cavitation 

The  analysis  of  cavitation  of  three-dimensional  bodies  is  an  example  of  use  of  the  two  cavita¬ 
tion  parameters.  As  shown  in  Fig.  7.10,  whenever  fluid  flows  past  a  body,  the  fluid  must  speed  up 
near  the  nose.  By  Bernoulli's  principle,  there  is  a  reduction  of  static  pressure  below  the  ambient 
value,  the  magnitude  of  the  drop  being  proportional  to  the  dynamic  pressure  of  the  flow  velocity 
and  dependent  on  the  shape  of  the  body.  If  the  pressure  drop  is  greater  than  the  available  static 
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pressure,  cavitation  may  occur.  The  pressure  distribution  corresponding  to  the  flow  pattern  of 
Fig.  7. 10  is  shown  in  Fig.  7.1 1.  The  flow  is  stopped  at  the  nose  of  the  body,  which  point  is  called 
the  stagnation  point.  The  static  pressure  there  equals  the  sum  of  the  ambient  static  pressure, 
and  the  dynamic  pressure  of  the  free-stream  flow  speed,  U^.  The  flow  parts  and  speeds  up  and  the 
streamlines  on  each  side  are  bunched.  It  is  in  this  region  that  body  surface  pressure  drops  below 
ambient,  reaching  a  minimum  value  and  then  rising  gradually.  Since  all  pressure  changes  are 
proportional  to  the  dynamic  pressure,  it  is  common  practice  to  plot  the  pressure  distribution  in 
terms  of  a  dimensionless  pressure  coefficient, 

C_  s  ---  '  -P-  .  (7.54> 

^  I 

—  p 

''o  o 

2 

as  in  Fig.  7.11. 


Fig.  7.10.  Fluid  Flow  Past  a  Three-Dimensional  Body 


Fig.  7.1 1.  Surface  Pressure  Distribution  for  Body  in  Fig.  7.10 


226  7.  CAVITATION 


Vapor  cavitation  may  be  expected  to  occur  when  the  flow  cavitation  parameter  is  reduced  to 
the  absolute  value  of  the  minimum  pressure  coefficient.  Thus,  to  a  first  approximation. 


As  discussed  below,  cavitation  inception  does  not  always  occur  at  the  value  predicted  by  Eq.  7.SS 
because  of  secondary,  scale  effects.  However,  for  most  engineering  purposes,  the  minimum  pres¬ 
sure  coefficient  is  a  reliable  indicator  of  the  critical  cavitation  index.  The  smaller  its  absolute  value, 
the  less  likely  cavitation  is  to  occur. 

During  World  War  II,  exhaustive  studies  of  a  variety  of  body  shapes  were  carried  out  in  several 
water  tunnels  as  part  of  a  torpedo  development  program.  As  reported  by  Knapp  (1945),  Rouse 
and  McNown  (1948)  and  Knapp  et  al  (1970),  critical  cavitation  inception  indices  of  from  0.2S  to 
1.2  were  found  for  a  series  of  ogive  noses  on  parallel  bodies.  The  value  for  a  strai^t  body  with  a 
hemispherical  nose  is  0.74.  Blunt  semi-ellipsoidal  noses  have  critical  indices  as  high  as  2.  In  general, 
one  can  expect  three-dimensional  bodies  to  have  critical  indices  in  the  range  0.25  to  2.  If  the 
operational  cavitation  parameter  is  above  3,  cavitation  is  unlikely,  while  cavitation  is  almost 
certain  if  the  parameter  is  below  0.25. 

For  underwater  vehicles  such  as  submarines  and  torpedoes  operating  10  to  15  m  below  the 
surface,  body  cavitation  will  probably  not  occur  for  speeds  lower  than  about  10  m/sec  and  will  be 
almost  certain  above  40  m/sec.  Corresponding  values  for  other  depths  are  shown  in  Fig.  7.12, 
which  is  a  plot  of  the  cavitation  parameter  as  a  function  of  flow  speed  and  depth. 

While  body  cavitation  per  se  does  not  appear  to  be  a  problem  for  most  underwater  vehicles, 
this  in  itself  does  not  mean  that  they  are  free  of  cavitation  at  normal  operating  speeds.  As  will  be 
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Fig.  7. 1 2.  Cavitation  Parameter  as  Function  of  Depth  and  Speed  of  Advance 
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discussed  in  the  next  chapter,  propeller  cavitation  occurs  at  much  slower  speeds  than  body  cavita¬ 
tion.  Also,  any  struts  or  flns  are  likely  to  cavitate  at  lower  speeds  than  will  the  three-dimensional 
body  itself. 

Scale  Effects 

As  mentioned  above,  the  minimum  pressure  coefficient  is  often  only  a  rough  indicator  of  the 
cavitation  parameter  for  inception.  Bodies  of  the  same  shape  but  of  different  size  are  often  found 
in  water  tunnel  tests  to  have  different  values  of  their  critical  indices.  In  fact,  even  the  materials 
used  to  make  the  test  models  are  found  to  affect  cavitation  inception.  These  phenomena  are  all 
treated  as  scale  effects. 

Parkin  and  Holl  (1953)  and  Kermeen  et  al  (1955)  have  reported  on  an  extensive  systematic 
test  of  scale  effects  in  cavitation  inception.  Tests  of  seven  sizes  of  parallel  bodies  with  hemis¬ 
pherical  noses  and  of  four  models  with  ogive  noses  were  run  in  two  water  tunnels  over  a  speed 
range  of  6  to  30  m/sec.  Results  are  summarized  in  Fig.  7.13.  In  general,  it  was  found  that  incep>- 
tion  occurred  for  indices  lower  than  the  theoretical  value,  ^Vmin-  The  measured  inception  values 
were  closer  to  theoretical  for  larger  diameter  models  and  at  the  higher  speeds  for  a  given  model. 
The  data  correlated  with  Reynolds  number 

Ryv  s  .  (7.56) 

V 


Fig.  7.13.  Summary  of  Body  Nose  Cavitation  Scaling  Tests, 
as  reported  by  Parkin  and  Holl  (1953) 
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where  v  is  the  kinematic  viscosity,  and  with  Weber  number 


(7.57) 


It  was  not  possible  to  distinguish  between  them  with  any  certainty. 

Explanations  of  cavitation  inception  scaling  in  terms  of  nuclei  dynamics  have  been  attempted 
by  Johnson  and  Hsieh  (1966),  Oshima  (1961)  and  van  der  Walle  (1962)  with  varying  degrees  of 
success.  That  scale  effects  are  associated  with  nuclei  growth  is  shown  by  the  fact  that  both  the 
nature  of  the  model  surface  and  the  sharpness  of  the  pressure  distribution  peak  affect  the  results. 
Apparently  nuclei  can  either  be  supplied  by  the  model  surface  or  by  circulating  microbubbles. 
Which  of  these  will  dominate  depends  on  model  material  and  on  relative  gas  content  of  the  tunnel 
water.  For  slow  tunnel  speeds  and  high  gas  contents,  gaseous  cavitation  is  often  found  to  occur  at 
critical  indices  above  the  theoretical  value.  As  speed  is  increased  and/or  gas  content  lowered,  this 
type  disappears  and  vaporous  cavitation  occurs,  at  indices  somewhat  below  theoretical.  Experi¬ 
ments  with  Teflon  models  reported  by  van  der  Meulen  (1972)  seem  to  suggest  that  surface  nuclei 
are  more  important  than  flow  nuclei  when  inception  occurs  on  the  model  surface.  It  would  also  be 
expected  that  Weber  number,  involving  surface  tension,  would  be  more  important  than  Reynolds 
number  in  these  cases.  On  the  other  hand,  Reynolds  number  should  be  more  important  for 
inception  in  a  wake,  as  for  sharp-edged  disks,  or  in  separated  boundary  layers.  As  reported  by  Holl 
and  Wislicenus  (1961),  these  trends  have  been  confirmed  by  water  tunnel  tests. 

Givitation  inception  scaling  is  significant  in  most  model  testing  programs  and  in  some  full-scale 
situations.  However,  it  is  generally  not  as  important  in  practice  as  are  the  effects  of  roughness  and 
of  other  deviations  from  ideal  that  are  more  commonly  found  in  engineering  systems. 

Effects  of  Surface  Roughness 

Two  types  of  deviation  from  smooth  surface  conditions  have  been  studied  in  cavitation  experi¬ 
ments.  One  is  distributed  surface  roughness,  produced  either  by  applying  sandpaper-like  surface 
materials  or  by  making  grooves  on  the  surface  itself.  The  second  is  isolated,  single  rougliness 
elements  or  protuberances.  Arndt  and  Ippen  (1968)  and  Arndt  and  Daily  (1969)  have  treated  the 
first  case  by  correlating  cavitation  inception  with  the  wall  friction  coefficient  of  the  boundary 
layer.  It  is  common  practice  to  express  the  wall  friction  in  terms  of  a  dimensionless  skin-friction 
coefficient,  <y,  defined  by 


where  is  the  wall  shear  stress.  Arndt  and  Ippen  found  that  the  smooth-wall  cavitation  index, 

Kj  .  is  increased  by  a  factor  proportional  to  the  skin-friction  coefficient, 
s 

AKf  =  I6Cf  (/  -I-  .  (7.59) 

which  formula  is  especially  useful  when  dealing  with  hydraulic  cavitation  in  rough  conduits. 

Isolated  surface  roughnesses  are  not  so  readily  treated.  Their  effects  depend  upon  shape,  size 
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relative  to  boundary-layer  thickness,  and  location  on  the  parent  body.  Holl  (1960,  1965)  has 
correlated  his  results  using  the  relation 

AKi  =  <1  -  C„)  ,  n.fiO) 

where  K.  is  the  incipient  cavitation  number  for  the  roughness  element  as  measured  on  a  flat  plate, 

and  Cp  is  the  local  pressure  coefficient  at  the  location  of  the  roughness.  The  flat-plate  coefficient 
is  a  function  of  roughness  shape,  height  relative  to  boundary-layer  thickness,  boundary-layer 
velocity  distribution  and  Reynolds  number.  To  a  first  approximation  it  is  the  boundary-layer 
velocity,  U|,,  at  the  height  of  the  protuberance  that  controls  the  pressure  drop  and  thereby  the 
cavitation  index.  Some  investigators  write 


where  depends  on  shape  and  on  the  Reynolds  number  defined  in  terms  of 


(7.61) 


(7.62) 


Thus,  Borden  (1966)  has  found  that  Holl’s  data  on  isolated  roughnesses  correlate  well  with  an 
expression  of  the  form 


logK^  =  -  A  +  BlogR^  .  (7.63) 

where  A  varies  from  0.14  to  0.26  for  two-dimensional  roughness  elements  and  from  0.7  to  1.7  for 
three-dimensional  ones.  B  is  as  low  as  0.014  for  a  two-dimensional  circular-arc  bump,  0.10  for 
hemispheres  and  triangles  and  0.37  for  cylinders  protruding  normal  to  the  surface. 

Vortex  Cavitation 

Vortices  associated  with  both  lift  and  drag  occur  frequently  in  practical  fluid  flows.  A  vortex  is 
a  rotating  flow;  the  bathtub  vortex  is  a  familiar  example.  Because  of  its  rotation  and  the  action  of 
centrifugal  force,  the  center  of  a  vortex  is  a  region  of  reduced  static  pressure  where  cavitation  will 
occur  if  the  vortex  motion  is  strong  enough.  Since  vortices  are  so  common,  they  are  often 
dominant  sources  of  cavitation  noise. 

Although  not  an  exact  representation,  most  real  vortices  can  be  treated  as  ideal  rectilinear 
vortices  for  which  a  central  core  rotates  as  a  solid  body  and  for  which  the  flow  outside  the  core 
obeys  the  laws  of  irrotational  flow.  The  velocity  field  outside  the  core  is  often  called  the  induced 
velocity  field.  Figure  7.14  shows  an  ideal  vortex  and  the  associated  velocity  and  pressure  fields. 
The  core  of  radius  a  has  an  angular  speed  co.  Inside  the  vortex,  the  linear  speed  at  any  radius  is 
u  -  cor.  The  strength  of  the  vortex  is  measured  by  the  maximum  value  of  the  circulation; 

r  =  2Kau(a)  =  2ira^<jj  .  (7.64) 

The  induced  velocity  field  satisfies  the  relation  that  curl  u  =  0,  which  means  that  the  product  of 
the  linear  velocity  and  the  radial  distance  is  constant: 
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u(r)  =  —  u(a)  =  -  . 

r  2Trr 

As  derived  by  Dean  (1944),  the  pressure  at  the  vortex  surface,  r  =  a,  relative  to  the 
infinity  is  given  by 


Poo 


-  Pa 


=  —  PgU'^(a) 
2 


=  -^1 


Inside  the  vortex,  the  centripetal  force  relation  is 


dp  j 

—  =  p^ro)^  =  p^r - 

dr  4-na* 


Integrating  from  the  outer  radius  into  the  center. 


(7.65) 

pressure  at 

(7.66) 

(7.67) 


Fig.  7.14.  Ideal  Rectilinear  Vortex 


7.8  HYDROFOIL  CAVITATION  231 


/O 

4ira* 


— —  rar  =  — - - 

4m*  8it^a^ 


(7.68) 


The  pressure  drop  inside  the  vortex  therefore  equals  that  outside  the  vortex  and  the  total  pressure 
drop  is 


-  Pr  = 


_ 


4v^a^ 


(7.69) 


The  smaller  the  core  radius,  the  greater  is  the  pressure  drop  associated  with  a  given  strength  of 
vortex.  If  the  vortex  is  occurring  in  a  flow  of  speed  U,  then  the  incipient  cavitation  index  of  the 
vortex  can  be  estimated  from  the  pressure  drop  as 


rr  ,  ^'OO 

■  =  T 


2 


2  \mU  J  \  U  / 


(7.70) 


again  showing  the  critical  dependence  on  the  core  radius  or.  alternatively,  on  the  maximum 
velocity,  u(a). 

Vortex  cavitation  is  quite  common  on  propellers,  as  will  be  discussed  in  Chapter  8.  Vortices 
also  occur  at  wing  tips.  When  airplanes  fly  very  high,  vapor  may  condense  in  wing-tip  vortices 
which  then  become  visible  as  contrails.  In  water,  similar  vortices  cavitate.  A  discussion  of  wing-tip 
vortex  cavitation  follows  that  of  hydrofoils  at  the  end  of  Section  7.8. 

Wakes  and  Jets 

When  relatively  sharp-edged  bodies  are  immersed  in  fluid  flow,  flow  separation  may  occur  at 
the  edges  and  highly  turbulent  wakes  may  be  produced.  In  such  cases,  as  in  underwater  jets, 
cavitation  fust  occurs  at  pressure  minima  associated  with  strong  turbulent  eddies.  As  for  vortex 
cavitation,  the  amount  of  the  pressure  drop,  and  hence  the  value  of  the  inception  index,  depends 
very  much  on  Reynolds  number.  In  fact,  in  a  study  of  jet  cavitation  Jorgensen  (1961)  found  a 
change  of  inception  index  of  a  factor  of  3  for  a  Reynolds  number  change  of  about  8.  Jorgensen 
also  measured  the  sound  radiated  when  the  jet  was  thoroughly  cavitating,  finding  the  acoustic 
conversion  efficiency  to  be  between  0.5  and  3  X  10'^  M,  where  M  is  the  jet  Mach  number.  The 
measured  spectra  rose  at  the  rate  of  1 2  dB/octave  to  a  peak  and  then  dropped  at  about 
6  dB/octave.  Shalnev  (1951)  observed  that  cavitation  in  wakes  exhibits  a  periodicity  that  cor¬ 
responds  to  the  shedding  frequency  of  the  strongest  vortices  or  eddies. 

7.8  Hydrofoil  Givitation 


Hydrofoil,  or  strut,  cavitation  is  similar  to  body  cavitation.  However,  two-dimensional  hydro¬ 
foils  are  generally  more  susceptible  to  cavitation  than  are  three-dimensional  bodies  of  similar 
thickness  and  cross-sectional  shape.  Not  only  does  the  two-dimensionality  produce  larger  pressure 
changes,  but  also  the  effects  of  operating  at  angles  other  than  head-on  may  be  very  large. 
Figure  7.15  shows  a  hydrofoil  at  an  angle  of  attack  to  the  flow  together  with  its  pressure  distribu¬ 
tion.  The  negative  pressure  region  is  sharper  than  that  for  the  same  hydrofoil  at  a  smaller  angle  of 
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Fig.  7.15.  Hydrofoil  at  Angle  of  Attack  and  Corresponding  Pressure  Distribution 

attack.  Critical  cavitation  indices  of  hydrofoils  can  be  estimated  from  airfoil  pressure  distributions 
given  in  standard  works  on  airfoils  such  as  that  of  Abbott  and  von  Doenhoff  (1959).  They  present 
data  on  critical  Mach  numbers  for  airfoils  from  which  minimum  pressure  coefficients  can  be 
obtained. 

Symmetric  Struts 

The  critical  inception  indices  of  symmetric  struts  at  zero  angle  of  attack  are  dependent  pri¬ 
marily  on  thickness  and  secondarily  on  details  of  the  profile.  Figure  7.16  is  a  plot  of  the  minimum 
pressure  coefficient,  assumed  to  equal  the  critical  cavitation  index,  as  a  function  of  thickness- 
chord  ratio  for  a  number  of  symmetric  hydrofoil  families.  To  a  first  approximation,  with  a  spread 
of ±25%, 


(7.71) 


Based  on  this  result,  one  would  expect  that  the  optimum  strut  form  would  be  as  thin  as  possible 
with  a  flat  pressure  distribution.  Actually  this  is  not  always  the  case.  If  the  gas  content  is  high,  fiat 
pressure  distributions  having  long  growth  times  for  nuclei  are  susceptible  to  gaseous  cavitation. 
Also,  as  will  be  discussed  shortly,  such  sections  are  likely  to  be  quite  sensitive  to  relatively  small 
changes  of  the  angle  of  attack.  The  optimum  strut  section  is  thus  one  whose  design  minimum 
pressure  coefficient  is  only  slightly  lower  than  the  minimum  flow  cavitation  parameter  for  the 
particular  application.  Values  of  K/  of  less  than  0.3  are  extremely  difficult  to  achieve  in  most 
practical  circumstances,  and  values  around  0.5  are  more  typical. 
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Lifting  Hydrofoils 


Hydrofoils  are  often  used  to  produce  lift  as  sections  of  wings  and  of  propeller  blades.  Lift  is 
usually  achieved  by  both  curvature  of  the  section,  called  camber,  and  by  operation  at  a  positive 
angle  of  attack.  Figure  7. 1 7  shows  the  contour  of  a  typical  section  designed  to  be  used  as  a 
lift-producing  hydrofoil.  A  cambered  section  is  generally  best  used  at  an  angle  of  attack  such  that 
the  flow  is  close  to  parallel  to  the  camber  line  at  the  nose  of  the  section.  The  angle  for  which  this 
occurs  is  called  the  design  angle  of  attack. 

The  total  force  experienced  by  a  lifting  foil  can  be  resolved  into  two  components,  one  perpen¬ 
dicular  to  the  flow,  lift,  and  one  parallel  to  the  flow,  drag.  Since  both  of  these  forces  are 
proportional  to  the  size  of  the  section  and  to  the  dynamic  pressure  of  the  relative  flow,  it  is  usual 
to  express  them  by  dimensionless  coefficients. 
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Fig.  7.16.  Critical  Cavitation  Indices  for  Symmetric  Hydrofoils  at  Zero  Angle 
of  Attack  Based  on  Minimum  Pressure  Coefficients 
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Fig.  7.17.  A  Typical  Lifting  Hydrofoil  Section 


234  7.  CAVITATION 


C,  =  - ^ -  (7.72> 

1 

—  Po^  ^ 
and 

F* 

C„  S  - Q. -  .  (7.73) 

1 

—  p^lPs 

where  is  the  lift  per  unit  width,  is  the  drag,  and  5  is  the  chord  length  of  the  section.  This  lift 
is  approximately  a  linear  function  of  the  angle  of  attack  over  the  useful  range  of  attack  angles, 

Q  =  5r«  -  a^)  ,  (7.74) 

where  is  the  angle  producing  zero  lift  and  a  is  approximately  0.1 /deg,  or  LSir/radian.  The  drag 
coefficient  has  a  minimum  value  near  the  design  angle  of  attack  and  increases  slowly  at  first  and 
then  very  rapidly  as  the  angle  deviates  from  optimum.  The  lift  and  drag  coefficients  fora  typical 
airfoil,  the  NACA  4412  section,  are  shown  in  Fig.  7.18  as  a  function  of  angle  of  attack.  The  break 
in  the  lift  curve  and  rapid  increase  in  drag  at  an  angle  of  14°  are  caused  by  flow  separation.  Since 
strong  wake  cavitation  is  also  associated  with  separation,  it  is  a  condition  to  be  avoided.  The  lift 
coefficient  at  separation  is  termed  the  maximum  lift  coefficient,  C, 
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Daily  (1949)  and  Kermeen  (1956)  have  measured  the  critical  cavitation  index  of  NACA4412 
hydrofoils  and  find  good  agreement  with  the  minimum  pressure  coefficient  as  derived  from  data 
given  by  Abbott  and  von  Doenhoff  (1945,  1959).  As  shown  in  Fig.  7.19,  the  minimum  pressure 
^  coefficient  is  smallest  at  or  near  the  design  angle  of  attack,  and  increases  approximately  para- 

bolically  as  a  function  of  angle  to  either  side.  Cavitation  occurs  on  the  suction  surface  at  positive 
angles  of  attack  and  on  the  pressure  face  when  the  angle  of  attack  is  negative. 

Airfoil  sections  have  been  developed  by  the  N.A.C.A.  (now  N.A.S.A.)  and  other  organizations 
in  families  in  which  a  given  basic  shape  is  combined  with  camber  functions  to  develop  dozens  of 
^  related  shapes.  By  using  different  combinations  of  thickness,  camber  and  angle  of  attack,  one  can 

produce  the  same  lift  with  any  member  of  a  family.  However,  the  minimum  pressure  coefficient, 
and  consequently  the  critical  cavitation  index,  will  differ  greatly.  Ross  (1947)  studied  several 
NACA  airfoil  families  and  concluded  that  for  most  families  the  minimum  achievable  cavitation 
index  is  given  by 

% 

K.  =  A,.  (a  =  0)  -V  0.6C,  .  (7.75) 

min  sym  *' 

To  achieve  this  minimum,  the  lift  must  be  obtained  primarily  by  camber  and  the  section  operated 
at  close  to  its  design  angle  of  attack. 

%  The  choice  of  proper  combinations  of  camber  and  angle  of  attack  is  very  important.  Thus, 

critical  cavitation  indices  of  hydrofoils  producing  a  lift  coefficient  of  0.4  may  vary  from  a  mini¬ 
mum  of  about  0.6  to  a  maximum  of  2.5,  the  highest  values  being  found  for  relatively  thin  sections 
operated  at  angles  of  attack  that  are  not  optimum  for  the  particular  sections.  This  point  is 
illustrated  in  Fig.  7.20,  which  shows  critical  cavitation  indices  for  four  symmetric  sections  in  the 
Z  same  family.  It  is  clear  from  this  figure  that  relatively  thin  sections  have  lower  critical  cavitation 
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Fig.  7.19.  Critical  Cavitation  Inception  Index  for  NACA  441 2  Hydrofoil, 
after  Daily  (1949)  and  Kermeen  (1956) 
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Fig.  7.20.  Critical  Cavitation  Inception  Indices  bstimated  for 
Four  Symmetric  NACA  Series  65  Hydrofoils 

indices  when  operated  at  design  conditions,  in  accordance  with  Eq.  7.71,  but  that  away  from 
design  angle  thick  sections  are  usually  better. 

The  curves  of  Fig.  7.20  have  important  implications  relevant  to  the  choice  of  optimum  sec¬ 
tions  in  practical  applications.  Almost  all  flow  situations  experience  fluctuations  of  angle  of  attack 
as  well  as  of  flow  speed.  Thin  sections  have  much  less  tolerance  for  changes  in  attack  angle  than  do 
thicker  ones.  As  a  result,  a  thicker  section  may  be  the  better  choice.  In  Fig.  7.20  the  6%  thick 
section  has  the  lowest  index  at  zero  lift,  but  the  highest  at  angles  greater  than  1-1/2°  from 
optimum.  The  18%  thick  section,  on  the  other  hand,  is  the  poorest  near  zero  angle  and  is  best  for 
angles  in  excess  of  3°. 

The  choice  of  hydrofoil  sections  for  optimum  cavitation  performance  is  as  much  governed  by 
the  variability  of  inflow  conditions  as  by  mean  values.  The  camber  function  should  be  chosen  on 
the  basis  of  mean  inflow  and  mean  lift  to  be  produced,  but  the  optimum  thickness-chord  ratio  is 
more  dependent  on  expected  variations  of  inflow  angle. 

Effects  of  Cavitation  on  Section  Performance 

When  a  hydrofoil  experiences  cavitation,  the  pressure  distribution  on  the  cavitating  surface  is 
altered.  Flow  streamlines  are  changed  in  such  a  way  that  static  pressure  in  the  cavitating  region  is 
close  to  vapor  pressure.  Thus,  the  minimum  surface  pressure  coefficient  of  a  cavitating  hydrofoil 
equals  the  operating  cavitation  parameter  rather  than  having  a  larger  negative  value.  The  loss  of 
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suction  pressure  reduces  the  lift  developed.  Figure  7.21  shows  how  the  lift  coefficient  of  a  typical 
hydrofoil  is  limited  by  cavitation  when  the  operating  cavitation  number  alters  the  pressure  distri¬ 
bution,  and  Fig.  7.22  shows  how  suction-surface  pressure  distributions  are  affected  by  cavitation. 

Cavitation  also  affects  section  drag.  A  small  amount  of  cavitation  increases  the  drag  but 
operation  at  a  very  low  cavitation  parameter  reduces  it.  An  alternate  presentation  showing  the 
effects  of  cavitation  is  to  plot  and  Cq  as  functions  of  the  operating  cavitation  parameter  for 
constant  angles  of  attack.  Figure  7.23  shows  lift  and  drag  curves  for  the  NACA4412  section  for 
two  typical  angles  of  attack.  The  peak  drag  is  seen  to  occur  at  an  operating  parameter  of  about 
40%  of  the  critical  inception  value. 

Scale  Effects 

Many  hydrofoils  when  operated  near  their  design  angles  of  attack  have  relatively  flat  pressure 
distributions.  Holl  (1960)  reports  that  they  are  subject  to  gaseous  cavitation  if  the  gas  content  is 
sufficiently  high  and  the  flow  speed  not  too  great.  Otherwise,  hydrofoils  tend  to  cavitate  first  in 
the  turbulent  eddies  of  their  boundary  layers,  the  inception  of  cavitation  depending  on  both  flow 
speed  and  section  size. 

Roughness  also  affects  hydrofoil  cavitation,  pretty  much  in  the  same  way  as  for  three- 
dimensional  bodies.  In  fact,  many  of  the  roughness  results  presented  in  Section  7.7  are  based  on 
experiments  performed  on  two-dimensional  models  and/or  calculations  made  for  two-dimensional 
flows. 
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Fig.  7.21.  Lift  Curve  for  NACA  4412  Hydrofoil  as  a  Function  of 
Operating  Cavitation  Parameter,  after  Kermeen  (19S6) 
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Fig.  7.23.  Lift  and  Drag  of  NACA  441 2  as  a  Function  of 
Operating  Cavitation  Parameter,  after  Kermeen  (19S6) 
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Wing-Tip  Vortex  Cavitation 

Hydrofoils  are  usually  found  as  sections  of  finite  wings  or  propeller  blades.  Their  cavitation 
behavior  in  finite  structures  is  modified  somewhat  by  three-dimensional  aspects  of  the  flow. 
However,  the  most  important  difference  is  the  formation  of  wing-tip  vortices,  which  often  cavitate 
at  higher  values  of  K  than  the  sections  themselves. 

To  understand  why  these  vortices  occur,  one  may  either  examine  the  flow  over  a  wing  tip  in 
detail  or  consider  the  vortex  theory  of  lifting  surfaces.  According  to  the  vortex  theory,  any  lifting 
surface  may  be  replaced  by  an  equivalent  system  of  vortices  having  total  strength  equal  to  the 
circulation  around  the  section.  The  lift  per  unit  span  is  related  to  the  circulation  by 

F'l’P^TU^.  (7.76) 

and  the  circulation  is  related  to  the  lift  coefficient  by 

r^—sC/U^.  (7.77) 

Vorticity  is  continuous.  Any  spanwise  change  of  wing  section  circulation  results  in  discharge  of 
vorticity  into  a  vortex  sheet  that  trails  behind  the  wing.  Since  the  greatest  changes  of  circulation 
occur  near  the  wing  tips,  the  shed  vorticity  is  strongest  there.  The  vorticity  shed  at  the  wing  tip 
forms  a  tip  vortex,  which  will  cavitate  if  the  pressure  drop  is  greater  than  ambient  pressure. 

Vortex  cavitation  has  been  studied  by  Ackeret  (19301  and  by  McCormick  ( 1962).  Figure  7.24 
shows  wing-tip  vortices  observed  by  McCormick.  He  measured  the  incipient  cavitation  index  as  a 
function  of  angle  of  attack  and  attempted  to  correlate  his  results  with  classical  wing  theory. 

In  basic  wing  theory,  the  wing  is  treated  as  a  single  horseshoe  vortex,  and  the  circulation  of  the 
tip  vortex  equals  that  of  the  wing.  Combining  Eqs.  7.70  and  7.77.  the  cavitation  index  of  such  a 
horseshoe  vortex  would  be 


Fig.  7.24.  Two  Examples  of  Wing  Tip-Vorte.x  Cavitation,  from  McCormick  (1962) 
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showing  dependence  on  the  square  of  the  lift  coefficient  and  therefore  of  the  angle  of  attack  as 
well  as  inverse  dependence  on  the  square  of  the  core  radius  relative  to  the  section  chord. 
McCormick  confirmed  that  critical  cavitation  indices  of  a  number  of  wings  varied  approximately  as 
the  square  of  the  angle  of  attack.  The  problem  was  to  calculate  the  core  radius  theoretically. 
Ackeret  had  equated  the  so^alled  induced  drag  associated  with  the  tip  vortices  to  their  energy  per 
unit  length,  finding  a  =  0.086b,  where  b  is  the  wing  span.  However,  McCormick  found  this  relation 
to  be  at  variance  with  his  experimental  results.  One  problem  is  that  this  theory  leads  to  an 
expected  dependence  on  aspect  ratio,  and  McCormick  found  none.  Another  is  that  it  predicts 
cavitation  indices  independent  of  Reynolds  number,  and  he  found  a  strong  dependence  on  this 
factor. 

In  his  own  theoretical  development  McCormick  related  the  core  thickness  to  the  thickness  of 
the  boundary  layer  developed  on  the  lower  surface.  He  concluded  that  the  shape  of  the  tip  would 
be  important  and  also  that  roughness  of  the  pressure  surface  would  affect  cavitation  inception.  His 
experimental  results  are  consistent  with  these  theories.  He  predicted  a  strong  Reynolds  number 
effect,  which  was  confirmed  by  tests  over  a  10:1  range,  for  which  the  inception  index  more  than 
doubled.  McCormick  developed  a  rather  complex  equation  to  correlate  his  experimental  data. 
However,  conformity  to  his  data  within  a  reasonable  scatter  is  given  by 

=  0.3  +  3Cl  .  (7.  79) 

where  Cy,  is  measured  about  one  chord  length  from  the  wing  tip,  and  the  Reynolds  number  is 
about  10*. 

Supercavitating  Hydrofoils 

Cavitation  is  unavoidable  for  very  fast  surface  craft.  Rather  than  using  conventional  section 
shapes,  it  is  preferable  in  such  cases  to  use  special  hydrofoils  which  resemble  wedges  and  which 
operate  with  fixed  large  cavities  on  the  suction  surface.  The  lift  is  then  obtained  from  positive 
pressures  on  the  lifting  surface.  Such  hydrofoils  designed  to  operate  at  cavitation  numbers  below 
0.2  are  called  supercavitating  hydrofoils.  Since  the  cavity  usually  extends  beyond  the  section,  such 
foils  are  somewhat  less  noisy  than  standard  hydrofoils  for  which  individual  bubbles  collapse  on  the 
sections  themselves. 

7.9  Hydraulic  Cavitation 

Hydraulic  cavitation  generally  refers  to  cavitation  in  enclosed  systems  such  as  pipes  and  con¬ 
duits.  Local  pressure  drops  occur  in  such  systems  wherever  there  are  constrictions  or  bends  or 
where  there  are  isolated  rou^nesses  or  other  contour  discontinuities.  The  criteria  for  cavitation 
inception  are  essentially  the  same  as  for  hydrodynamic  cavitation.  A  flow  cavitation  parameter  can 
readily  be  defined  for  the  undisturbed  flow,  and  the  critical  inception  index  is  usually  about  equal 
to  the  absolute  value  of  the  minimum  pressure  coefficient. 
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Pipe  Constrictions 

Pipe  constrictions  are  either  smooth  and  gradual  as  in  a  Venturi  meter,  or  abrupt  as  for  an 
orifice  plate.  Figure  7.25  shows  the  pressure  drop  associated  with  a  well-designed,  gradual  Venturi 
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Fig.  7.2S.  Pressure  Distribution  for  Flow  through  a  Venturi  Nozzle 

nozzle.  To  a  first  approximation,  the  minimum  pressure  coefficient  can  be  calculated  simply  by 
writing  the  Bernoulli  equation  for  the  average  flow  speeds. 

Po  +  —Po^  »  Pi  + 

2  2 

and  the  equation  of  continuity. 


U^Dl  =  U,D\  , 


(7.81) 


from  which 
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(7.82) 


Actually  the  critical  index  may  be  somewhat  larger,  because  the  wall  pressure  is  lower  than  the 
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pressure  at  the  center  of  the  nozzle  due  to  effects  of  streamline  curvature;  however,  for  a  well- 
designed  nozzle  these  effects  are  small. 

If  a  sharp-edged  orifice  is  used,  cavitation  will  usually  occur  first  downstream  in  violent  eddies. 
The  critical  index  will  likely  be  significantly  higher  than  that  calculated  using  Eq.  7.82. 

Valves 

Valve  cavitation  depends  not  only  on  the  construction  of  the  valve  but  also  on  its  degree  of 
openness.  Ball  (1957)  found  that  the  inception  index  for  gate  valves  is  0.5  when  open,  increasing 
to  1.5  when  half  closed  and  rising  even  higher  as  they  are  closed  further.  He  found  globe  valves  to 
be  less  prone  to  cavitation  than  gate  valves.  Gearly  it  is  best  to  avoid  using  valves  in  a  slightly  open 
position.  When  valves  are  required  to  cause  significant  pressure  drops,  the  same  effect  can  be 
achieved  by  the  use  of  a  large  number  of  small-diameter  parallel  tubes  each  of  which  is  either  fully 
open  or  fully  shut.  Multiple  orifice  valves  have  been  developed  for  use  in  systems  where  avoidance 
of  cavitation  is  considered  essential,  as  described  by  Muller  (1958). 

Pipe  Bends 

At  pipe  bends  the  pressure  builds  up  on  the  far  wall  and  decreases  on  the  inside  wall.  In  fact, 
some  flow  meters  use  this  pressure  difference  to  determine  the  rate  of  flow.  Critical  cavitation 
indices  of  pipe  bends  depend  upon  the  sharpness  of  the  bend  and  vary  from  about  0.7  for  gradual 
bends  to  about  2  for  sharp  ones.  Kamiyama  (1966)  found  values  of  0.9  to  1.2  for  90°  bends.  He 
noted  that,  other  things  being  equal,  cavitation  is  less  likely  if  the  low-pressure  region  is  shorter, 
thereby  allowing  (ess  time  for  nuclei  to  grow  into  bubbles. 

Hydraulic  Machinery 

Just  as  the  propulsor  is  the  most  likely  place  for  cavitation  to  occur  first  for  propelled  vehicles, 
so  cavitation  of  pumps  or  turbines  is  generally  the  most  critical  in  hydraulic  systems.  Much 
research  has  been  done  on  this  subject,  primarily  motivated  by  the  need  to  avoid  cavitation  erosion 
and  energy  losses.  Bashta  (1961),  Khoroshev  (1960),  Shalnev  (1951)  and  Wislicenus  (1947)  have 
studied  pump  cavitation  from  these  points  of  view.  A  detailed  discussion  of  cavitation  in  hydraulic 
machinery  is  beyond  the  scope  of  the  present  volume.  The  interested  reader  is  directed  to  these 
references  and  also  to  the  next  chapter  on  propeller  cavitation,  since  there  are  many  similarities 
between  pump  and  propeller  cavitation. 

7.10  Underwater  Explosions 

Detonation  of  an  explosive  charge  creates  a  small  pocket  of  gaseous  reaction  products  at 
exceedingly  high  temperature  and  pressure.  This  expands  at  transonic  speed,  creating  a  strong 
shock  wave  which  propagates  outward  at  close  to  the  speed  of  sound.  The  initial  rapid  expansion 
caused  by  the  detonation  continues  past  the  point  of  static  equilibrium,  the  gas  pressure  falling 
well  below  the  ambient  static  pressure.  The  unstable  bubble  thus  created  then  collapses  in  the 
same  manner  as  a  large  cavitation  bubble,  overshooting  and  recompressing  the  permanent  gas.  The 
expansion  and  collapse  processes  are  then  repeated  until  the  bubble  has  migrated  upward  to  the 
surface  or  has  broken  up  into  a  number  of  smaller  bubbles.  Extensive  research  on  underwater 
explosions  carried  on  during  World  War  11  has  been  summarized  in  a  book  by  Cole  (1948). 

Underwater  explosives  and  explosion-like  impulsive  sources  are  being  used  increasingly  as 
sources  for  acoustic  propagation  measurements  and  for  seismic  profiling  in  connection  with  off- 
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shore  oil  prospecting.  As  their  use  has  increased  in  recent  years,  these  pulse  sources  have  become 
important  contributors  to  low-frequency  ambient  noise  in  the  oceans.  The  significance  of  ex¬ 
plosives  as  noise  sources  can  be  appreciated  from  a  simple  energy  analysis.  Detonation  of  a  pound 
of  TNT  releases  approximately  10’  Joules  of  energy.  Dependent  on  the  depth  of  the  explosion, 
from  10  to  40%  of  this  energy  is  radiated  as  sound.  Tlius,  one  1-lb  explosion  every  15  minutes 
would  release  an  average  of  about  1000  J/sec,  i.e.,  1  kW  of  continuous  broadband  noise.  This  is 
equivalent  to  an  average  total  source  pressure  level  of  about  200  dB  re  1  pPa  at  1  m.  Modem 
sources  used  in  seismic  profiling  are  equivalent  to  several  ounces  of  TNT  and  are  fired  at  intervals 
of  6  to  10  seconds.  They  therefore  have  average  source  levels  of  from  205  to  215  dB/iPa.  Com¬ 
paring  this  with  the  total  acoustic  output  of  about  180  to  185  dB^Pa  for  an  average  surface  ship, 
as  given  in  Chapter  8,  it  is  apparent  that  seismic  profiling  by  one  vessel  puts  as  much  noise  into  the 
water  as  is  emitted  by  from  200  to  1000  ordinary  ships. 

Two  distinct  types  of  sound  are  produced  by  explosions,  as  shown  in  Fig.  7.26.  One  is  a  shock 
wave  pulse  which  is  of  very  short  duration  and  therefore  produces  much  high-frequency  energy. 
The  other  is  dominantly  tonal  radiation  by  the  bubble  pulsations. 


Fig.  7.26.  Pressure  Pulses  from  an  Explosion,  after  Snay  ( 19S6) 

The  two  parameters  that  characterize  the  shock  wave  pulse  are  its  peak  pressure  and  its 
duration.  Both  are  functions  of  charge  weight,  W,  and  distance,  r,  from  the  point  of  the  explosion. 
Arons  and  Yennie  (1948,  1954)  found  that  the  peak  pressure  for  TNT  charges  can  be  estimated 
from 

y^.375 

P'  =  4  X  70’  -  Pascab  .  (7.83) 

P  fl.l3 

where  W  is  in  lbs  of  TNT  and  r  is  distance  in  meters.  Thus,  the  peak  pressure  is  about  2.2  X  10*  Pa 
at  100  m  from  a  1-lb  charge.  The  duration  of  the  shock-wave  pulse  is  given  by 

T  ^  0.075W°-^^r°-^^  msec  .  (7.84) 
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Since  this  time  constant  is  often  under  a  millisecond,  the  spectrum  from  the  shock  pulse  is  flat  to 
over  I  kHz,  decreasing  6  dB/octave  at  frequencies  greater  than  t'*.  Blaik  and  Christian  (1965) 
have  confirmed  that  these  values  are  virtually  unaffected  by  depth  of  the  explosion. 

The  fundamental  bubble  pulse  frequency  is  the  reciprocal  of  the  time  between  the  shock  pulse 
and  the  first  bubble  pulse,  wliich  time  is  depth  dependent  and  is  given  by 


(h  +  10)^!^ 


sec  , 


(7.85) 


where  h  is  the  depth  in  meters.  This  relation  is  plotted  in  Fig.  7.27. 

Although  the  peak  pressure  produced  by  the  bubble  pulse  is  independent  of  depth  of  the 
explosion,  being  given  by 


8.5  X  10^ 
^  r 


Pascals  , 


(7.86) 


the  duration  of  the  pulse  is  shorter  at  greater  depths  and  the  total  bubble  pulse  energy  therefore 
decreases.  The  bubble  pulse  component  is  suppressed  if  the  explosion  globe  breaks  the  surface 
before  reaching  its  maximum  diameter  or  if  the  products  can  be  kept  within  a  container  as  is  done 
with  small  chaiges. 

In  using  explosions  as  sources,  it  is  useful  to  know  their  spectral  distributions  of  energy.  Figure 
7.28  is  a  plot  of  source  spectrum  levels  for  shallow  detonations,  expressed  in  terms  of  energy  flux 
in  J/m^  in  a  1  Hz  band  at  1  m.  Figure  7.29  shows  relative  levels  for  1-lb  charges  exploded  at  four 
deep  submergences,  as  measured  at  a  range  of  about  100  km  by  Kibblewhite  and  Denham  (1970). 
They  can  be  converted  to  source  spectrum  levels  by  adding  about  50  dB  to  the  values  given. 


t  2  5  10  20  SO  too  200  500 

BUBBLE  PULSE  FREQUENCY  (Hz) 

Fi(.  7.27.  Bubble  Pulse  Frequency  as  a  Function  of  Depth 
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Fig.  7.28.  Measured  Spectra  of  Shallow  Explosions,  after  Weston  (1960) 
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Pig.  7.29.  Effect  of  Detonation  Depth  on  Spectra  of  1-lb  Charges,  after  Kibblewhite  and  Denham  (1970) 
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PROPELLER  CAVITATION  NOISE 


Cavitation  of  nurine  propellers  is  the  most  prevalent  source  of  underwater  sound  in  the 
oceans.  Furthermore,  when  it  occurs,  propeller  cavitation  is  usually  the  dominant  noise  source  for 
any  single  marine  vehicle.  Submarines  and  torpedoes  often  operate  deep  enough  to  avoid  cavita¬ 
tion.  Surface  ships,  on  the  other  hand,  generally  have  well-developed  propeller  cavitation,  with  the 
result  that  their  entire  radiated  spectra  from  as  low  as  5  Hz  to  os  high  as  100  kHz  are  controlled  by 
this  source.  The  basic  phenomena  of  cavitation  and  cavitation  noise  were  considered  in  the  pre¬ 
vious  chapter.  Now  these  concepts  are  combined  with  propeller  hydrodynamics  relations  to  ex¬ 
plain  the  fundamental  characteristics  of  propeller  cavitation  noise.  Data  on  surface  ship  radiated 
noise  and  an  analysis  of  the  contribution  of  this  source  to  low-frequency  ambient  ocean  noise  are 
presented  in  the  final  two  sections. 

8.1  Types  of  Propeller  Cavitation 

Propeller  blades  are  rotating  twisted  wings  that  produce  hydrodynamic  forces.  Depending  on 
operating  conditions,  they  experience  cavitation  in  a  number  of  different  places,  as  illustrated  by 
three  typical  examples  shown  in  Fig.  8.1.  Prominent  in  these  photographs  are  two  types  of  vortex 
cavitation:  tip-vortex  and  hub-vortex.  Propeller  tip-vortex  cavitation,  shown  most  clearly  in 
Fig.  8. 1  (a),  is  similar  to  wing-tip  cavitation,  which  was  discussed  in  Section  7.8.  Hub  vortices  such 
as  that  shown  in  Fig.  8.1(c)  are  formed  when  the  lift  is  heavy  on  inboard  sections.  Vortex 
cavitation  produces  noise,  but  not  as  much  as  blade-surface  cavitation,  which  is  most  clearly  visible 
in  Fig.  8. 1  (b).  In  this  case,  the  cavitation  is  occurring  on  the  suction,  or  back,  surface  of  the  blade. 
When  the  thrust  produced  is  small  or  negative,  blade-surface  cavitation  may  occur  on  the  driving 
face  of  the  blade.  In  addition  to  two  types  of  vortex  cavitation,  there  are  two  types  of  blade- 
surface  cavitation:  back  and  face.  Of  these,  blade-surface  cavitation  on  the  suction  surface  is 
the  most  noisy,  and  hub-vortex  cavitation  the  least. 

8.2  Blade-Surface  Givitation  Noise 

Of  the  various  types  of  cavitation,  blade-surface  cavitation  on  the  suction  surface  produces  the 
highest  noise  levels.  This  is  because  the  voids  collapse  rapidly  when  they  reach  a  region  of  positive 
collapse  pressure.  Both  types  of  vortex  cavitation  voids,  on  the  other  hand,  remain  in  negative 
pressure  regions  for  relatively  long  times,  tend  to  fill  with  gas  as  well  as  vapor  and  so  collapse  with 
less  energy  release. 

Rotating  Blade  Experiments 

Blade-surface  cavitation  can  be  made  to  occur  on  the  surfaces  of  non-lifting  as  well  as  lifting 
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blades.  It  can  therefore  be  studied  with  an  eggbeater-type  rotating-blade  apparatus  in  still  water. 
Experiments  of  this  type  have  been  reported  by  Ross  and  McCormick  (1948),  Mellen  (1954)  and 
Lesunovskii  and  Khokha  (1968).  The  results  and  analyses  reported  here  are  based  on  these  three 
investigations. 

Ross  and  McCormick  reported  on  measurements  made  with  an  eggbeater  apparatus  in  a  lake. 
They  measured  radiated  noise  over  the  band  from  1 7  to  60  kHz  using  a  1  kHz  fitter,  finding  the 
spectrum  in  this  band  to  be  continuous  with  a  -6  dB/octave  slope.  As  shown  in  Fig.  8.2,  noise 
levels  increase  sharply  with  cavitation  inception  and  then  more  gradually,  even  leveling  off  for 
some  speed  increments  before  resuming  an  upward  trend.  The  “theoretical  curves”  shown  in 
Fig.  8.2  are  of  the  form 

N  /  N 

SPL  =  C  10  log  -  / - .  (8.1) 

Ni  \  Ni  ) 

which  formula  will  be  explained  later  in  this  section. 

The  noise  measurements  reported  by  Ross  and  McCormick  were  at  frequencies  above  the  peak 
of  the  cavitation  spectrum.  Measurements  of  a  wide  band  including  the  peak  were  made  by  Mellen 
(1954)  using  a  rotating  rod  10  cm  in  diameter.  As  shown  in  Fig.  8.3,  a  complex  triple  peak  was 
observed  at  about  2  kHz. 

The  most  thorough  study  of  blade-surface  cavitation  noise  is  that  of  Lesunovskii  and  Khokha. 
They  studied  zero-pitch  airfoil-section  blades  having  thickness-chord  ratios  of  about  26%  and 
diameters  of  0.5  m.  The  critical  tip  index  was  found  to  be  close  to  1.9.  Their  measured  spectra 
summarized  in  Figs.  8.4  and  8.5  reveal  three  distinctively  different  regimes  of  cavitation.  The  first 
regime,  from  inception  to  a  relative  speed  of  1 .27,  is  characterized  by  implosions  of  individual 
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Fig.  8.2.  Shape  of  Noise  Curves  for  Typical  Propeller  Blades,  after  Ross  and  McCormick  ( 1 948) 
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Fig.  8.3.  Measured  Spectrum  of  Cavitation  Noise  Using  Rotating  Rod,  after  Mellen  (1954) 

bubbles,  called  transient  cavitation.  The  intensification  of  noise  in  this  regime  is  due  to  increasing 
numbers  of  bubbles  collapsing  per  second  as  well  as  increase  of  their  size.  The  spectrum  in  this 
regime,  corresponding  to  the  lowest  three  curves  in  Fig.  8.4,  exhibits  a  rounded  peak.  The  second 
regime,  from  1.28  to  about  1 .55,  is  characterized  by  a  sharp  spectral  peak  and  by  a  peak  in  overall 
level.  The  sound  is  like  a  siren,  the  pitch  of  which  becomes  lower  as  the  flow  speed  becomes 
greater.  With  a  further  increase  in  speed,  the  noise  loses  its  tonality,  becomes  broadband  and 
acquires  a  hissing  character.  The  overall  noise  level  rises  about  15  dB  in  the  third  regime.  As  at 
lower  speeds,  the  increase  in  level  at  low  frequencies  is  more  rapid  than  that  at  high  frequencies. 

Scaling  Relationships 

Ross  and  McCormick  (1948)  recognized  that  the  representative  local  flow  velocity  for  cavita¬ 
tion  of  a  rotating  blade  is  the  tip  velocity, 

(/,  =  vnD  ,  (8.2) 

and  that  the  appropriate  flow  cavitation  parameter  is  the  tip  cavitation  index. 


K, 


Pq  -  Py  ^  Pq  -  Py 

—  PqU]  ~ 

2  2 


(8.3) 


The  blades  which  they  used  had  square  edges  and  tips  and  critical  values  of  the  tip  index  of  about 
2.0.  A  slightly  lower  value  was  measured  in  the  Russian  experiments.  Values  as  low  as  1.0  have 
been  observed  with  rounded  tips. 
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Ross  and  McCormick  also  developed  an  approximate  theory  for  blade-surface  cavitation  noise 
scaling  by  means  of  dimensional  analysis,  basic  physical  reasoning  and  simplified  assumptions 
concerning  hydrofoil  pressure  distributions.  They  combined  dimensional  analysis  with  the  result, 
described  in  Section  7.5,  that  acoustic  power  is  proportional  to  the  product  of  the  collapse 
pressure  and  the  volume  of  cavitation  produced  per  unit  time.  From  this  synthesis  they  found 


I 


BsDPU, 


(8.4) 


where  /  is  the  total  acoustic  intensity,  B  the  number  of  blades  cavitating,  s  the  blade  chord  and  r 
the  distance  of  the  hydrophone  from  the  source.  The  cavitating  volume  was  estimated  by  assuming 
a  triangular  pressure  distribution  over  the  foil,  whence 


(8.5) 


Equation  8.4  then  takes  the  form 

P^BsDK,Ul 

r  ~ 


(8.6) 


where  the  expression  in  brackets  has  the  same  speed  dependence  as  that  indicated  by  Eq.  8. 1 . 
When  plotted  on  a  log-log  plot,  Eq.  8.6  yields  an  average  dependence  on  speed  for  well  developed 
cavitation  of  about  the  fifth  power.  As  we  will  see  in  Section  8.6  on  merchant  ship  noise,  this  is  in 
reasonably  good  agreement  with  trends  found  with  full-scale  ship  propellers. 

Equation  8.6  applies  to  the  overall  spectrum.  Spectrum  levels  at  frequencies  above  the  spec¬ 
trum  peak  can  be  estimated  using  a  simple  spectrum  shape  of  the  form 


(f  >  fj  . 


(8.7) 


from  which  it  follows  that 
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(8.8) 


Peak  frequency  varies  as  the  square  root  of  pressure  and  inversely  as  the  blade  chord  in  accordance 
with  Eq.  7.51.  The  frequency  of  the  peak  is  also  a  function  of  the  cavitation  index,  increasing  as 
the  index  increases.  From  the  results  of  Lesunovskii  and  Khokha,  and  also  from  some  unpublished 
measurements  on  full-scale  propellers,  it  appears  that 


(8.9) 


From  this  it  follows  that  the  level  at  a  given  frequency  varies  as 
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(8.10) 


which  yields  a  slower  dependence  on  speed  than  that  for  the  overall  level,  and  even  predicts  that  at 
high  speeds  high-frequency  spectrum  levels  will  remain  virtually  constant. 


Dependence  of  Noise  on  Depth 

Equation  8.10  for  the  high-frequency  noise  spectrum  can  be  written  in  terms  of  the  ratio  of 
the  operating  static  pressure  to  that  for  which  cavitation  would  be  suppressed  at  the  same  tip 
speed, 


irj 


r^f 


Pi  ('-yIT) 


(8.11) 


where  is  the  ratio  of  the  actual  pressure  relative  to  that  for  cavitation  inception.  As  depicted  in 
Fig.  8.6,  Eq.  8. 1 1  predicts  a  maximum  for  high-frequency  noise  levels  for  static  pressures  of  30  to 
60%  of  the  inception  value.  For  lower  pressures,  the  noise  level  increases  with  increasing  static 
pressure.  This  effect  was  originally  observed  during  World  War  II,  when  it  was  found  that  high- 
frequency  noise  from  submarines  sometimes  increased  with  increasing  depth,  rather  than  de¬ 
creasing  as  was  expected.  The  effect  was  named  the  anomalous  depth  effect.  The  explanation  is 
that  increased  pressure  causes  the  bubbles  to  collapse  more  rapidly  and  with  more  energy,  resulting 
in  a  marked  increase  in  peak  frequency  and  in  energy  radiated  at  frequencies  above  the  peak.  The 


Fig.  8.6.  Dependence  of  High-Frequency  Noise  on  Relative  Static  Pressure,  per  Eq.  8.1 1 
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above  analysis  of  cavitation  noise  provides  a  reasonable,  though  somewhat  oversimplified,  theo¬ 
retical  understanding  of  the  anomalous  depth  effect  and  of  other  experimental  data  concerning 
cavitation  noise. 

Effect  of  Gas  Content 

The  eggbeater  experiment  described  by  Ross  and  McCormick  (1948)  was  carried  out  at  a  small 
lake  over  a  period  of  more  than  a  year.  It  was  observed  that  the  same  amount  of  cavitation 
produced  more  high-frequency  noise  in  winter  months  than  in  summer.  The  maximum  difference 
was  close  to  10  dB.  The  effect  was  explained  in  terms  of  gas  content  of  the  water.  The  bottom  of 
the  lake  at  which  the  tests  were  run  was  covered  with  decaying  vegetation,  and  apparently  gas  was 
released  in  the  summer  when  the  water  was  warm.  The  cushioning  effect  of  the  gas  reduced  the 
high-frequency  noise,  in  accordance  with  the  analysis  presented  in  Section  7.4. 

8.3  Propellers  in  Uniform  Inflows 

Although  marine  propellers  operate  in  non-uniform  turbulent  wakes  of  vehicles,  model  propel¬ 
lers  are  often  tested  in  water  tunnels  under  uniform  flow  conditions.  The  present  section  on 
propeller  operation  in  uniform  inflows  precedes  discussion  in  the  next  section  of  the  effects  of 
flow  non-uniformities. 

Blade-Element  Analysis 

A  propeller  blade  is  essentially  a  twisted  wing  attached  to  a  hub  and  can  be  understood  in 
terms  of  aerodynamics  tlieory.  In  aerodynamics,  wings  of  finite  span  are  usually  analyzed  by 
treating  each  section  as  a  two-dimensional  airfoil,  the  inflow  velocity  of  which  is  composed  of  the 
vector  sum  of  the  flow  velocity  and  the  velocity  induced  by  the  trailing  vortex  system.  Taking  the 
same  approach  to  propellers,  blade-element  theory  was  originally  developed  by  Betz  and  Prandtl  in 
Germany  immediately  after  the  first  World  War,  and  was  further  expanded  by  Goldstein  (1929) 
and  Theodorsen  (1948). 

The  geometric  essence  of  propeller  blade-element  analysis  is  illustrated  by  Fig.  8.7.  Each 
differential  element  is  formed  by  the  intersection  of  a  cylinder  with  the  blade.  The  resultant  airfoil 
experiences  lift  and  drag  forces  due  to  its  interaction  with  the  inflow  velocity,  which  is  the  vector 
sum  of  three  components:  the  rotational  component,  2itnr\  the  forward  speed,  U^,  often  called 
the  velocity  of  advance;  and  the  induced  velocity,  w^,  associated  with  the  trailing  vortex  system. 
The  lift  and  drag  components  of  force  contribute  to  both  the  thrust  developed  by  the  propeller 
and  the  torque  required  to  keep  it  rotating.  Thrust  is  the  axial  component  of  the  resultant  force, 

dT  =  costpdFi  -  sin<l>dFiy  ;  (8.12) 

torque  a  associated  with  the  force  components  in  the  propeller  plane, 

dQ  =  r(sin<l>dFj^  -I-  cos(pdFQ)  .  (8.  IS) 

0  IS  made  by  the  resultant  velocity  vector  with  the  propeller  plane,  as  shown  in 
lilt  and  draa  are  functions  of  the  square  of  the  inflow  velocity  and  the  angle  of 
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a)  differential  blade  element 


b)  velocity  diagram  and  force  components 


Fig.  8.7.  Blade-Element  Representation  of  a  Marine  Propeller 


attack,  a,  given  by 


o  =  -  0 


rs.J4J 


The  angle  0  is  the  pitch  angle  of  the  blade-element  chord.  Since  the  induced  velocity  component  is 
perpendicular  to  the  resultant  velocity,  the  magnitude  of  the  inflow  velocity  can  be  estimated 
from  the  vector  sum  of  the  rotational  and  forward  speeds. 


U  =  IT;  +  Cnnr}-  . 


fS.15) 


without  actually  calculating  the  induced  velocity,  u’^.. 

The  elemental  thrust  and  torque  can  be  expressed  in  terms  of  the  two-dimensional  lift  and  drag 
coefficients  of  the  airfoil  section,  given  by  Eqs.  7.72  and  7.73.  and  the  magnitude  of  the  resultant 
velocity,  given  by  Eq.  8.15.  The  thrust  is 


262  8.  FROFtLLER  CAVITATION  NOISE 


and  the  torque  is 

dQ  *  —  pQ^  {yi  sin  (j)  +  Cq  cos  (t>^  rdr  .  (8.17) 

The  total  thrust  and  torque  are  then  obtained  by  integrating  Eqs.  8.16  and  8.17  over  the  entire 
blade  and  multiplying  by  the  number  of  blades. 

The  total  thrust  is  often  expressed  in  terms  of  a  dimensionless  thrust  coefficient,  defined  by 


T 

Pgn^D* 


and  the  torque  by  the  torque  coefficient 


(8.18) 


(819) 


The  power  required  to  turn  the  propeller  equals  the  product  of  the  torque  and  the  angular  speed, 
while  the  useful  propulsive  power  is  the  product  of  the  thrust  and  the  forward  speed.  Hence,  the 
propulsive  efficiency  is  given  by 


JL  Z  ,  Z!a_  Zl 

2Kn  Q  2itnD  Cq 


(820) 


The  ratio  of  the  speed  of  advance  to  the  rotational  frequency,  n.  is  a  distance  equal  to  that 
between  the  helical  sheets  that  are  traced  out  by  the  propeller  motion.  The  ratio  of  this  distance  to 
the  diameter  is  known  as  the  advance  ratio. 


D  nD 

and  the  propeller  efficiency  can  be  expressed  by 

J  Cr 

Vp  ^ - ^  . 

27r  Cq 


(821) 
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Experimental  measurements  of  propeller  thrust  and  torque  made  in  a  water  or  wind  tunnel  are 
presented  as  plots  of  Cj-,  Cq  and  as  functions  of  the  advance  ratio/.  Figure  8.8  is  typical.  The 
efficiency  peaks  at  an  advance  ratio  usually  about  75^  of  that  for  zero  thrust. 


Momentum  Theory  Analysis 

Blade-element  theory  is  most  useful  when  designing  a  specific  propeller  once  the  diameter  and 
advance  ratio  have  been  chosen,  but  it  is  not  readily  applicable  to  the  general  problem  of  optimum 
performance  propellers.  Momentum  tlieory.  on  the  other  hand,  can  be  applied  to  find  outside 
limits  for  propeller  efficiency  and  general  relationships  between  efficiency  and  size.  This  theory 
treats  a  propeller  as  an  ideal  actuator  disk  which  produces  a  pressure  jump  without  frictional 
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Fig.  8.8.  Propeller  Characteristic  Curves  from  Open-Water  Propeller  Tunnel  Measurements 

losses.  The  product  of  the  pressure  jump  and  the  propeller  area  equals  the  thrust.  Associated  with 
the  pressure  jump  is  acceleration  of  the  flow.  The  rate  of  increase  of  flow  energy  measures  the 
power  required  to  drive  the  propeller.  The  smaller  the  pressure  drop,  the  lower  the  energy;  hence 
momentum  theory  predicts  higher  efficiencies  for  lightly  loaded  propellers.  The  result  of  applica¬ 
tion  of  momentum  theory  to  this  problem  is  a  formula  for  the  ideal,  frictionless  efficiency  of  a 
propeller,  which  may  be  written 


where  r  is  the  thrust  loading  factor. 


(8.2S) 
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Equation  8.23  thus  yields  an  expression  for  the  ideal,  frictionless  efficiency  as  a  function  of  thrust 
coefficient  and  advance  ratio. 
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Momentum  theory  also  specifles  that  the  ideal  radial  distribution  of  thrust  along  the  blade  is 
that  which  imparts  the  least  kinetic  energy  to  the  fluid  for  a  given  required  momentum  change. 
Under  uniform  inflow  conditions  this  is  achieved  by  uniform  loading  of  an  actuator  disk.  However, 
finite-bladed  propellers  impart  angular  momentum  and  energy  as  well  as  linear  motion  to  the  fluid. 
When  this  angular  motion  is  taken  into  account,  the  optimum  propeller  is  found  to  have  a  peak  of 
its  loading  function  at  about  85%  of  the  radius,  with  loading  decreasing  to  zero  at  the  tip  and  to 
near  zero  at  the  hub. 

Since  loading  is  reduced  by  increasing  propeller  diameter,  momentum  theory  predicts  higher 
propeller  efficiencies  for  larger  propellers.  This  conclusion,  which  has  been  known  for  many 
decades,  has  led  many  propeller  designers  to  choose  the  maximum  diameter  propeller  that  will  fit  a 
given  installation.  However,  it  is  a  conclusion  based  on  the  assumption  of  uniform  inflow  condi¬ 
tions  and,  as  will  be  seen  in  the  next  section,  does  not  apply  in  radially  varying  wakes.  Some 
propellers  on  ships  are  actually  larger  than  optimum,  and  performance  could  be  significantly 
improved  by  replacing  them  with  smaller  ones. 

Cavitation  in  Uniform  Inflows 


The  ship  operator  is  interested  in  knowing  propeller  cavitation  performance  in  terms  of  for¬ 
ward  speed  of  the  vessel.  He  therefore  tends  to  use  a  cavitation  parameter  defined  in  terms  of  the 
speed  of  advance. 


(8.25) 


However,  as  noted  above,  blade-surface  cavitation  of  rotating  blades  is  controlled  by  flow  speed 
relative  to  the  blade  tip,  and  a  cavitation  parameter  defined  in  terms  of  tip  speed  is  more 
meaningful.  Such  a  tip  cavitation  parameter  is  defined  by 
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(8.26) 


which,  for  most  practical  values  of  J,  is  virtually  the  same  as  that  for  a  rotating  rod,  as  given  by 
Eq.  8.3.  Since  the  speed  of  advance  is  much  smaller  than  the  rotational  component,  the  forward 
speed  parameter,  K^,  is  always  much  larger  than  K^.  They  are  related  by 


(8.27) 


It  follows  that  for  a  given  critical  tip  index  the  forward  speed  critical  index  can  be  lowered  by 
operating  at  higher  advance  ratios,  i.e.,  by  choosing  smaller  diameter  propellers.  Thus,  even  for 
uniform  inflows,  cavitation  considerations  tend  to  contradict  the  conclusion  of  momentum  theory 
by  calling  for  smaller  rather  than  larger  diameter  propellers. 

Propeller  cavitation  inception  tests  are  often  carried  out  in  uniform  inflows  in  water  tunnels. 
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the  critical  index  being  determined  as  a  function  of  the  advance  ratio.  Figure  8.9  shows  typical 
cavitation  inception  characteristics  plotted  in  terms  of  the  tip  index  defined  by  Eq.  8.26.  At  high 
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Fig.  8.9.  Propeller  Cavitation  Inception  Indices  as  Function  of  Advance  Ratio  in  Uniform  Inflow 

values  of  the  advance  ratio,  corresponding  to  small  or  negative  values  of  the  thrust  coefficient, 
blade-section  angles  of  attack  are  small,  or  negative,  and  driving  face  cavitation  occurs  first.  As  the 
advance  ratio  is  decreased,  and  section  angles  of  attack  increased,  face  cavitation  disappears  and 
both  suction-surface  and  tip-vortex  cavitation  become  important.  Finally,  for  very  low  advance 
ratios,  angles  of  attack  may  become  large  enough  to  produce  stalling,  resulting  in  inception  indices 
as  high  as  S  to  6.  The  optimum  advance  ratio  for  minimum  inception  index  occurs  generally  at  a 
point  close  to  that  for  which  efficiency  is  at  a  maximum. 

Just  as  for  hydrofoils  (see  Section  7.8),  propellers  with  relatively  thin  blade  sections  achieve 
the  lowest  inception  indices  but  are  the  least  tolerant  of  operation  at  advance  ratios  differing  from 
their  design  values.  Thus,  if  a  propeller  is  to  be  used  in  a  uniform  inflow  environment  at  one 
specific  advance  ratio,  thin  sections  are  recommended,  but  for  the  more  usual  wake  operation 
thicker  sections  are  more  satisfactory.  In  this  respect,  comparative  tests  of  a  number  of  different 
propellers  run  under  uniform  inflow  conditions  can  be  quite  misleading  when  it  comes  to  selecting 
the  best  propeller  for  non-uniform  wake  conditions. 

8.4  Wake-Operating  Propellers 

Propeller-driven  aircraft  have  tractor  propellers  operating  under  relatively  uniform  inflow 
conditions.  By  contrast,  marine  vehicles  almost  universally  use  pusher  propellers  operating  in 


.3. 


266  8.  PROPELLER  CAVITATION  NOISE 


turbulent,  non-uniform  wakes.  There  are  a  number  of  reasons  for  the  stem  placement  of  marine 
propellers,  including  higlier  propulsion  efficiencies,  increased  dynamic  stability  and  shorter  propel¬ 
ler  shaft  lengths.  The  only  disadvantage  is  operation  in  a  non-uniform  flow  field  and  this  does  not 
outweigh  the  advantages. 

Wake  Diagrams 

Inflow  conditions  in  the  plane  of  the  propeller  are  illustrated  by  wake  diagrams  in  which 
equi-velocity  contours  are  plotted.  Figure  8.10  shows  such  a  diagram  for  a  typical  single-screw 


Fig.  8.10.  Wake  Oiagram  for  Single-Screw  Merchant  Ship 

merchant  ship.  The  flow  speed  is  seen  to  vary  from  over  90%  of  forward  speed  to  less  than  10%. 
As  the  propeller  blade  rotates,  each  section  experiences  a  fluctuating  inflow  velocity. 
Figure  8.1 1(a)  shows  this  variation  as  a  function  of  angle,  and  Fig.  8.11(b)  is  a  plot  of  the 
circumferential  average  velocity  as  a  function  of  relative  radius. 

Torpedoes  and  many  modem  submarines  have  center-line  propellers  for  which  velocity  inflows 
are  more  symmetric  than  for  surface  ships.  Figure  8. 12  shows  a  wake  diagram  for  a  t>'pical 
torpedo,  the  only  asymmetry  being  that  caused  by  the  four  fins.  While  the  circumferential 
variation  is  much  less,  the  radial  variation  is  similar  to  that  for  a  merchant  ship. 

Operation  of  a  propeller  in  a  non-uniform  wake  differs  drastically  from  operation  in  a  uniform 
flow.  Although  all  the  effects  interact,  it  is  instructive  to  consider  wake  action  as  the  superposition 
of  three  independent  effects: 
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Fig.  8.12.  Torpedo  Wake  Diagram 
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1)  radial  variation  of  circumferential  inflow  averages, 

2)  circumferential  mean  flow  variations,  and 

3)  turbulent  fluctuations. 

Of  these,  circumferential  variations  have  by  far  the  greatest  effect  on  cavitation  noise 
characteristics. 

Effect  of  Radially  Varying  Inflow 

The  most  obvious  effect  of  a  radially  varying  inflow  is  to  alter  velocity  vectors  of  the  inboard 
sections.  Instead  of  the  effective  advance  velocity  being  U^,  as  in  Fig.  8.7,  it  is  the  local  circum¬ 
ferential  average,  as  shown  in  Fig.  S.l  1(b).  The  etTect  on  the  magnitude  of  the  resultant  inflow  j 

velocity  is  small,  since  the  rotational  component  is  relatively  large.  By  far  the  more  important  ii 

effect  is  to  change  the  angle  of  attack.  :| 

Propeller  designers  have  long  recognized  the  effect  of  a  radial  wake  on  section  angles  of  attack:  d 

not  until  the  mid  1940’s  was  it  also  realized  that  optimum  load  distributions  are  different. 

Application  of  momentum  theory  to  wake  operation  leads  to  the  conclusion  that  the  optimum  :| 

actuator-disk  propeller  is  the  one  that  tends  to  fill  in  the  momentum  deficiency  of  the  wake.  Such  i' 

a  propeller  would  be  heavily  loaded  in  its  inboard  sections  and  virtually  unloaded  near  the  blade  j 

tips.  Its  diameter  would  equal  that  of  the  wake.  Lane  (1952)  applied  the  Betz-Prandtl  blade-  J 

element  theory  to  wake-operating  finite-bladed  propellers  much  as  Goldstein  had  applied  it  to 

propellers  in  uniform  Hows.  He  confirmed  that  the  optimum  loading  function  is  shifted  toward  the  ,i 

inboard  sections,  and  that  an  optimum  wake-operating  propeller  has  a  smaller  diameter  than  one 

designed  for  uniform  conditions.  Propellers  embodying  these  principles  have  been  designed  for 

torpedoes  at  the  Garfield  Thomas  Water  Tunnel  at  the  Pennsylvania  State  University.  As  shown  in 

Fig.  8.13,  they  have  a  large  number  of  relatively  stubby  blades.  | 
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While  design  for  a  radial  wake  tends  to  reduce  susceptibility  to  blade-surface  and  tip-vortex 
cavitation  by  unloading  the  tip  sections,  the  shift  to  high  inboard  loading  increases  the  strength  of 
the  hub  vortex.  In  early  designs  the  trend  was  carried  too  far,  creating  a  strong  hub  vortex  that  not 
only  cavitated  prematurely  but  also  caused  a  reduction  of  overall  propulsive  efficiency  due  to  the 
accompanying  severe  pressure  drop  at  the  center  of  the  tail  cone.  Later  designs  have  compromised 
between  dictates  of  momentum  theory  and  the  necessity  of  limiting  hub  vorticity. 

Effects  of  Qrcumferential  Variations 

It  is  circumferential  wake  variations  that  are  responsible  for  most  of  the  deleterious  effects  of 
wake  operation.  As  discussed  above,  variations  of  inflow  velocity  cause  large  variations  of  angle  of 
attack.  As  a  result  of  these  variations,  each  blade  element  produces  a  varying  amount  of  lift, 
resulting  in  significant  fluctuations  of  thrust  and  torque  during  each  revolution  of  the  propeller. 
Oscillating  components  as  high  as  10%  of  average  values  are  quite  typical  for  single-screw  merchant 
ships.  It  is  these  oscillating  components  which  shake  the  hull  and  cause  severe  vibration.  Such 
fluctuating  forces  also  produce  tonal  sound  radiation,  as  will  be  discussed  in  Chapter  9. 

Effect  on  Cavitation 

Compared  to  operation  in  uniform  inflows,  wake  operation  causes  dramatic  increase  of  critical 
inception  indices  and  strong  amplitude  modulation  of  cavitation  noise  spectra.  The  effect  of 
operating  in  a  circumferentially  varying  wake  is  similar  to,  though  not  exactly  equivalent  to, 
operating  a  propeller  with  variable  advance  ratio.  As  shown  in  Fig.  8.9,  the  inception  index  is  a 
strong  function  of  the  advance  ratio.  The  index  for  a  wake-operating  propeller  may  equal  that  for 
the  most  extreme  operating  condition  occurring  as  the  blade  rotates. 

Consider  the  propeller  whose  uniform  inflow  characteristics  are  represented  by  Figs.  8.8  and 
8.9.  This  propeller  is  designed  to  operate  at  a  nominal  advance  ratio,  /,  of  about  0.9,  for  which  its 
critical  tip  cavitation  index  is  about  0.5.  When  operating  in  a  ship's  wake,  the  swings  in  blade  angle 
of  attack  may  be  equivalent  to  operation  between  fs  of  0.4  and  1.2,  and  the  critical  inception 
index  may  then  be  as  high  as  3.5  to  4.  If  the  operating  cavitation  parameter  were  2,  each  blade 
would  be  free  of  cavitation  at  all  times  except  for  the  very  short  period  when  the  angles  of  attack 
were  equivalent  to  operation  at  J<0.6.  Tlie  resultant  burst  of  cavitation  noise  would  be  very 
short-lived,  sounding  like  a  high-pitched  click.  Since  one  blade  invariably  cavitates  sooner  than  the 
others,  the  bursts  would  first  occur  once  per  revolution.  As  the  other  blades  join,  the  bursts  would 
become  more  frequent,  finally  occurring  at  blade  rate,  i.e.,  the  number  of  blades  times  rotational 
frequency.  If  the  speed  were  increased  and  the  cavitation  index  lowered  still  further,  the  point 
would  be  reached  where  cavitation  noise  would  be  continuous,  since  at  least  one  blade  would  be 
cavitating  at  all  times.  However,  the  resultant  spectrum  would  be  strongly  modulated  at  blade-rate 
frequency.  Since,  as  mentioned  above,  one  blade  invariably  cavitates  more  than  the  others,  there  is 
also  a  superimposed  shaft-rate  modulation.  It  is  this  shaft-rate  modulation  that  can  be  detected  by 
the  human  ear  and  which  enables  an  experienced  sonar  operator  to  determine  the  propeller  rpm 
and  thereby  often  classify  the  target. 

The  effect  of  wake  operation  on  cavitation  inception  is  so  dramatic  that  the  critical  inception 
index  usually  depends  more  on  the  wake  than  on  the  design  of  the  propeller.  Thus,  for  severe 
wakes,  such  as  that  shown  in  Fig.  8.10,  stall  is  likely  to  occur  when  the  blade  passes  behind  the 
stem  post.  At  this  point  one  would  expect  a  critical  index  of  3  to  6  independent  of  propeller 
design.  On  the  other  hand,  critical  indices  of  1  to  2  are  common  for  moderate  wakes  such  as  that 
of  Fig.  8.12.  Only  under  practically  uniform  flow  conditions  will  values  below  1  be  achieved. 
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These  generalizations  are  summarized  in  Fig.  8.14,  which  can  be  used  to  predict  the  likelihood  of 
propeller  cavitation  based  merely  on  the  tip  cavitation  parameter,  K^,  and  a  general  evaluation  of 
the  nature  of  the  wake. 
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Fig.  8.14.  Qualitative  Cavitation  Relationships  to  Tip  Index 


Low-Frequency  Cavitation  Tonais 

As  reported  by  Aleksandrov  (1962),  low-frequency  spectra  of  cavitating  ship  propellers  are 
usually  dominated  by  tonal  components  at  harmonics  of  the  rotational  frequency,  blade-rate 
harmonics  being  strongest.  Since  ship  propellers  generally  operate  at  from  60  to  350  rpm  and  have 
from  three  to  six  blades,  the  fundamental  repetition  frequencies  of  this  type  of  sound  vary  from  1 
to  18  Hz.  The  strongest  components  are  generally  harmonics  between  10  and  70  Hz.  This  direct 
radiation  of  tones  occurs  at  the  same  frequencies  as  modulation  of  the  cavitation  continuum,  and 
Aleksandrov  attributed  it  to  radiation  by  the  aggregate  of  cavitation  bubbles.  If  one  considers  the 
total  void  volume  of  cavitation  bubbles  on  a  blade  at  any  one  time  to  act  as  a  single  volume,  then 
fluctuations  of  this  volume  caused  by  operation  at  varying  angles  of  attack  can  be  expected  to 
radiate  sound  directly  by  the  monopole  mechanism  described  in  Qiapter  4  for  pulsating  bubbles. 

It  is  now  clear  why  cavitation  is  such  a  dominant  noise  source.  Not  only  does  collapse  of  many 
individual  bubbles  produce  a  continuous  spectrum  that  extends  from  as  low  as  SO  or  100  Hz  to 
over  50  kHz,  but  also  pulsations  of  the  aggregate  volume  of  cavitation  radiate  strong  tonais  at 
frequencies  below  70  Hz. 

8.5  Submarine  Propeller  Cavitation 

During  World  War  II  passive  sonars  were  used  to  detect  submarines  at  frequencies  above  1  kHz, 
often  above  10  kHz.  At  these  frequencies  submarines  were  virtually  undetectable  when  not  cavita¬ 
ting  and  easily  detectable  when  cavitating.  Differences  in  noise  levels  between  the  two  conditions 
were  greater  than  40  dB.  Although  cavitation  inception  was  recognized  as  the  limit  to  quiet 
operation,  inception  speeds  at  periscope  depth  were  generally  as  low  as  3  to  5  kts. 

One  reason  for  the  poor  cavitation  performance  of  submarines  was  that  their  propellers  had 
been  designed  for  and  tested  in  uniform  inflow  conditions.  Submarines  in  WWII  had  twin  screws 
and  propeller  diameters  were  the  largest  that  would  just  miss  scraping  the  hull.  Consequently,  tip 
sections  passed  through  the  region  of  the  hull  boundary  layer  where  flow  velocities  were  very  low. 
The  resultant  angles  of  attack  were  high  enough  to  cause  local  blade  stall  and  consequent  high 
inception  cavitation  indices. 

Figure  8.15  shows  typical  noise  data  for  WWII  submarines  plotted  as  a  function  of  speed  in 
m/sec  divided  by  the  square  root  of  effective  depth,  given  by  the  actual  depth  plus  9  m.  Since 
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cavitation  of  submarine  propellers  occurs  when  the  tips  are  passing  through  a  region  of  low 
forward  speed,  the  appropriate  tip  cavitation  index  is  that  for  rotating  rods  given  by  Eq.  8.3.  This 
can  be  expressed  in  terms  of  the  depth  of  submergence  by 


h  +  9 


(8.2S) 


where  h  is  the  depth  of  the  propeller  tip  below  the  surface  in  meters,  D  is  the  propeller  diameter  in 
meters  and  N  is  the  rotational  speed  in  rpm.*  Utilizing  Eq.  8.21  for  the  advance  ratio,  Kf  can  also 
be  expressed  in  terms  of  the  forward  speed  by 


/i  +  9  , 

K,  i  1.85  -  y*  .  (8.29) 

where  is  in  m/sec.*  For  the  submarines  represented  in  Fig.  8.15.  J  =  0.8  and  the  critical 
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Fig.  8.15.  High-Frequency  Noise  of  World  War  11  U.S.  Submarines, 
as  Measured  by  Strasberg  and  Sette  ( 1944) 


*For  readers  who  are  more  at  home  with  English  units,  Eq.  8.28  can  be  written: 


where  both  It  and  D  are  measured  in  feet.  When  is  expressed  in  kts  and  h  in  ft.  Eq.  8.29  becomes 
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inception  value  of  the  speed/^/ depth  ratio  of  0.4  corresponds  to  a  tip  index  of  about  6.  Model 
tests  of  submarine  propellers  in  uniform  inflows  corresponding  to  mean  flow  conditions  predicted 
cavitation  inception  at  speeds  two  to  three  times  those  actually  observed.  On  the  other  hand,  tests 
of  a  submarine  propeller  in  still  water,  corresponding  to  boundary-layer  operation,  yielded  an 
inception  tip  index  of  6,  confirming  that  cavitation  was  indeed  controlled  by  the  most  extreme 
part  of  the  wake. 

Following  WWII,  in  converting  WWII  Fleet  submarines  to  modernized  Guppy  types,  propeller 
diameters  were  reduced,  and  a  significant  increase  in  the  speed  for  cavitation  inception  was 
achieved.  Nuclear  submarines  have  entirely  different  tail  configurations  and  many  have  single 
center-line  screws.  Cavitation  inception  speeds  of  these  submarines  are  therefore  much  higher  than 
those  that  were  typical  during  WWII. 

Figure  8.16  shows  several  typical  submarine  cavitation  spectra  measured  during  WWII  in  which 
it  is  seen  that  the  peak  moves  to  lower  frequencies  as  speed  increases,  as  would  be  expected  from 
the  discussion  of  cavitation  spectra  in  Section  7.5.  The  anomalous  depth  effect  discussed  in 
Section  8.2  and  predicted  by  Eq.  8.11  is  confirmed  by  measurements  of  submarine  noise  as  a 
function  of  depth  shown  in  Fig.  8. 1 7. 

8.6  Surface  Ship  Radiated  Noise 
Importance  of  Propeller  Cavitation 

Radiated  spectra  of  surface  ships  are  dominated  by  propeller  cavitation  noise  except  when  the 
ships  are  operating  at  very  slow  speeds.  This  is  readily  confirmed  by  calculating  the  operating 
tip-cavitation  parameter  from  Eq.  8.28.  A  typical  merchant  ship  having  a  length  of  about  200  m 
may  have  a  7  m  diameter  propeller  operating  at  about  100  rpm,  yielding  a  tip  index  of  the  order  of 
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Fig.  8.16.  Measured  Submarine  Cavitation  Spectra,  after  Strasberg  and  Sette  (1944) 
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Fig.  8.17.  Effect  of  Depth  on  WWII  Submarine  Propeller  Cavitation  Noise 

0.2,  close  to  a  factor  of  20  lower  than  the  likely  inception  value  of  3  to  4.  Thus,  a  merchant  ship 
near  its  normal  cruise  speed  usually  operates  at  a  speed  about  four  times  that  for  which  the  first 
traces  of  cavitation  occur. 

The  statement  made  here  that  merchant  ships  operate  at  speeds  as  much  as  four  times  cavita¬ 
tion  inception  speed  is  at  variance  with  the  claim  usually  made  by  naval  architects  that  this  ratio  is 
less  than  two.  Naval  architects  are  concerned  with  the  effects  of  cavitation  on  performance  and 
usually  quote  inception  speeds  based  on  open-water  tests,  for  which  the  inception  tip  index  would 
be  less  than  1.  However,  when  treating  radiated  noise  characteristics  the  pertinent  inception  speed 
is  that  for  which  the  first  traces  of  cavitation  occur  as  blades  pass  behind  the  stem  post.  As 
discussed  in  Section  8.4,  the  tip  index  is  almost  always  higher  than  3  for  surface  sliips  having 
asymmetrical  wakes  of  the  type  shown  in  Fig.  8. 10. 

Other  characteristics  of  surface  ship  noise  that  confirm  the  dominance  of  propeller  cavitation 
are  strong  modulation  of  the  broadband  spectrum  at  shaft  and  blade  frequencies  and  the  radiation 
of  low-frequency  tonals  at  harmonics  of  these  frequencies.  These  features  are  discussed  later  in  the 
present  section. 

World  War  II  Noise  Data 

The  only  sources  of  extensive  data  on  surface  ship  radiated  noise  spectra  are  measurements 
made  during  WWII,  reported  in  a  compendium  issued  by  the  U.S.  Office  of  Scientific  Research  and 
Development  (O.S.R.D.)  in  1945  and  declassified  in  1960.  Measurements  were  made  on  American, 
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Canadian  and  British  ranges.  Results  reported  for  a  British  cruiser  and  passenger  vessel  are  pre¬ 
sented  in  Figs.  8.18  and  8.19.  Measurements  were  made  on  the  botton  in  40  m  deep  water  at 
Innellan,  Scotland.  The  data  have  been  converted  into  source  levels  at  1  m  relative  to  1  juPa  by  a 
process  which  may  introduce  errors  of  up  to  3  dB. 

Many  of  the  surface  ships  ranged  in  the  early  1940’s  showed  the  following  typical  trends: 

a)  sound  in  the  mid-frequency  range  of  500  to  1000  Hz  increases  as  to  IP , 

b)  the  spectral  slope  is  about  -S.S  to  -6  dB/octave  at  the  higher  speeds  and  as  much  as  -7  to 
-8  dB/octave  at  low  speeds,  and 

c)  the  rate  of  increase  with  speed  is  greater  for  frequencies  below  100  Hz. 

For  ships  proceeding  at  near  cruise  speeds.  WWII  results  for  frequencies  over  100  Hz  can  be 
written 

+  20  -  20  log  f  (f  >  100)  .  (8.30) 

where  f  is  frequency  in  Hz  and  L'g  is  the  overall  level  measured  in  the  band  from  100  Hz  to 
10  kHz.  Spectra  below  100  Hz  are  quite  variable,  as  indicated  by  Figs.  8.18  and  8.19.  Near  cruise 
speed,  the  radiated  power  below  100  Hz  usually  exceeds  that  above  100  Hz  by  from  2  to  8  dB. 
Figure  8.20  represents  the  average  surface  ship  spectrum  plotted  relative  to  overall  level  in  the 
band  above  100  Hz,  i.e.,  in  dBs  relative  to  Shown  in  this  figure  along  with  the  average 
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Fig.  8.18.  Radiated  Noise  of  British  Cruiser  Cardiff,  as  Measured  in  WWII 
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spectrum  from  WWII  is  the  average  curve  from  a  number  of  post-war  measurements  of  freighters 
and  tankers  which  shows  more  structure  than  the  WWII  average  and  deviates  from  Eq.  8.30  by 
from  I  to  3  dB  over  much  of  the  spectrum. 

Dependence  on  Speed 

Many  measurements  made  during  WWII  were  at  speeds  that  are  about  half  those  of  modem 
ships,  although  a  few  measurements  of  naval  ships  extended  beyond  IS  kts.  Figure  8.21  sum¬ 
marizes  data  on  speed  dependence  of  the  overall  level,  Lg,  for  measurements  of  ships  from  8  to 
24  kts.  The  trend  curve  that  has  been  drawn  through  the  data  Fits  the  equation 

Lg  =  170  +  53  log  — ^  .  (8.31) 

10  kt 

where  10  kts  is  taken  as  the  reference  speed,  or 

L'g  =  179  +  53  log  (8.32) 

15  kt 

in  terms  of  the  level  at  1 5  kts.  Average  values  for  several  ships  vary  by  ±4  dB  from  the  trend  curve. 
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Estimation  Formulas 

The  trends  shown  in  Fig.  8.21  and  represented  by  Eqs.  8.31  and  8.32  are  somewhat  contami¬ 
nated  by  the  fact  that  faster  ships  are  generally  larger  than  slower  ones.  Thus,  the  two  factors  of 

size  and  speed  are  both  involved  in  the  trend  curve.  That  size  is  important  was  revealed  by  WWII 
data  on  battleships  and  aircraft  carriers,  which  invariably  were  found  to  be  about  10  dB  noisier 
than  smaller  ships  at  the  same  speeds.  Several  formulas  using  tonnage  as  an  indicator  of  size  were 
developed  during  WWII.  Two  of  the  more  popular  ones  may  be  expressed  in  terms  of  overall  level 
above  100  Hz,  L^,  by 

Lg  =  112  +  50  log  +  ISlogDT  (8.33) 

10  kt 

and 

Z,c  =  134  +  60  log  +  9logDT  ,  (8.34) 

10  kt 

where  DT  is  the  displacement  tonnage.  These  two  formulas  give  similar  results  for  ships  of  the 
types  at  sea  in  WWII.  However,  some  modem  supertankers  are  more  than  20  times  as  large  and  the 
differences  between  levels  predicted  by  the  two  formulas  can  be  as  much  10  dB  for  ships  of  this 
size.  For  this  reason  the  author  recommends  that  these  formulas  not  be  used  for  ships  of  over 
30,000  tons. 

Formulas  developed  in  Section  8.2  for  blade-surface  cavitation  noise  indicate  that  propeller 
cavitation  noise  power  should  be  proportional  to  total  number  of  blades  cavitating  and  to  propel¬ 
ler  diameter,  and  is  a  function  of  tip  speed,  the  dependence  on  tip  speed  being  strongest.  Ship  size 
or  tonnage  would  not  be  expected  to  enter  the  equation  except  to  the  extent  that  the  product  of 
number  of  blades  and  diameter  is  usually  bigger  for  larger  ships.  When  data  from  WWII  are 
examined,  there  is  found  to  be  a  clear  trend  with  tip  speed  and  number  of  blades  and  none  with 
any  other  variable.  Noise  data  for  ships  over  100  m  length  can  be  represented  by 

L’s  =  175  +  60  log  10  log—  (8.35) 

25  mis  4 

over  the  range  of  tip  speeds  from  about  15  to  50  m/sec.*  The  apparent  trends  with  tonnage  that 
were  expressed  in  Eqs.  8.33  and  8.34  are  now  attributable  to  the  fact  that  heavier  vessels  usually 
requite  higher  propeller  loading,  i.e.,  higher  values  of  tip  speed  per  knot  and  more  blades. 
Equations  8.31,  8.32  and  8.35  yield  similar  levels  for  four-bladed  propellers  having  advance  ratios 


*With  Uf  expressed  in  ft/sec,  Eq.  8.35  becomes: 

Lg  =  180  +  60  log  - £ -  +  10  tog  —  ,  f8.35a) 

100  fps  4 


where  L'^  is  the  overall  level  above  100  Hz  in  dB  relative  to  I  /iPa  at  a  reference  distance  of  I  yd. 
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of  the  order  of  0.8S.  For  ship  propellers  with  lower  advance  ratios,  Eqs.  8.31  and  8.32  may  be 
expected  to  underestimate  the  noise  radiated.  Thus,  data  from  battleships  and  aircraft  carriers  are 
better  represented  by  Eq.  8.35  than  by  Eqs.  8.31  and  8.32.  Their  relatively  high  levels  are  partly 
explained  by  the  large  number  of  blades  cavitating  (8  to  12)  and  by  operation  at  advance  ratios 
lower  than  0.85.  Figure  8.22  is  a  plot  of  overall  noise  as  a  function  of  tip  speed,  as  given  by 
Eq.  8.35.  Individual  ships  can  be  expected  to  differ  from  the  curve  by  ±5  dB. 
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Fig.  8.22.  Dependence  of  Overall  Noise  Level  on  Propeller  Tip  Speed,  Based  on  Data  from  WWII 


Acoustic  Efficiencies  of  Surface  Ships 

It  is  instructive  to  calculate  the  acoustic  conversion  efficiency  for  surface  ship  propeller  cavita- 
tion.  From  Fig.  8.21  and  Eq.  8.31,  the  overall  level  above  100  Hz  for  a  12-kt  ship  of  WWII  vintage 
would  be  about  174  dB  re  l/iPa,  and  the  overall  level  for  the  entire  spectrum  therefore  about 
178  dB  re  1/iPa.  This  source  level  implies  about  2.5  W  acoustic  power  radiated  over  a  hemisphere. 
Assuming  3000  hp,  the  propulsion  power  would  be  close  to  2.5  MW,  resulting  in  an  acoustic 
conversion  efficiency  of  about  1  X  lO**.  Calculations  for  a  number  of  specific  ships  of  various 
types  indicate  that  from  0.3  to  5  W  of  acoustic  power  is  radiated  per  MW  of  mechanical  power. 
Thus,  within  ±6  dB  the  acoustic  conversion  efficiency  for  propeller  cavitation  is  1.5  X  10*^. 

Modulation  Effects 

As  discussed  in  Section  8.4,  circumferential  wake  variations  cause  strong  amplitude  modula¬ 
tion  effects  at  blade  passage  frequency,  and  slight  physical  differences  between  blades  produce 
modulation  at  the  shaft  rotational  frequency.  These  modulations  give  a  very  distinctive  character¬ 
istic  to  surface  ship  noise  and  enable  experienced  sonar  operators  to  classify  targets  by  measuring 
the  turn  count  and  thereby  determining  propeller  rpm. 
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Shaft  and  blade  modulation  frequencies  for  merchant  ships  are  now  signiflcantly  higher  than 
they  were  during  WWII.  Thirty  years  ago  most  merchant  ships  had  three-  or  four-bladed  propellers 
and  operated  at  from  60  to  100  rpm.  Shaft  modulation  frequencies  were  generally  between  1.0 
and  1 .6  Hz  and  blade  frequencies  were  from  3.S  to  6.5  Hz.  Today,  typical  merchant  propellers 
have  four,  five  or  six  blades  and  operate  at  from  75  to  135  rpm;  shaft  frequencies  range  from  1.3 
to  2.2  Hz,  and  blade  frequencies  are  typically  6  to  12  Hz. 

Tonal  Spectra 

Dominance  of  low-frequency  spectra  by  cavitation  tonals  at  multiples  of  blade-rate  frequency, 
as  originally  reported  by  Aleksandrov  (1962),  has  recently  been  confirmed  by  Morris  (1975)  fora 
supertanker  and  by  unpublished  data  obtained  during  a  merchant  ship  noise  study  conducted 
under  the  auspices  of  the  U.S.  Naval  Oceanographic  Office  (N.O.O.).  Morris  measured  narrowband 
spectra  from  the  CHEVRON  LONDON  aX  ranges  of  75  to  250  nautical  miles,  finding  strong  tonals 
at  multiples  of  6.8  Hz  with  those  from  40  to  70  Hz  generally  being  strongest.  Source  levels  of 
these  tonals  were  estimated  to  be  as  high  as  190  dB  /iPa.  Spectrograms  obtained  during  N.O.O.’s 
measurements  of  a  number  of  freighters,  bulk  carriers  and  tankers  also  showed  strong  tonals  at 
multiples  of  blade  frequency,  the  sixth  to  ninth  harmonics  being  most  prominent.  In  several 
instances,  high  harmonics  of  shaft-rate  frequency  were  also  observed,  indicating  shaft-rate  modula¬ 
tion  of  blade-frequency  tonals. 

Merchant  Ship  Trends 

C!argo  vessels  and  tankers  that  operated  during  WWII  were  generally  between  90  and  170  m 
long  (300  to  560  ft),  displaced  less  than  20,000  tons  and  were  powered  by  engines  of  under 
8,000  hp.  Ten  to  12  kts  were  typical  speeds  and  propeller  tip  speeds  of  17  to  29  m/sec  (55  to 
95  fps)  were  most  common.  Since  most  of  the  world’s  shipyards  had  been  destroyed,  the  only  new 
types  of  ships  built  during  the  first  decade  after  the  war  were  a  few  advanced  classes  built  in  the 
U.S.  Beginning  in  about  1960,  as  new  European  and  Japanese  shipbuilding  facilities  became 
available,  the  process  of  replacing  WWII  ships  began.  Many  of  these  new  ships  are  of  sizes  and 
speeds  not  known  before.  Previously  15,000  hp  delivered  to  a  single  shaft  had  been  the  maximum; 
today  powers  between  32,000  and  42,000  hp  per  shaft  are  common.  Previously  20,000  tons  was 
considered  very  large;  today  many  ships  exceed  100,000  tons.  Previously  lengths  under  180  m 
were  usual;  today  lengths  of  180  to  370  m  (600  to  1200  ft)  are  typical.  The  average  installed 
power  of  all  ships  at  sea  has  increased  from  3000  hp  to  9000  hp. 

The  greatest  changes  have  occurred  in  oil  tankers,  bulk  carriers  and  container  ships.  The  most 
common  tankers  built  in  the  U.S.  during  WWII  and  used  for  many  years  afterwards,  the  T-2  class, 
were  about  160  m  (525  ft)  long,  were  rated  at  about  I7,000deadwt  tons,  traveled  at  14  to  16  kts 
and  were  usually  powered  by  7500  hp  turbines.  Today's  tanker  fleet  has  the  capacity  of  over 
20,000  T-2  tankers,  a  single  giant  supertanker  being  equivalent  to  from  15  to  20  of  them.  Typical 
propulsion  powers  are  from  20,000  to  40,000  hp.  However,  speeds  have  changed  little:  14  to 
16  kts  is  still  typical. 

Bulk  carriers  are  a  relatively  new  type  of  ship,  built  since  about  1950.  They  are  similar  in 
construction  to  oil  tankers  but  are  generally  intended  only  for  dry  bulk  cargoes.  They  are  smaller 
than  the  largest  tankers,  two  thirds  of  them  being  between  15,000  and  70,000  deadwt  tons.  Bulk 
carriers  and  tankers  are  quite  similar  in  their  underwater  conformation  and  therefore  have  similar 
acoustic  properties.  Taken  together,  tankers  and  bulk  carriers  today  number  over  9000,  have  a 
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capacity  of  nearly  400  million  deadwt  tons,  and  are  powered  by  over  100  million  hp  of  propulsion 
machinery.  The  two  classes  account  for  over  80%  of  cargo  capacity  at  sea  at  any  one  time  and 
about  60%  of  installed  propulsion  power. 

Containerships  are  the  newest  class  of  merchant  ships.  These  are  ships  that  carry  cargo  in 
freight  containers  stacked  on  deck.  Some  are  older  freighters  converted  to  this  purpose;  many  are 
especially  designed  ships  built  in  the  last  ten  years.  Most  of  these  newly  built  ships  travel  at  speeds 
in  excess  of  20  kts,  a  few  at  over  30  kts.  About  50  of  the  largest  ones  have  multiple  propellers  and 
are  powered  by  from  45,000  to  120,000  hp.  These  are  the  new  queens  of  the  sea,  repladng  the 
large  passenger  liners  that  have  been  retired  in  recent  years. 

While  there  are  very  few  underwater  noise  measurements  of  modem  ships,  it  seems  likely  that 
nmse  levels  have  risen  significantly  from  WWII  values.  Average  ship  speeds  are  today  about  50% 
above  those  of  WWII.  The  trend  shown  in  Fig.  8.2 1  would  predict  about  a  9  dB  rise  in  the  noise 
radiated  by  an  average  ship.  Information  on  typical  propeller  diameters  and  rpm's  shows  that  tip 
speeds  ate  now  commonly  between  30  and  45  m/sec  (100  to  150  fps),  about  60%  higher  than  in 
WWII.  In  accordance  with  Eq.  8.35,  this  increase  in  tip  speed  would  imply  a  noise  increase  of  as 
much  as  12  dB.  The  only  mitigating  factor  might  be  improvement  of  the  inception  index,  which 
could  reduce  these  estimates  by  3  to  5  dB.  It  therefore  seems  likely  that  the  average  noise  radiated 
by  individual  ships  currently  at  sea  is  between  5  and  8  dB  higher  than  that  common  at  the  end  of 
WWII. 

8.7  Ship-Generated  Ambient  Noise 

Recognition  of  Ships  as  Sources  of  Ambient  Noise 

As  discussed  in  Section  4.4,  ambient  noise  curves  developed  during  WWII  were  plotted  only  as 
a  function  of  sea  state  and/or  wind  speed.  These  curves  were  intended  for  use  only  above  5(X)  Hz 
since  the  investigators  recognized  that  ship  noise  contaminated  their  low-frequency  data.  Neverthe¬ 
less,  others  extrapolated  the  curves  to  lower  frequencies  and  were  then  surprised  when  measure¬ 
ments  made  below  200  Hz  showed  very  little  dependence  on  wind  speed  or  sea  state. 

During  the  decade  of  the  1950’s  ambient  noise  measurements  were  made  down  to  as  low  as 
10  Hz  at  several  deepwater  sites  in  the  Atlantic.  As  reported  by  Walkinshaw  (I960),  data  above 
300  Hz  correlated  well  wind  and  weather  but  levels  below  abou>  200  Hz  were  virtually 
independent  of  these  fack  ..  Walkinshaw  attributed  the  low-frequency  spectrum  to  noise  from 
distant  shipping.  In  his  classic  survey  article,  Wenz  (1962)  also  attributed  the  non-wind-dependent 
spectrum  in  the  range  of  10  to  at  least  100  Hz  to  traffic  noise,  which  he  defined  as  noise  from 
distant  shipping.  The  dominance  of  noise  from  distant  ships  has  been  confirmed  by  measurements 
by  Axelrod  et  al  (1965)  of  vertical  arrival  angles  which  show  that  below  200  Hz  the  major 
contributions  are  carried  by  ray  paths  that  are  within  20°  of  horizontal.  Diurnal  variations  of  noise 
levels  at  some  locations  have  been  attributed  to  local  shipping  patterns. 

It  is  now  well  accepted  within  the  underwater  sound  community  that  distant  shipping 
accounts  for  ambient  noise  between  20  and  200  Hz  in  most  deepwater,  open-ocean  areas  and  in 
highly  traveled  seas  such  as  the  Baltic  and  Mediterranean.  Only  in  areas  remote  from  shipping  or 
protected  from  long-range  sounds,  such  as  the  South  Pacific  and  southern  half  of  the  Indian 
Ocean,  does  sea  noise  dominate  throughout  the  spectrum  as  represented  in  Fig.  4.8.  Figure  8.23 
presents  the  author's  estimate  of  the  shipping  contribution  to  low-frequency  ambient  noise  for 
four  levels  of  ship  noise  dependent  on  the  acoustic  proximity  of  shipping. 
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Fig.  8.23.  Estimated  Spectra  Representing  Shipping  Contribution  to  Deep-Water 
Ambient  Noise  as  Function  of  Shipping  Concentration 


Reverberant  Room  Theory  of  Ambient  Noise 

Accurate  calculation  of  the  contribution  of  ships  to  local  ambient  noise  levels  requires  detailed 
knowledge  of  shipping  distributions,  of  long-range  sound  propagation  and  of  ship  spectra.  None  of 
these  is  usually  available.  Nevertheless,  lacking  information  for  detailed  calculations,  one  can 
derive  the  salient  characteristics  of  ambient  noise  originating  from  ships  by  treating  the  ocean  as  a 
semi-reverberant  volume,  much  as  one  would  calculate  the  pressure  spectrum  from  a  number  of 
sound  sources  in  room  acoustics.  The  ocean  acts  like  a  room  in  that  sound  rays  change  direction  at 
least  three  times  in  1(X)  km  because  of  refractive  effects.  Reverberant  sound  will  dominate  as  long 
as  the  loss  per  mean  free  path  is  small  and  there  are  no  dominant  sources  close  to  the  receiver. 
These  conditions  are  satisfled  in  the  deep  ocean  for  frequencies  below  SOO  Hz,  provided  there  are 
no  ships  closer  than  about  SO  km. 

Young  (I9S9)  has  shown  that,  when  the  number  of  reflections  is  large,  the  spatially  averaged 
energy  density  for  steady  sources  can  be  expressed  by 

<|p)  =  .  (8.36) 

Pgcl  acg  V 

where  fi  is  the  mean  free  path  between  direction  reversals,  7  is  the  mean  reflection  loss  in  nepers,  W 
is  the  source  power  and  V  is  the  total  volume  of  the  reverberant  space.  The  volume  is  the  product 
of  the  surface  area,  S,  and  the  effective  average  water  depth,  H.  The  other  terms  require  more 
explanation.  The  coefficient,  7,  represents  the  dissipative  loss  per  reflection.  In  underwater  sound, 
it  is  more  usual  to  deal  with  the  average  attenuation,  a,  expressed  in  dB  per  unit  distance.  If  we 


282  8.  PROPELLER  CAVITATION  NOISE 


take  cij  to  include  boundary  reHection  losses  as  well  as  volume  absorption,  then  a  can  be  related 
to  aj  by 

"a  -  ajiflO  log  e)'*  =  ^  .  (8.S7) 

4.34 

where  the  last  factor  is  required  to  convert  dB  into  nepers. 

G>mbining  Eqs.  8.36  and  8.37  and  expressing  V  by  SH,  tlie  mean  square  sound  pressure  can  be 
related  to  the  average  source  spectrum  of  merchant  ships  by 

^  -  8.68  p](l)  .  (8.38) 

(XjH 

where  5  is  the  number  of  ships  per  unit  area  and  9^  is  a  factor  incorporated  in  the  analysis  to 
take  into  account  the  fact  that  only  rays  that  radiate  in  a  fairly  narrow  range  of  angles  near  grazing 
contribute  to  the  reverberant  field. 

Expressing  the  ambient  sound  pressure  as  a  level.  in  dB  and  the  average  source  level  per 
ship  by  Lj,  the  ambient  level  is  then  related  to  the  source  level  by 

L„  =  Lj  +  10  log  -  10  log  a  jH  +  10  log  9  +9.5  .  (8.39) 

The  noise  is  therefore  a  function  of  at  least  four  factors.  Equation  8.39  can  be  better  written  for 
order-of-magnitude  calculations  in  terms  of  ship  densities.  5®.  expressed  in  terms  of  numbers  of 
ships  per  1“  square.  On  average,  the  area  of  a  1®  square  is  about  10' ®m*.  Assuming  0^  to  be  1/3 
radian.  Eq.  8.39  becomes 

L„  ^  L-  95  +  10  log  +  10  log  —  .  (8.40) 

This  equation  serves  to  explain  most  observed  trends.  Thus,  the  spectral  shape  of  ship-dominated 
ambient  noise  should  be  controlled  by  the  average  spectral  shape  of  merchant  ships,  as  modified 
by  frequency  dependence  of  the  attenuation  term.  As  reported  by  Wenz  (1962),  and  more  re¬ 
cently  by  Pftrrone  (1969,  1970,  1974),  ambient  spectra  below  100  Hz  do  indeed  have  shapes 
similar  to  ship  noise  spectra  shown  in  Fig.  8.20.  Above  100  Hz  the  shipping  contribution  decreases 
somewhat  faster  than  that  shown  in  Fig.  8.20  due  to  increased  absorption.  Equation  8.40  also 
explains  geographical  variations  and  long-term  trends  and  forms  a  basis  for  understanding  spatial 
and  temporal  fluctuations. 

Geographical  Variations 

Figure  8.23  reveals  about  2S  dB  variation  in  traffic  noise  between  areas  remote  from  shipping 
and  those  near  busy  shipping  lanes.  While  the  average  ship  density  over  all  ocean  areas  is  estimated 

to  be  about  0.4  sltips  per  1®  square,  the  number  varies  from  as  low  as  0.02  in  the  South  Pacific  and 

other  remote  areas  to  over  1  for  the  North  Atlantic  and  as  high  as  5  to  10  near  the  coast  of 
Europe.  Thus,  this  factor  alone  can  account  for  as  much  as  2S  dB  of  geographical  variability. 

Propagation  differences  can  also  account  for  S  to  10  dB  differences  in  shipping  noise.  In  some 


8. 7  SHIP-GENERA  TED  AMBIENT  NOISE  283 


areas,  sound  transmission  is  primarily  by  refractive  paths  that  do  not  interact  directly  with  the 
surface  or  bottom.  In  such  cases,  Oj.  equals  that  due  to  volume  absorption  alone,  for  which  a  value 
of  0.2  dB  per  100  km  is  representative.  Assuming  an  ocean  depth  of  4  km,  the  term  involving  a^H 
would  add  20  dB.  On  the  other  hand,  if  the  water  depth  is  not  sufficient  to  support  refractive 
transmission,  losses  will  occur  at  each  bottom  and  surface  interaction.  Experimental  data  for  this 
type  of  propagation  generally  show  between  0.05  and  0.2  dB  loss  relative  to  cylindrical  spreading 
in  a  distance  equal  to  the  water  depth,  giving  an  average  value  of  the  transmission  term  in  Eq.  8.40 
of  only  about  10  dB  and  resulting  in  lower  ambient  levels  for  the  same  shipping  density. 

Importance  of  Coastal  Shipping 

Even  at  locations  remote  from  the  edges  of  an  ocean  basin,  low-frequency  ambient  noise  is 
often  dominated  by  coastal  shipping.  The  reason  is  that  sound  propagates  especially  well  from 
sources  located  in  relatively  shallow  water  at  the  edge  of  a  deep  basin.  As  the  sound  rays  propagate 
seaward,  each  bounce  from  the  sloping  bottom  reduces  the  angle  by  twice  the  bottom  slope  angle. 
Rays  that  would  otherwise  interact  with  the  bottom  and/or  surface  become  deep  channel  rays  that 
propagate  with  minimum  loss.  This  is  equivalent  both  to  increasing  the  angle  and  to  assuring 
that  propagation  occurs  with  minimum  Uj. 

The  existence  of  the  coastal  region  enhancement  effect  was  demonstrated  by  Northrop  et  al 
(1968)  using  explosive  charges.  They  found  that  sounds  from  such  charges  exploded  off  the 
California  coast  were  received  by  deep  hydrophones  over  3000  miles  away  at  a  level  at  least  15  dB 
higher  than  that  from  similar  sources  over  a  flat  bottom.  Since  the  slope  acts  to  channel  the  sound. 
Smith  (1971)  termed  it  the  megaphone  effect.  A  more  complete  explanation  showing  the  impor¬ 
tance  of  the  bigradient  sound-speed  profile  in  channeling  the  sound  was  given  by  Smith  and  Jones 
(1972).  More  recently,  Morris  (1975)  found  that  levels  received  when  a  supertanker  proceeded 
toward  port  were  enhanced  3  to  6  dB  as  it  neared  the  coast.  Other  measurements  show  6  to  10  dB 
to  be  more  typical. 

Directional  Characteristics 

The  sound  field  in  a  truly  reverberant  room  does  not  exhibit  directional  characteristics.  How¬ 
ever,  the  ocean  is  more  like  a  long,  highly-reverberant  hallway  than  a  room.  Since  shipping 
distributions  are  not  uniform,  and  propagation  is  often  more  favorable  in  some  directions  than 
others,  ambient  noise  at  low  frequencies  may  be  expected  to  exhibit  horizontal  directionality  of  at 
least  several  dB  and  in  many  cases  of  more  than  10  dB.  This  is  very  much  a  local  effect  dependent 
on  location  of  ships  at  basin  edges  as  well  as  on  depth  of  the  receiver  and  on  sound  velocity 
profile.  Its  calculation  requires  detailed  knowledge  of  shipping  distribution  as  well  as  sound 
propagation. 

Vertical  directionality  depends  somewhat  on  receiver  depth  and  type  of  propagation.  However, 
low-frequency  ambient  noise  normally  arrives  within  ±20°  of  horizontal. 

Temporal  Fluctuations 

Transmission  from  near-surface  sources  to  distant  receivers  is  very  much  a  function  of  the 
speed  of  sound  at  the  surface  relative  to  that  near  the  bottom.  If  the  sound  speed  is  lower  at  the 
surface,  sound  can  be  transmitted  without  bottom  interaction;  if  it  is  higher,  all  rays  may  strike 
the  bottom.  As  discussed  earlier  in  this  section,  the  difference  in  the  effective  value  of  the 
absorption  coefficient  in  these  two  cases  is  often  of  the  order  of  a  factor  of  10,  resulting  in  10  dB 
difference  in  low-frequency  ambient  levels.  There  are  many  places  where  the  warming  of  the 
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surface  waters  in  summer  is  sufOcient  to  change  refractive  transmission  to  bottom  interacting 
transmission.  In  these  areas,  seasonal  variations  of  ambient  noise  may  be  expected  to  exceed  S  dB. 

Wenz  (1972)  reported  diurnal  fluctuation  at  a  number  of  coastal  locations.  This  is  probably 
due  more  to  changes  in  nearby  shipping  patterns  than  to  distant  shipping  effects.  Port  arrival  and 
departure  times  tend  to  cluster  around  certain  hours,  which  could  cause  peaking  of  local  traffic 
interference  at  any  coastal  location  close  to  a  busy  port.  Wenz  found  that  diurnal  fluctuation  may 
be  only  a  dB  or  two  in  remote  areas,  but  that  S  to  6  dB  is  quite  common  for  coastal  locales,  and 
that  in  some  locations,  such  as  that  illustrated  by  Fig.  8.24,  fluctuation  due  to  local  shipping 
regularly  exceeds  20  dB. 
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Fig.  8.24.  Fluctuations  of  Low-Frequency  Ambient  Noise  at  a  Coastal  Location,  from  Wenz  (1972) 

In  addition  to  seasonal  effects  due  to  changes  of  the  surface  sound  speed  and  diurnal  effects 
due  to  local  ship  patterns,  there  are  short-term  fluctuations.  These  are  of  the  order  of  minutes  and 
are  analogous  to  the  scintillation  of  starlight.  Transmission  of  sound  is  itself  a  fluctuating 
phenomenon,  variations  occurring  with  both  time  and  position.  As  individual  ships  move  across 
the  ocean  surface,  they  move  into  and  out  of  regions  of  exceptionally  good  transmission.  Dyer 
(1970,  1973)  showed  that  the  standard  deviation  for  multipath  transmission  is  of  the  order  of 
5  dB,  and  that  the  value  for  ship-generated  ambient  noise  depends  on  the  density  of  shipping, 
array  beam  width  and  analysis  frequency  band.  Typical  values  of  the  standard  deviation  when 
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surface  waters  in  summer  is  sufficient  to  change  refractive  transmission  to  bottom  interacting 
transmission.  In  these  areas,  seasonal  variations  of  ambient  noise  may  be  expected  to  exceed  5  dB. 

Wenz  (1972)  reported  diurnal  fluctuation  at  a  number  of  coastal  locations.  This  is  probably 
due  more  to  changes  in  nearby  shipping  patterns  than  to  distant  shipping  effects.  Port  arrival  and 
departure  times  tend  to  cluster  around  certain  hours,  which  could  cause  peaking  of  local  traffic 
interference  at  any  coastal  location  close  to  a  busy  port.  Wenz  found  that  diurnal  fluctuation  may 
be  only  a  dB  or  two  in  remote  areas,  but  that  S  to  6  dB  is  quite  common  for  coastal  locales,  and 
that  in  some  locations,  such  as  that  illustrated  by  Fig.  8.24,  fluctuation  due  to  local  shipping 
regularly  exceeds  20  dB. 
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measuring  with  omnidirectional  phones  and  one-third-octave  bandwidths  are  1.5  to  2.5  dB  for  the 
distant  shipping  component  alone.  When  data  are  contaminated  by  nearby  ships,  as  in  Fig.  8.24, 
standard  deviations  are  much  larger. 

It  is  common  practice  in  the  underwater  sound  community  to  assume  a  log-normal  distribution 
of  ambient  noise  values.  While  this  offers  a  reasonable  fit  to  the  central  distribution,  a  Gaussian 
function  does  not  properly  represent  the  tails.  Dyer  (1973)  concluded  that  the  actual  distribution 
is  closer  to  a  Rayleigh  distribution,  which  is  similar  to  Gaussian  but  with  truncated  tails. 

Long-Term  Trends 

One  of  the  more  important  conclusions  that  follows  from  this  analysis  of  shipping  noise  is  that 
low-frequency  ambient  noise  levels  must  have  risen  significantly  in  the  past  quarter  century.  In  the 
25  years  following  1950,  the  total  number  of  ships  has  more  than  doubled.  With  increased 
efficiencies  of  port  handling  facilities,  the  number  of  ships  at  sea  has  increased  even  more.  This 
factor  alone  would  account  for  a  3  to  5  dB  increase  of  ambient  noise  originating  from  shipping.  In 
addition,  as  discussed  in  the  previous  section,  increases  of  average  ship  speed,  propulsion  power 
and  propeller  tip  speed  all  lead  to  the  conclusion  that  the  average  ship  produces  at  least  6  dB  more 
noise.  Combining  all  these  factors,  one  must  conclude  that  in  the  past  25  years  ambient  noise  has 
probably  risen  about  10  dB  in  those  areas  where  shipping  noise  dominates.  Furthermore,  ship 
noise  must  now  have  become  a  dominant  factor  in  some  areas  where  it  did  not  previously  control. 
Unfortunately,  measurements  made  at  the  same  location  a  decade  or  more  apart  have  not  appeared 
in  the  literature,  so  this  conclusion  cannot  be  supported  with  experimental  data.  However,  in  view 
of  the  nearly  tenfold  increase  of  the  horsepower  of  propulsion  plants  in  ships  at  sea,  it  would 
indeed  be  remarkable  if  the  noise  due  to  ships  had  not  increased  close  to  10  dB. 

This  trend  is  not  expected  to  continue  at  so  rapid  a  pace.  Over  the  next  25  years,  the  number 
of  ships  may  be  expected  to  increase  only  about  50%,  and  the  noise  per  ship  by  only  a  few  dB. 
Thus,  the  increase  of  low-frequency  ambient  noise  levels  due  to  ships  may  be  only  about  5  dB 
during  the  next  quarter  century. 
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CHAPTER  9 


RADIATION  BY  FLUCTUATING-FORCE  (DIPOLE)  SOURCES 


Sources  that  produce  fluid  volume  fluctuations  are  dominant  when  they  exist.  There  are  many 
cases,  however,  in  which  they  are  absent  and  in  which  force  fluctuations  produce  the  strongest 
sounds.  Fluctuating,  or  unsteady,  forces  occur  as  by-products  of  steady  work-producing  forces,  as 
discussed  in  Chapter  I .  When  such  forces  cause  a  structure  to  vibrate,  radiation  occurs  from 
flexural  waves,  as  covered  in  Chapter  6.  When  forces  are  hydrodynamic  in  origin,  sound  is  radiated 
directly  into  the  fluid  independent  of  any  motion  of  a  fluid  boundary.  This  rigid-body,  oscillating- 
force  radiation  is  of  dipole  nature,  as  discussed  in  Section  3.4.  The  present  chapter  deals  primarily 
with  dipole-type  radiation  of  sound  by  hydrodynamic  fluctuating  forces  acting  on  rigid  bodies.  All 
Ufting  surfaces  radiate  sound  in  this  way,  and  this  mechanism  accounts  for  much  of  the  sound 
generated  by  hydraulic  machines  such  as  turbines,  pumps  and  propellers  as  well  as  by  fans,  blowers 
and  compressors. 


9.1  Dipole  Sound  Sources 

There  are  a  number  of  ways  in  which  dipole  sound  fields  can  be  generated.  Physically,  the 
sources  usually  involve  fluctuating  forces  or  oscillating  motion  of  a  rigid  body;  mathematically, 
they  can  be  expressed  in  terms  of  two  equal  out-of-phase  monopole  volume  sources  or  by  the 
spatial  derivative  of  a  monopole  field. 

Acoustic  Field  of  a  Concentrated  Force 

Just  as  large  fluctuating-volume  sources  can  be  treated  by  summing  the  effects  of  many 
monopoles,  so  also  sound  radiation  from  large  bodies  experiencing  fluctuating  forces  can  be 
calculated  by  integrating  the  sound  fields  of  elemental  concentrated-force  radiators.  The  sound 
field  of  a  concentrated  force  varying  arbitrarily  with  time  was  derived  in  Chapter  3.  Since  super¬ 
position  may  be  assumed,  any  arbitrary  force  may  be  decomposed  into  harmonic  components 
using  Fourier’s  theorem  as  discussed  in  Section  l.S.  Assuming  a  sinusoidally  varying  force, 
Eq.  3.3 1  for  the  radiated  acoustic  pressure  due  to  a  concentrated  force  becomes 

p'  =  ^-ikr  ^  i<^EoCose 

“  4irrc^  4itrc^ 

This  result  is  applicable  only  if  the  dimensions  of  the  body  or  surface  experiencing  the  force  are 
small  compared  to  an  acoustic  wavelength,  and  if  the  distance  r  to  the  field  point  is  large  compared 
to  a  wavelength.  The  cosine  radiation  pattern  is  characteristic  of  a  dipole. 
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The  acoustic  intensity  of  an  elementary  force  dipole  is  given  by 


1(6)  =  -  =  - cos^  6 

I6K^r'^p^cl 


Integrating  over  a  sphere,  the  average  intensity  is 
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I  =  KOP) 


iff 


cos^  6  sin  6  ddd4>  =  —  1(0) 
3 


from  which  it  follows  that  the  acoustic  power  is 


= 

ac 


12itp„cl 


Cbmparing  this  expression  to  Eq.  4.17  for  the  power  radiated  by  a  monopole  fluctuating-volume 
source,  its  dipole  character  is  indicated  by  the  cubic  dependence  on  speed  of  sound,  which  implies 
a  cubic  dependence  of  radiation  efficiency  on  Mach  number. 


Oscillating  Rigid  Sphere 

As  discussed  in  Chapter  3,  it  is  the  fluctuating  surface-pressure  field  associated  with  a  fluc¬ 
tuating  force  that  radiates  sound.  Another  way  of  producing  fluctuating  surface  pressure  is  by 
oscillating  motion  of  a  rigid  sphere,  as  depicted  in  Fig.  9. 1 .  Consider  a  rigid  sphere  of  radius 


Fig.  9.1.  Translational  Oscillation  of  a  Rigid  Sphere 

executing  simple  harmonic  motion  with  peak  speed  u^.  The  radial  component  of  speed  normal  to 
the  surface  at  each  point  on  the  sphere  is  given  by 


0 
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u(d)  =  UgCosOe*^*  .  (9.5) 

where  6  is  the  angle  between  the  radius  vector  and  the  direction  of  motion.  Equating  this  surface 
velocity  to  the  radial  acoustic  particle  velocity  and  then  solving  for  the  far-field  acoustic  pressure, 
one  finds 


P’  = 


..<»PoVo  (j^cose\ 
4wr  \  2  / 


e  1  '  *'■>'  , 


provided  ka^  <<1. 

The  total  power  radiated  by  an  oscillating  sphere  is 


Po^O 


24 


from  which  it  follows  that  the  radiation  resistance,  Eq.  3.2,  is 


Rr  - 


12 


and  the  specific  radiation  resistance,  Eq.  3.3,  is 


(9.6) 


(9.7) 


(9.8) 


^ —  =  _L  (ica^)*  .  (9,9) 

Po^o^o 

This  result  is  identical  to  that  given  by  Eq.  3.18  for  a  first-order  multipole,  as  derived  from  a 
general  spherical  source. 

Not  only  do  dipoles  differ  from  monopoles  in  having  cosine  directional  patterns,  but  also  they 
differ  in  the  nature  of  their  near-field  pressures.  In  the  case  of  a  pulsating  volume  source,  a  single 
expression  for  pressure  decreasing  with  distance  from  the  center  applies  at  all  locations  outside  the 
source.  This  is  not  the  case  for  dipoles.  A  large  fraction  of  the  power  that  is  required  to  oscillate  a 
rigid  sphere  goes  into  a  near-field  hydrodynamic  sloshing  motion  of  the  fluid  that  does  not  radiate 
as  sound.  For  small  ka^  and  small  kr,  the  pressure  near  an  oscillating  rigid  sphere  is 

p,  ^  f  ^PpSoJ*p  /  Jo  cos  e\  .  (9.10) 

4irr^  \  2  ) 

which,  being  inductive,  decays  as  the  square  of  the  distance  from  the  center  of  the  sphere. 
Comparing  Eq.  9.10  for  the  inductive  field  to  Eq.  9.6  for  the  acoustic  field,  we  find 


(9.11) 


Hence,  the  inductive  field  lags  the  acoustic  field  by  90°  at  each  radial  distance.  The  total  fluc¬ 
tuating  pressure  at  any  radius  is  the  sum  of  the  two  components. 
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The  reactive  force  associated  with  the  fluid  motion  involved  in  the  oscillation  of  a  rigid  sphere 
equals  the  integral  of  the  component  of  the  pressure  in  the  direction  of  motion  over  the  surface. 


lx  =  / 
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)  cos  d  dS  . 


(9.12) 


Using  Eq.  9.10  with  r  - a  for  the  surface  pressure,  and  carrying  out  the  indicated  integration. 
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The  reactive  component  of  the  radiation  impedance  equals  the  reactive  force  divided  by  the 
velocity.  It  follows  that 


— ^  =  —PoCoSofkao^  . 


(9.14) 


which  is  the  reactance  of  a  mass  equal  to  one  half  of  that  displaced  by  the  sphere. 

For  small  kxig  the  radiation  resistance  given  by  Eq.  9.8  is  small  compared  to  the  reactance  and 
the  impedance  can  be  taken  to  be  entirely  reactive.  It  follows  that  the  radiation  efficiency  is 


^  A  =  J-(kaJ^ 


(9.15) 


in  complete  agreement  with  Eq.  3.23. 

The  equivalence  of  an  oscillating  rigid  sphere  and  a  fluctuating  force  as  sound  sources  can  be 
further  demonstrated  by  expressing  the  acoustic  field  of  an  oscillating  sphere  in  terms  of  the  force 
required  to  keep  it  in  motion.  This  force  is  composed  of  two  terms:  the  reactive  force  of  the 
medium,  as  given  by  Eq.  9. 1 3,  and  the  force  required  to  accelerate  its  mass.  Assuming  that  the 
sphere  has  the  same  density  as  the  fluid,  the  total  force  is 


F  =  F  +mu  =  F  +  /cjp. 


from  which  it  follows  that 


Equation  9.6  for  the  radiated  pressure  may  be  written 


(9.16) 


(9.17) 
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p'  a - cosd  e'**'’  .  (9.18) 

4irrc^ 

which  is  equivalent  to  Eq.  9.1.  Thus,  the  two  source  expressions  are  equivalent,  provided  the 
wavelength  is  large  compared  to  the  diameter  of  the  sphere. 

Spheres  Pulsating  Out  of  Phase 

Dipole  sound  patterns  are  also  generated  by  two  equal  out-of-phase  monopoles  separated  by  a 
distance  small  compared  to  a  wavelength,  as  was  developed  in  Section  4.5.  If  each  of  the  pulsating 
spheres  comprising  the  dipole  has  source  strength  given  by 

Q  =  Qo  .  (9.19) 

and  their  centers  are  separated  by  d,  then  from  Eq.  4.75 

p'  =  I  cos  6  ^  cos  0  ~  ,  (9.20) 

4ifr 

where  cos  6  replaces  sin  0  because  of  the  present  choice  of  the  dipole  axis  as  the  reference  for  6 
rather  than  a  perpendicular. 

The  product  Q^d  is  the  magnitude,  or  strength,  of  the  dipole,  represented  by  in  the 
following  equations.  Comparing  Eq.  9.20  to  Eqs.  9.1  and  9.6,  dipole  strength  can  be  related  to  the 
strength  of  a  fluctuating  force  and  to  the  size  and  velocity  of  an  oscillating  sphere  by 

‘  ‘  PoS,>‘o^ 

ICO  2 

General  expressions  for  the  acoustic  pressure,  intensity  and  power  of  dipoles  are 

p'  =  -  .  (9.22) 

4irrc„ 

I  =  -  =  - - - cos*  9  ,  (9.23) 

Po^o 

and 

4  o)*D^ 

W..  »  —  tr^KO)  =  - 2_  .  (9,24) 

3  24itp^cl 

All  of  these  expressions  written  in  terms  of  dipole  strength  reduce  to  the  corresponding  equations 
in  terms  of  force  or  velocity  flux,  using  the  relations  of  Eq.  9.21. 

Dipole  Fields  from  Monopole  Fields 

The  complete  pressure  Held  of  a  dipole,  including  both  inductive  and  acoustic  components. 
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can  be  expressed  as  a  spatial  derivative  of  a  monopole  pressure  Held.  Using  Eq.  4. 1 5  for  the 
pressure  fleld  of  a  monopole. 


dx  dr  dx  4v  dr  \  r  /  \dx  / 

4icr 

Interpreting  dr/dx  as  cos  9  and  equating  dx  to  the  separation  of  the  poles,  d,  we  find 


-  —  -  ~  dx  . 


(9.25) 
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(9.26) 


which  is  the  negative  of  the  complete  dipole  pressure  field  obtained  by  adding  the  acoustic 
component,  Eq.  9.20,  to  the  inductive  component,  Eq.  9.1 1. 

This  relation  between  dipole  pressure  fields  and  monopole  fields  can  be  generalized.  Quadru- 
pole  fields  can  be  obtained  from  derivatives  of  dipole  fields,  or  from  second  derivatives  of  mono¬ 
pole  fields.  Higher  order  fields  are  produced  by  higher  order  derivatives. 


9.2  Propeller  Blade  Tonals 

Blade  tonal  radiation  from  non-cavitating  propellers  and  from  fans,  compressors,  turbines  and 
pumps  is  an  important  noise  source.  The  initial  analysis  of  this  problem  by  Gutin  (1936)  was 
concerned  with  sound  radiation  by  a  rotating  static  force  distribution,  i.e.,  sound  radiation  by  a 
finite-bladed  impeller  in  a  uniform  inflow,  for  which  thrust  and  torque  are  constant.  As  discussed 
in  Section  3.5,  Gutin  found  that  the  sound  radiated  depends  very  strongly  on  both  the  number  of 
blades  and  tip  Mach  number.  At  the  low  Mach  numbers  of  marine  propellers  and  of  most  hydraulic 
machinery  Gutin  noise  is  negligible  compared  to  that  generated  as  a  result  of  force  fluctuations; 
further  discussion  of  his  analysis  will  therefore  be  omitted.  Readers  interested  in  this  subject  are 
referred  to  Blokhintsev  (1946)  and  to  Richards  and  Mead  (1968). 

(jeneral  Oscillating  Hydrodynamic  Force 

When  oscillating  force  is  generated  in  connection  with  fluid  flows,  it  is  useful  to  define  an 
oscillating  force  coefficient,  analogous  to  the  lift  and  drs®  coefficients  defined  by  Eqs.  7.72 
and  7.73.  Thus,  writing 

Cp  s  - -  ,  (9.27) 

2 

the  intensity  and  radiated  power  of  a  concentrated  fluctuating  force  may  be  expressed  by 


■  294  9.  FLUCTUATING-FORCE  SOURCES 


and 


(9.29> 


These  equations,  which  may  be  used  in  place  of  Eqs.  9.2  and  9.4,  show  dependence  on  the  sixth 
power  of  the  flow  speed  and  on  the  square  of  a  dimensionless  frequency  coefficient.  Calculation  of 
the  sound  power  radiated  by  various  types  of  oscillating  force  requires  expressions  for  the  oscil¬ 
lating  force  coefficient  and  for  the  dimensionless  frequency. 

Usually  oscillating  forces  are  unwanted  by-products  of  steady  work-producing  forces.  The 
mechanical  power  associated  with  a  steady  force  can  be  written 


2 

Combining  this  expression  with  Eq.  9.29,  the  acoustic  efficiency  is 
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Noise  from  Oscillating  Thrust 

As  discussed  in  Section  8.4,  operation  of  a  propeller  in  a  wake  having  circumferential  varia¬ 
tions  results  in  oscillating  components  of  thrust  at  multiples  of  the  blade  frequency,  which  are 
given  by 


/  =  mBn  .  (9.32) 

Here  m  is  the  order  of  the  harmonic,  B  the  number  of  blades  and  n  the  rotational  speed  in  rps. 
Defining  an  rms  oscillating  thrust  coefficient,  Cj-,  in  a  manner  analogous  to  that  of  Eq.  8.18  for 
the  steady  thrust,  by 

^  7* 

c  S  - ,  (9  S3) 

the  intensity  of  directly  radiated  sound  at  the  mth  harmonic  is  then  given  from  Eq.  9.2  by 

m^B^  **» 

IJB)=  - cos^  e  .  (9.34) 

4r^cl 

Thus,  the  intensity  increases  as  the  sixth  power  of  tip  rotational  speed,  as  disk  area,  and  as  the 
square  of  number  of  blades,  harmonic  number  and  oscillating  thrust  coefficient.  From  Eq.  9.4  and 
the  definition  of  the  steady-state  thrust  coefficient  given  by  Eq.  8.18,  the  acoustic  conversion 
efficiency  can  be  expressed  by 
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For  typical  propeller  tip  speeds  of  the  order  of  25  to  50  m/sec  and  oscillating  thrust  coefficients  of 
2  to  10%  of  that  for  the  steady-state  thrust,  acoustic  conversion  efficiencies  for  direct  radiation  of 
blade-rate  tonak  are  estimated  to  be  between  10*'®  and  10’®,  well  below  that  for  propeller 
cavitation. 

While  not  efficient  radiators  of  blade  tonal  components  at  the  low  Mach  numbers  of  marine 
propellers,  blade-rate  forces  transmitted  by  propeller  shafts  are  a  dominant  cause  of  hull  vibration. 
When  these  vibratory  forces  coincide  with  low-frequency  hull  resonances  of  the  types  discussed  in 
Sections  4.1 1  and  5.1 1,  severe  vibrations  may  occur.  Not  only  are  these  vibrations  harmful  to  men 
and  machines  but  also  they  may  radiate  blade  tonal  components  at  higher  levels  than  those 
radiated  directly  by  the  propeller. 

Factors  Affecting  Oscillating  Thrust 

Primarily  because  of  the  interest  of  naval  architects  in  reducing  shipboard  vibrations  and 
preventing  propeller  shaft  fatigue  failures,  considerable  effort  has  been  devoted  by  a  number  of 
investigators  to  the  development  of  methods  of  calculating  propeller  alternating  thrust.  The  calcu¬ 
lation  of  steady-state  propeller  forces  for  uniform  inflow  conditions  is  itself  a  complex  problem 
for  which  no  single  method  has  proven  to  be  clearly  superior.  Non-steady  effects  caused  by  wake 
operation  make  the  problem  even  more  untractable.  As  summarized  by  Stern  and  Ross  (1964),  the 
various  published  methods  may  be  classified  as  either  quasi-steady  or  unsteady  and  either  two- 
dimensional  or  three-dimensional.  In  quasi-steady  methods  the  forces  on  a  propeller  blade  are 
calculated  at  each  angular  position  as  though  the  wake  at  that  position  existed  over  the  entire 
360°.  In  unsteady  methods,  unsteady  airfoil  theory  developed  by  von  Karman  and  Sears  (1938)  is 
used  in  deriving  oscillating  lift  coefficients  for  blade  elements.  In  two-dimensional  analyses,  in¬ 
duced  velocity  components  due  to  helical  trailing  vortex  sheets,  cascade  effects  of  other  blades,  tip 
vortices  and  other  three-dimensional  effects  are  ignored.  Brown  (1964)  compared  the  various 
methods,  finding,  as  shown  in  Fig.  9.2,  that  quasi-steady  analysis  is  in  good  agreement  with  his 
three-dimensional  unsteady  theory  when  calculating  the  fundamental  and  second  harmonic  com¬ 
ponents  while  a  two-dimensional  unsteady  method  gives  good  results  for  the  fourth  and  hi^ier 
harmonics. 

According  to  twoKlimensional  unsteady  airfoil  theory,  the  oscillatory  lift  experienced  by  an 
airfoil  in  a  sinusoidal  gust  of  amplitude  is  given  by 

Q,  =  2ir  .  (9.36) 

Uo 

where 

CM 

7  =  -  (9.37) 

is  called  the  reduced  frequency  of  the  gust.  The  phase  angle  of  the  function  6(7)  depends  upon 
the  reference  point  on  the  airfoil.  When  expressed  relative  to  the  center  as  originally  done  by  Sears 
(1949),  the  phase  varies  greatly,  but  Brown  (1964)  and  Lowson  (1970)  have  shown  that  the  phase 
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Fig.  9.2.  Comparison  of  Computational  Methods  for  Propeller  Fluctuating  Thrust,  after  Brown  (1964) 

angle  varies  by  less  than  45°  over  the  entire  frequency  range  when  the  leading  edge  is  used  as  the 
reference  point.  As  expressed  by  Brown, 

e-iy 

G,Jy) - .  (9.38) 

+  Kidy)] 

where  and  Ki  are  modified  Bessel  functions  of  the  second  kind.  This  function  is  plotted  in 
Fig.  9.3.  For  the  high  values  of  the  reduced  frequency  typical  of  marine  propellers,  especially  for 
the  higher  harmonics,  Eq.  9.38  reduces  to 


GLE(y> 


^  f 

^2vy 


(9.39) 


which  relation  is  valid  within  3%  for  y>  1. 

The  procedure  used  when  making  unsteady  airfoil  calculations  is  to  perform  an  harmonic 
analysis  of  the  circumferential  wake  at  each  radial  station.  Since  the  component  of  the  wake 
having  periodicity  equal  to  m  times  B  is  the  only  component  causing  the  mth  harmonic  of  the 
blade-rate  oscillating  thrust,  the  complex  oscillating  force  is  computed  for  this  component  at  each 
radial  station  and  then  integrated  over  the  radius. 

It  is  apparent  from  this  discussion  that  number  of  blades  is  a  most  important  factor  affecting 
oscillating  thrust.  Some  wakes,  such  as  that  shown  in  Fig.  8. 1 2,  have  strong  components  at  certain 
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Fig.  9.3.  Sears  Function  Relative  to  Midchord  and  to  Leading  Edge,  after  Brown  (1964) 

even  harmonics.  Selection  of  an  odd  number  of  blades  may  result  in  a  much  lower  fluctuating 
force  than  would  selection  of  an  even  number.  In  other  cases,  such  as  for  the  wake  depicted  in 
Figs.  8. 10  and  8. 1 1,  there  is  little  difference  between  four-,  five-  or  six-bladed  propellers. 

Another  factor  affecting  the  fluctuating  thrust  is  the  shape  of  the  leading  edge.  Cox  and 
Morgan  (1972)  have  demonstrated  that  skewing  the  leading  edge  tends  to  reduce  the  net  force  by 
causing  the  various  radial  sections  to  experience  their  forces  out  of  phase  with  each  other.  Skewing 
also  has  the  effect  of  increasing  the  section  chord  length,  thereby  increasing  y  and  slightly  reducing 
the  oscillating  force,  as  implied  by  Eq.  9.39. 

Calculations  of  oscillating  thrust  for  a  given  propeller  show  relatively  small  variations  of 
with  advance  ratio  J.  It  follows  from  Eq.  9.35  and  Fig.  8.8  that  somewhat  lower  acoustic  ef¬ 
ficiencies,  i.e.,  lower  blade  tonals,  will  be  achieved  if  propellers  are  operated  at  advance  ratios 
slightly  lower  than  optimum  from  the  point  of  view  of  efficiency. 

Propeller'Induced  Hull  Forces 

In  addition  to  direct  excitation  of  hull  vibrations  by  oscillating  thrust  transmitted  through  the 
propeller  shaft  and  thrust  bearing  to  the  hull,  the  rotating  pressure  field  associated  with  a  propeller 
can  induce  oscillating  forces  on  nearby  hull  plating,  fins  and/or  struts.  As  previously  discussed, 
direct  radiation  from  rotating  pressure  fields  is  very  small  at  the  low  Mach  numbers  of  marine 
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propellers.  However,  inductive  near-field  pressures  can  be  significant  and  the  forces  experienced  by 
nearby  stationary  surfaces  can  be  large.  In  a  summary  of  this  subject,  Breslin  (1962)  noted  that 
important  contributions  to  the  inductive  pressure  field  are  made  by  both  blade  thickness  and  lift 
distributions  and  that  propellers  in  non-uniform  wakes  produce  larger  forces.  As  confirmed  by 
Tsakonas  et  al  (1964),  induced  pressures  and  radiated  sound  both  decrease  markedly  as  tip 
clearances  and/or  number  of  blades  are  increased.  The  decrease  of  induced  pressure  fields  exper¬ 
ienced  with  increasing  numbers  of  blades  is  a  contributing  factor  in  the  present  trend  toward  the 
use  of  five-  and  six-bladed  propellers  on  modern  high-power  merchant  ships. 

Submarine  and  torpedo  hulls  also  experience  oscillating  forces  transmitted  by  propeller  induc¬ 
tion  pressure  fields.  However,  Chertock  (1965)  found  these  induced  forces  to  be  only  of  the  order 
of  6  to  10%  as  large  as  those  transmitted  directly  by  the  shaft.  Tsakonas  and  Breslin  (1965)  also 
calculated  the  longitudinal  force  induced  by  a  propeller  on  a  prolate  spheroid  and  found  this  force 
to  vary  inversely  with  the  length-to-diameter  ratio  of  the  body.  They  noted  that  transverse  forces 
induced  in  fins  augment  hull  vibrations. 

The  importance  of  struts  in  transmitting  oscillating  forces  to  ship  hulls  was  recognized  by 
Lewis  in  the  1930’s.  More  recently,  Pinkus  et  al  (1963)  have  calculated  the  force  induced  in  a 
finite  plate,  representing  an  appendage,  by  a  vortex  distribution  representing  a  blade  moving  past 
one  end;  and  Lewis  (1963,  1967)  has  reported  on  measurements  of  strut  oscillating  forces  made  in 
a  water  tunnel.  Both  studies  show  a  very  rapid  decrease  of  induced  force  with  increasing  clearance, 
leading  to  the  conclusion  that  this  problem  can  be  eliminated  by  giving  attention  to  the  spacing 
between  propeller  and  stationary  surfaces  such  as  struts,  fins  and  rudders. 

Blade- Vortex  Interaction  Noise 

Occasionally  marine  propellers  emit  a  sound  that  resembles  what  one  would  expect  from 
repeated  slaps  occurring  at  blade  frequency.  It  is  believed  that  the  source  of  such  blade-slap  noise 
is  the  passage  of  blades  through  a  vortex.  Vortices  originating  from  the  tips  of  lifting  surfaces 
upstream  of  the  propeller,  or  from  the  first  propeller  of  a  counterrotating  pair,  may  pass  through 
the  propeller  disk.  Each  time  a  blade  comes  close  to  a  vortex  it  experiences  a  force  much  as  from 
an  abrupt  gust.  Each  force  pulse  generates  a  sound  pulse,  resulting  in  pulses  repeated  at  blade 
frequency.  The  phenomenon  has  been  studied  by  Simons  (1966)  and  Widnall  (1971)  in  connection 
with  helicopter  blade-slap  noise.  They  found  that  the  sound  radiated  is  not  only  a  function  of  the 
strength  of  the  vortex  but  also  of  its  core  size  levels,  being  lower  for  larger  cores. 

Shaft-Rate  (Components 

Tonal  components  at  shaft  rate  also  occur  in  propeller  spectra,  though  at  much  lower  levels 
than  blade  tonals.  Their  presence  implies  modulation  of  the  blade  tonals  at  shaft  rotational 
frequency.  Such  modulation  would  be  expected  to  occur  either  if  the  blades  were  not  mechan¬ 
ically  identical  and/or  if  their  spacings  were  not  exactly  equal.  Furthermore,  even  if  blades  and 
spacings  were  the  same,  forces  experienced  by  the  individual  blades  could  differ  somewhat  since 
blade  flexural  vibrations  do  not  occur  identically.  Expressing  a  modulated  blade  harmonic  by 
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p  = —  53  “/  Cco5^'m5  +  /Va>/  +  cos(mB  -  /Voj/]  ,  (9.41) 

2  i 

which  series  represents  a  family  of  tonals  at  multiples  of  the  shaft  rotational  frequency. 
Rotor-Stator  Interactions 

When  center-line  propellers  are  used  on  bodies  of  revolution  such  as  torpedoes  or  submarines, 
the  major  cause  of  wake  variation  is  the  fins.  In  this  case,  oscillating  forces  may  be  considered  to 
result  from  rotor-stator  interaction.  Similar  rotor-stator  interactions  are  also  dominant  sources  of 
tonal  noise  from  fans,  compressors,  pumps  and  turbines,  and  the  subject  has  received  considerable 
attention  in  connection  with  noise  from  such  machinery. 

Kemp  and  Sears  (1953,  1955)  applied  unsteady  airfoil  theory  developed  by  von  Karman  and 
Sears  (1938)  and  Sears  (1941)  to  the  rotor-stator  interaction  problem,  finding  that  potential 
interaction  effects  and  viscous  wake  effects  are  often  of  the  same  order  of  magnitude.  For  close 
spacing  of  rotor  and  stator,  potential  interaction  effects  dominate.  These  forces,  which  are  similar 
to  appendage  forces  previously  discussed,  decrease  quite  rapidly  with  increased  spacing.  On  the 
other  hand,  viscous  effects  caused  by  wakes  from  the  first  row  interacting  with  the  second  row 
decay  gradually  with  distance.  Kemp  and  Sears  found  viscous  effects  to  be  proportional  to  the 
drag  coefficient  of  the  upstream  airfoils.  Later  studies  by  Sharland  (1964),  Fincher  (1966), 
Lowson  (1968)  and  Morfey  (1970)  confirmed  these  conclusions.  Mather  et  al  (1971)  reported  that 
the  levels  of  shaft-rate  tonals  are  also  influenced  by  rotor-stator  interaction  effects.  Hanson  (1973, 
1974)  found  little  difference  in  the  spectra  whether  the  stator  precedes  or  follows  the  rotor. 

Blade  tonals  give  a  distinctive  character  to  rotor  noise  which  is  often  quite  annoying  to 
humans.  Mellin  and  Sovran  (1970),  Duncan  and  Dawson  (1975)  and  others  have  proposed  that 
unequal  rotor  and/or  stator  spacings  be  used  in  order  to  reduce  blade-frequency  tonals.  Shaft-rate 
tonals  are  thereby  increased  and  the  total  sound  output  remains  the  same,  but  the  broadband 
characteristic  of  the  resultant  sound  is  more  acceptable. 

Blade-Turbulence  Interactions 

Not  only  do  rotors  interact  with  the  wakes  of  upstream  stators,  producing  blade  and  shaft  rate 
tonals,  but  also  they  may  interact  with  turbulent  inflow  velocity  fluctuations  and  thereby  produce 
a  broadband  noise  spectrum.  The  importance  of  inlet  turbulence  was  demonstrated  by  Sharland 
(1964),  who  found  an  8  dB  increase  in  noise  from  a  fan  operating  in  a  turbulent  inflow  compared 
to  its  operation  in  a  smooth  flow.  Further  study  of  this  noise  source  by  Mani  ( 1971 )  and  Mugridge 
(1973)  showed  its  importance  for  values  of  the  Sears  parameter,  7,  defined  by  Eq.  9.37,  up  to 
about  10.  Higher-frequency  broadband  noise  is  associated  with  boundary-layer  turbulence  and 
with  turbulent  eddies  in  blade  wakes,  as  discussed  in  the  next  section. 

9.3  Vortex  Shedding  Sounds 

The  turbulent  wakes  of  most  bodies  contain  relatively  strong  vortices  which  occur  in  certain 
geometric  configurations  and  which  account  for  a  significant  fraction  of  wake  energy.  Oscillating 
forces  are  produced  in  connection  with  the  formation  of  vortex  wakes.  These  forces  are  respon¬ 
sible  for  such  diverse  phenomena  as  noise  in  electrical  power  lines,  vibration  of  radar  antennas, 
fatigue  failure  of  hydraulic  turbine  blades  and  collapse  of  tall  smokestacks.  They  have  been  studied 
extensively  by  mechanical,  civil  and  hydraulic  engineers  as  well  as  by  acousticians  and  aero- 
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dynamicists.  In  acoustics,  oscillating  forces  on  wires  produce  sounds  known  as  Aeolian  tones,  and 
similar  forces  on  blades  produce  contponents  of  fan,  compressor,  pump  and  propeller  noise  that 
are  sometimes  very  strong  and  are  known  as  singing. 

Investigations  of  the  subject  of  vortex  shedding  phenomena  within  each  of  the  disciplines 
mentioned  proceeded  for  many  decades  almost  without  interaction  between  them.  Although 
articles  on  this  subject  have  appeared  for  almost  100  years,  it  was  not  until  the  1960’sthat  Ross 
(1964)  combined  results  from  all  the  fields  to  develop  a  unified  hydro-acoustic  theory  of  vortex 
shedding  sounds.  The  present  section  is  based  on  that  study  as  revised  by  more  recent  experi¬ 
mental  and  theoretical  developments. 

Aeolian  Tones 

As  recounted  by  Richardson  (1924),  descriptions  of  Aeolian  harps  in  which  wind  or  the  draft 
from  a  fire  produces  musical  tones  are  given  in  a  book  published  in  the  1 7th  century.  Although  the 
phenomenon  had  been  known  since  the  time  of  the  Greeks,  the  first  scientific  investigation  was 
that  of  Strouhal  (1878)  who  found  that  frequency  of  the  sound  increases  with  wind  speed  and 
decreases  with  wire  diameter.  Thus,  the  dimensionless  frequency  fDIU^  tends  to  remain  constant. 
This  factor  is  known  as  the  Strouhal  number,  and  is  written 


(9.42) 


where  6  is  a  characteristic  transverse  dimension  of  the  body.  For  cylinders,  Strouhal  found 
Sn=0.  185.  Rayleigh  (1915)  noted  that  vibrations  of  the  wire  occur  in  a  plane  perpendicular  to 
the  direction  of  the  wind.  He  associated  the  motion  with  the  vortex  wake  that  had  been  observed 
in  water,  and  also  concluded  that  the  Strouhal  number  must  be  a  function  of  Reynolds  number, 
finding  that  Strouhal’s  experimental  results  are  given  by 


=  0.195  (j  -  — 

\ 

Many  of  the  studies  of  vortex  shedding  have  been  concerned  with  determining  the  exact 
relationship  between  and  R yy  for  rigid  cylinders.  Figure  9.4  summarizes  these  results.  For  very 
low  values  of  R yy,  below  about  40,  a  symmetric  vortex  pattern  is  frozen  in  space.  Above  this  value 
vortices  are  shed  alternately  from  one  side  and  the  other  and  the  dimensionless  frequency  is  about 
0.12,  increasing  to  0.19  at  Rj^  =  200.  In  the  Reynolds  number  range  from  200  to  200,000  the 
wake  is  turbulent,  but  a  discrete  vortex  pattern  persists  and  the  Strouhal  number  is  practically 
constant  at  5yy  =  a  20  ±0.01.  Above  about  Rf^  =  2  X  10^ ,  the  situation  is  unclear.  From  this  value 
to  /?yy  =  J  X  /(?* ,  the  wake  is  highly  turbulent  and  whatever  vortices  occur  do  not  seem  to  have  a 
definite  frequency.  Relf  and  Simmons  (1925)  made  wake  hot-wire  measurements  and  found  a 
peak  in  the  spectrum  with  5yy  >  0.4  in  this  region.  Similar  results  were  reported  by  Delany  and 
Sorensen  (1953),  Itaya  and  Yasuda  (1961)  and  Bearman  (1969).  However,  Fung  (1958)  and 
Blyumina  and  Fedyaevskii  (1968)  reported  finding  5yy  iO.  20  throughout.  Above  this  region  of 
weak  discrete  vorticity,  stronger  vortices  again  occur,  and  Roshko  (1961)  found  S IS,  =0.27  lot  Rf, 
from  3  X  10*  to  10’. 

All  of  the  results  summarized  above  are  presumably  for  rigid  cylinders  in  a  free  environment. 
Any  departures  from  ideal  conditions  may  cause  significant  changes  of  observed  Strouhal 
frequencies. 


) 


(9.43) 


9.3  VORTEX  SOUNDS  301 


Fig.  9.4.  Strouhal-Reynolds  Number  Relation  for  Circular  Cylinders 

Vortex  Wakes  of  Bluff  Bodies 

Figure  9.5  shows  a  vortex  street  consisting  of  two  rows  of  alternating  vortices  of  strength  P  in 
the  wake  of  an  elliptic  cylinder  of  thickness  b.  The  vortex  rows  are  separated  by  h  and  the  distance 
between  vortices  in  the  same  row  is  a.  The  vortices  produce  their  own  velocity  fleld  superimposed 
on  the  free  stream  velocity,  U^.  The  velocity  induced  at  any  vortex  by  all  the  other  vortices  is  u,. 
Von  Karman  and  Rubach  (1912)  carried  out  a  stability  analysis  of  an  infinite  vortex  street,  finding 

—  ^  0.28  .  (9.44) 

a 

Measurements  of  the  spacing  ratio  of  actual  vortex  streets  are  generally  in  fair  agreement  with  this 
value,  though  ratios  as  high  as  0.3S  are  not  uncommon.  Birkhoff  (1953)  has  reasoned  that,  while  a  ' 


t 


Fig.  9.5.  Vortex  Street  Geometry 
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remains  constant  as  the  wake  decays,  h  increases  due  to  the  action  of  viscosity.  Near  the  body, 
spacing  ratios  are  usually  close  to  that  given  by  Eq.  9.44. 

Von  Karman  and  Rubach  computed  the  induced  velocity  for  an  infinite  vortex  street,  finding 


r  jr/j 

—  tank - 

2a  a 


2yf2a 


(9.45) 


Assuming  the  spacing  to  be  close  to  equilibrium, 


The  Strouhal  number  for  the  movement  of  vortices  past  a  fixed  point  in  the  wake  is 


(9.46) 


(9.47) 


showing  that  both  relative  wake  width  and  induced  velocity  affect  the  observed  frequency. 

In  some  Reynolds  number  ranges,  a  significant  fraction  of  the  drag  is  associated  with  wake 

vortices.  Von  Karman  and  Rubach  (1912)  equated  momentum  carried  downstream  by  vortices  to 

form  drag,  ,  finding 
F" 


(Cf.  -  2u,) 


(9.48) 


Defining  a  form  drag  coefficient  similar  to  Eq.  7.73  and  assuming  equilibrium  spacing.  Eq.  9.48 
leads  to 


»  2.  rr 


b 


(9.49) 


Form  drag  is  proportional  to  the  relative  wake  width  and  Strouhal  number  varies  inversely 
with  this  quantity.  Krzywoblocki  (1945)  multiplied  Eqs.  9.47  and  9.49,  getting 


independent  of  relative  wake  width.  This  relation  is  plotted  in  Fig.  9.6.  Roshko  (1961)  noted  the 

inverse  behavior  of  and  Since  the  drag  coefficient  drops  precipitously  in  the  critical 

F 

Reynolds  number  region  around  3  •  10®,  he  found  an  increase  of  Strouhal  numbers  in  this  region 
to  be  quite  believable.  However,  if  very  little  energy  were  to  go  into  vortex  streets  in  this  region, 
then  vortex  strengths  would  be  low  and  one  would  expect  relative  induced  velocities  to  be  low  as 
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Fig.  9.6.  Product  of  Strouhal  Number  and  Form  Drag  Coefficient  from  Eq.  9. SO 

well.  By  Eq.  9.49,  Cq  would  decrease  relatively  more  than  would  increase  and  the  product 
F 

would  decrease  in  accordance  with  Fig.  9.6.  Figure  9.7  is  a  plot  of  the  product  of  Syy  and  Cq  as  a 
function  of  Reynolds  number  for  vortex  shedding  from  cylinders.  Except  in  the  critical  regime, 
the  product  is  close  to  constant  at  0.22.  implying  that  =0.18  and  that  vortex  strength  is 
practically  constant  outside  that  region. 


Fig.  9.7,  Product  of  Strouhal  Number  and  Drag  Coefficient  for  Cylinders 
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These  results  for  cylinders  can  be  generalized  to  other  bluff  bodies,  since  nothing  in  the 
analysis  was  speciflc  to  circular  or  elliptic  cylinders.  Thus  Page  and  Johansen  (1927,  1928)  found 
that  the  Strouhal  number  for  flat  plates  at  large  angles  to  a  flow  is  constant  at  0. 1 5  over  a  wide 
range  of  angles  provided  b  is  the  projection  of  the  plate  normal  to  the  flow.  They  also  found 
Uj  =  0. 16  Uq.  Roshko  (1955)  studied  a  wide  variety  of  bluff  bodies,  finding 


0.165 


(9.511 


for  a  wide  range  of  Reynolds  numbers.  The  reference  velocity  in  this  relation  is  the  velocity  at 
the  point  of  separation  of  the  flow  from  the  body  and  h'  is  the  theoretical  distance  between  the 
separated  free  streamlines  as  determined  downstream  where  they  have  become  parallel.  Abernathy 
(1962)  studied  separated  flows  from  flat  plates  at  various  angles  to  a  flow,  finding 


S.  2  —  i  0.155  .  (9.521 

where  h"  is  the  measured  separation  between  the  centers  of  the  shear  layers.  Bearman  (1967)  used 
separations  of  the  vortex  streets  and  free-streamline  velocity,  U^,  in  defining  a  Strouhal  number. 


(9.531 


which  he  found  to  be  0. 1 8  for  a  wide  variety  of  wakes.  The  three  modified  Strouhal  numbers  all 
use  the  free-streamline  velocity,  £/,,  since  this  quantity  is  more  fundamental  than  the  flow  speed. 


Oscillating  Forces  Associated  with  Vortex  Wakes 

Formation  of  vortices  and  motion  of  a  vortex  street  away  from  the  body  shedding  the  vortices 
induce  a  time-varying  velocity  component  in  the  flow  field  about  that  body  and  consequently  a 
time-varying  pressure  field.  The  result  is  an  oscillating  force  component  practically  perpendicular 
to  the  direction  of  flow,  which  force  is  a  source  of  dipole  sound  as  well  as  of  vibrations  of  the 
body. 

The  instantaneous  induced  velocity  field  and  force  resulting  from  vortex  street  motion  are 
dominated  by  the  vortex  closest  to  the  body.  It  is  therefore  useful  to  calculate  these  quantities  for 
the  motion  of  a  single  vortex.  Consider  a  vortex  of  strength  F  moving  with  speed  away 

from  a  cylinder  of  diameter  D,  as  shown  in  Fig.  9.8.  As  explained  by  Milne-Thomson  (1950),  the 
effects  of  this  vortex  can  be  treated  in  terms  of  an  image  vortex  located  within  the  cylinder  at 
radius  given  by 


(DI21^  (0121^ 


s 


(9.541 
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Fig.  9.8.  Image  Vortex  for  Vortex  Outside  a  Cylinder 
The  lift  component  of  the  induced  force  at  any  instant  is  given  by 

Pl,  =  -  PoTs^cos^  .  (9.55) 

Taking  the  time  derivative  of  Eq.  9.54,  it  follows  that 


(9.56) 


The  maximum  instantaneous  lift  that  could  be  experienced  would  be  that  for  a  vortex  at  x  =  Df2, 
for  which 


(9.57) 


As  the  first  vortex  proceeds  downstream,  a  second  one  of  opposite  sign  is  formed  at  -  hl2 
leading  to  a  negative  force  equal  to  that  given  by  Eq.  9.57.  The  rms  oscillating  lift  for ^he 
fundamental  component  at  shedding  frequency  is  estimated  to  be  approximately  half  of  r  ^  . 
From  this  fact  and  from  Eq.  9.46  it  follows  that  ' 


(9.58) 


Comparison  with  Eq.  9.49  shows  that  the  oscillating  lift  coefficient  due  to  a  single  vortex  is  closely 
related  to  the  form  drag  coefficient,  their  ratio  being 
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For  circular  cylinders  at  Reynolds  numbers  below  10*,  the  lateral  separation  distance  h  can  be 
taken  as  approximately  equal  to  the  diameter  and  ujU^  =0.16.  It  follows  that  the  value  of  the 
rms  oscillating  lift  coefficient  calculated  from  Eq.  9.58  is  about  40%  of  the  form  drag,  which  result 
is  in  agreement  with  an  analysis  originally  published  by  Ruedy  (1935). 

Three  factors  not  considered  in  deriving  Eqs.  9.57-9.59  act  to  reduce  the  magnitude  of  the 
oscillating  force.  The  first  is  that  vortices  do  not  form  right  at  the  cylinder,  at  x  =  DI2,  as  was 
assumed.  Actually,  vorticity  is  shed  at  this  point  into  a  parallel  shear  layer.  As  discussed  by 
Abernathy  and  Kronauer  (1962),  such  shear  layers  are  unstable  and  break  up  into  discrete  vortices 
at  downstream  distances  that  depend  on  a  number  of  external  factors.  Figure  9.9,  based  on 
Eq.  9.56,  shows  the  decrease  of  induced  force  as  a  function  of  the  downstream  position  of  vortex 
formation.  Thus,  if  the  vortices  were  to  form  at  a  distance  one  diameter  downstream,  for  which 
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Fig.  9.9.  Relative  Induced  Force  as  Function  of  Vortex  Position  in  Fig.  9.8 


2xlD  =  3,  the  force  would  be  reduced  to  about  one  third  of  that  previously  calculated.  Several 
investigators  have  reported  that,  when  tests  are  run  in  low-turbulence  flows  at  Reynolds  numbers 
between  200  and  5000  and  when  care  is  exerted  to  prevent  cylinder  oscillation,  formation  dis¬ 
tances  to  the  first  vortex  are  from  2  to  4  cylinder  diameters.  The  corresponding  oscillating  force  is 
only  5  to  15%  of  that  for  close  vortex  formation. 

A  second  factor  is  reduction  of  the  peak  force  due  to  induced  velocities  of  all  previously 
shed  vortices.  This  amounts  to  about  15%  and  reduces  the  maximum  possible  oscillating  lift  from 
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40%  of  the  form  drag  to  about  one  third.  Finally,  the  assumption  of  two-dimensionality  is 
violated,  as  will  be  discussed  below. 

In  view  of  the  sensitivity  of  oscillating  forces  to  the  point  of  formation  of  the  first  vortex  and 
to  three-dimensional  effects  it  is  not  at  all  surprising  that  experimental  measurements  of  oscillating 
lift  coefficients  show  a  great  deal  of  scatter.  Confirmation  of  the  above  analysis  is  found  in  the  fact 
that  the  highest  measured  values  are  about  half  the  form  drag.  Thus,  rms  lift  coefficients  as  high  as 
O.S  to  0.6  have  been  reported  by  Keefe  (1962)  and  several  other  investigators.  On  the  other  hand, 
values  under  0.1  were  measured  by  Gerrard  (1961)  and  Leehey  and  Hanson  (1970)  for  Reynolds 
numbers  between  10^  and  10^.  Ballou  (1967)  confirmed  that  distance  to  vortex  formation  de- 
CTeases  markedly  in  the  Reynolds  number  range  between  4000  and  6000,  corresponding  to  the 
observed  increase  of  . 

Three-Dimensional  Character  of  Vortex  Wakes 

The  two-dimensional  vortex  street  envisioned  by  von  Karman  and  Rubach  (1912)  and  other 
investigators  consists  of  long  straight  vortices  lined  up  parallel  to  the  axis  of  the  shedding  bluff 
body;  this  is  an  idealization  not  usually  found  in  practice.  Flow  visualization  experiments  of 
Hama  (1957),  Gerrard  (1966),  Koopmann  (1967)  and  Berger  and  Wille  (1972)  have  shown  that 
under  some  conditions  the  vortices  are  shed  in  a  regular  manner  but  at  angles  of  10  to  30  degrees 
relative  to  the  cylinder  axis,  while  under  other  conditions  the  vortex  lines  are  irregular  as  well  as 
slanted. 

Indications  of  the  three-dimensional  character  of  vortex  patterns  have  also  been  found  in 
measurements  of  oscillating  pressures  and  velocities  at  different  positions  along  a  cylinder  by 
Prendcrgast  (1958)  and  el  Baroudi  (1960)  and  in  flow  pattern  measurements  by  Humphreys 
(1960).  These  investigators  found  phase  reversals  occurring  on  the  cylinder  at  lateral  distances 
corresponding  to  2  to  5  diameters.  Vickery  (1966)  and  Petrie  (1974)  reported  that  high  levels  of 
free-stream  turbulence  cause  irregularity  of  vortex  patterns  for  Rn<  10*,  for  which  shedding  is 
normally  regular. 

Three-dimensionality  of  the  vortex  pattern  reduces  oscillating  lift  in  two  ways.  Distortion 
results  in  lower  local  lift  forces  at  each  element  of  the  cylinder,  and  phase  shifts  result  in  strong 
cancellation  effects  when  the  lift  is  integrated  over  the  entire  length.  When  slanted  vortices  are 
regular,  as  may  occur  for  Reynolds  numbers  of  200  to  5000,  this  cancellation  effect  can  be  very 
strong.  When  they  are  irregular  due  to  wake  or  stream  turbulence,  force  cells  each  a  few  diameters 
long  are  produced  and  these  add  more  or  less  randomly.  Thus,  Petrie  found  that  in  some  cases 
turbulence  increases  the  total  oscillating  lift.  It  is  apparent  that  the  wide  range  of  measured 
oscillating  lift  coefficients  that  have  been  reported  can  be  attributed  to  differences  of  experimental 
conditions  and  resultant  differences  of  the  three-dimensional  vortex  patterns. 

Effects  of  Vibration 

Three-dimensional  vortex  patterns,  either  regular  or  irregular,  are  observed  only  in  the  wakes 
of  rigid  cylinders.  As  illustrated  by  Fig.  9.10,  Koopmann  (1967)  and  Griffin  et  al  (1973)  reported 
that  the  most  dramatic  effect  of  slight  cylinder  vibration  is  to  straighten  out  the  vortices  so  that 
near  the  cylinder  they  are  essentially  parallel  to  the  cylinder  axis.  A  second  effect  of  cylinder 
motion  is  to  assure  that  vortices  form  close  to  the  body.  Thus,  in  cases  where  the  oscillating  lift  is 
relatively  low  due  to  three-dimensional  vortex  patterns  and/or  delayed  vortex  formation,  a  slight 
amount  of  cylinder  vibration  in  synchronism  with  the  vortex  shedding  may  increase  the  oscillating 
lift  coefficient  by  a  large  factor.  It  seems  likely  that  some  freedom  to  vibrate  may  have  been 
involved  in  those  experiments  that  produced  exceptionally  high  values  of  C^. 


308  9.  FLUCTUATING-FORCE  SOURCES 


Fig.  9.10.  Effect  of  Cylinder  Vibration  on  Vortex  Pattern,  after  Koopmann  (1967) 

Oscillations  of  the  body  shedding  the  vortices  can  also  affect  the  shedding  frequency.  If  a  body 
is  driven  at  a  frequency  within  about  ±  10%  of  the  natural  shedding  frequency,  vortices  are  shed  at 
the  cylinder  vibration  frequency. 

The  vibratory  interaction  of  the  body  shedding  the  vortices  with  its  vortex  street  explains 
many  of  the  catastrophic  effects  of  vortex  shedding.  For  example,  consider  a  tall  thin  structure  in 
a  wind.  Normally  the  Strouhal  frequency  does  not  coincide  with  resonance  frequencies  of  the 
structure;  the  structure  remains  rigid,  the  vortex  pattern  is  irregular  and  the  overall  force  is  low. 
However,  should  the  shedding  frequency  approach  a  resonance,  the  structure  may  start  to  vibrate. 
This  vibration  may  cause  the  vortices  to  straighten,  which  increases  the  force  and  also  the  vibration 
up  to  the  point  at  which  the  entire  vortex  pattern  is  straight  and  exerts  maximum  force.  In  this 
situation,  the  vibration  amplitude  may  become  so  large  as  to  cause  structural  failure.  A  similar 
phenomenon  is  involved  in  singing,  which  will  be  discussed  later  in  this  chapter. 

Effects  of  Sound  Fields 

Many  practical  examples  of  vortex  shedding  occur  in  enclosed  or  partially  enclosed  spaces.  In 
such  cases,  interactions  of  acoustic  properties  of  the  spaces  with  vortex  shedding  phenomena  have 
been  noted  by  a  number  of  investigators.  Parker  et  al  (1966,  1967,  1968  and  1972)  found  that 
wind  tunnel  resonances  affect  both  force  amplitudes  and  frequencies  associated  with  vortex  wakes 
of  airfoils.  Graham  and  Maull  (1971)  and  Cumpsty  and  Whitehead  (1971)  reported  that  acoustic 
resonances  cause  vortices  to  shed  in  a  regular  manner  parallel  to  the  cylinder  axis  in  much  the  same 
manner  as  vibration  of  the  cylinder. 

Some  investigators  have  suggested  that  acoustic  feedback  mechanisms  play  a  central  role  in 
controlling  vortex  shedding  processes  in  a  manner  similar  to  that  found  in  the  related  phenomenon 
of  edge  tones.  Edge  tones  are  created  when  a  fluid  stream  impinges  on  the  edge  of  a  flat  plate.  As 
analyzed  by  Richardson  (1931),  Curie  (1953)  and  Powell  (1953,  1961),  acoustic  feedback  from 
the  plate  serves  to  stabilize  one  of  many  possible  vortex  patterns  originating  in  the  jet.  It  is 
generally  agreed  that  this  is  not  a  dominant  mechanism  for  vortex  shedding  from  rigid  bodies,  but 
rather  that  sound  fields  may  play  a  secondary  role  much  like  cylinder  vibrations. 
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Vortex  Sounds  from  Cylinders 

Measurements  of  vortex  shedding  sounds  by  Yudin  (1942),  Gerrard  (1955),  Richardson  (1957) 
and  Etkin  et  al  (1957)  reveal  a  sixth-power  dependence  of  acoustic  power  on  flow  speed  and  a 
cosine  directionality  pattern.  As  discussed  in  Section  9. 1 ,  both  of  these  characteristics  are  typical 
of  dipole  radiation.  Yudin  (1944)  assumed  the  oscillating  force  to  be  proportional  to  the  drag 
coefficient  and  derived  an  expression  for  the  acoustic  power  which  was  improved  slightly  by 
Blokhintsev  (1946). 

Most  modem  analyses  are  based  on  an  expression  derived  by  Phillips  (1956)  that  includes 
three-dimensionality  effects.  Phillips  started  with  Lighthill’s  equation  and  derived  a  general  expres¬ 
sion  similar  to  Eq.  9.28  for  the  acoustic  intensity  at  a  point  distant  r  from  a  body  experiencing  a 
concentrated  oscillating  force.  Expressing  the  normal  cross-sectional  area,  S,  by  the  product  of  the 
transverse  dimension,  b,  and  a  spanwise  length,  fi,  as  shown  in  Fig.  9.1 1,  his  result  may  be  written 


Fig.  9. 1 1.  Geometric  Arrangement  for  Acoustic  Calculation 
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Phillips  noted  that  this  expression  is  only  valid  over  a  spanwise  distance  for  which  vortex  shedding 
is  coherent.  For  a  cylinder  of  length  L  he  estimated  that  there  would  be  I/C  coherent  vortex 
shedding  cells.  Assuming  that  their  phase  angles  are  related  randomly,  Phillips  summed  the  inten¬ 
sities.  obtaining 


=  foSfL  cos^  e 


(9.61) 


for  the  total  sound  intensity  from  a  body  of  length  L  and 


12 


(9.62) 
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for  the  radiated  power.  An  important  result  shown  by  Phillips'  equation  is  the  dependence  of 
sound  power  on  the  coherence  length.  Thus,  factors  such  as  vibration  and  acoustic  resonances  that 
tend  to  straighten  out  the  vortex  pattern  may  increase  the  sound  radiated  more  by  increasing  the 
correlation  length,  C,  than  by  increasing  the  oscillating  lift  coefficient,  Cp: 

Ross  (1964)  rewrote  Eqs.  9.61  and  9.62  by  introducing  the  steady-state  form  drag  coefficient, 
,  obtaining 


Based  on  the  data  shown  in  Fig.  9.7  and  the  relationsliip  between  oscillating  lift  and  form  drag 

previously  discussed,  Ross  set  =  0. 22  and  Cp  =  1/3  ,  obtaining 

F  F 


1(6)  =  3.4  X  10-* 


p  U^S 
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2  , 

—  cos^  6 
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(9.65) 


and 

=  (1.4  X  10-^)p^UlS  .  (9.66) 

b 

As  previously  discussed,  Cp  is  sometimes  much  smaller  than  //i  Q,,  in  which  case  Eqs.  9.65  and 
9.66  overestimate  the  radiated  sound.  The  ratio  of  8  to  6  may  be  as  low  as  2  for  a  rigid  cylinder  at 
moderate  Reynolds  numbers,  or  6  may  almost  equal  L  for  a  cylinder  free  to  vibrate. 

Equation  9.64  can  be  used  to  estimate  the  acoustic  conversion  efficiency  for  vortex  shedding. 
The  mechanical  power  given  by  Eq.  9.30  can  be  written 


'•'..../I  '  ~  OcVtSCo  . 


(9.67) 
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If  form  drag  dominates,  then  Cjj  =  Cp  and 
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“  0.053  — 


(9.69) 
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over  a  wide  range  of  values  of  the  relative  induced  velocity.  With  this  result,  and  setting 
Cp  =  US  Cjy  ,  Eq.  9.68  becomes 

==  i  X  70-3  Aa/3  ^  (gjo) 

h 

showing  that  in  many  situations  the  acoustic  efficiency  depends  only  on  relative  coherence  length 
and  Mach  number. 

Phillips  (1956)  found  that  the  intensity  measurements  of  Holle  (1938)  and  Gerrard  (1955)  for 
Reynolds  numbers  of  200  to  3  X  10^  confirm  the  sixth-power  dependence  of  intensity  on  flow 
speed  predicted  by  Eq.  9.6 1  and  agree  as  to  magnitude  with  this  expression,  provided  the  co¬ 
herence  length,  (,  is  taken  to  be  about  5  to  8  diameters.  More  recently,  Leehey  and  Hanson 
(1970),  measuring  vortex-shedding  sound  from  a  wire  in  a  low-ndise,  low-turbulence  wind  tunnel, 
found  that  intensity  increases  by  about  the  ninth  power  of  flow  speed  in  the  Reynolds  number 
range  between  3000  and  9000,  for  which  they  also  found  a  dramatic  increase  of  the  fluctuating  lift 
coefficient  associated  with  changes  of  the  vortex  formation  distance.  A  similar  result  has  been 
reported  by  Rimsky-Korsakov  (1975)  based  on  results  of  noise  measurements  from  rotating  rods. 

Sounds  from  Rotating  Rods 

The  vortex  shedding  frequency  of  each  section  of  a  rod  rotating  about  its  center  is  a  function 
of  radius  of  that  section,  and  each  section  of  about  one  diameter  in  length  radiates  independently. 
It  follows  that 


4  8  X  10'^ 

1(0)  =  — -  p^U^bDM^  cos^  0  (9.71) 

and 

i.  (2.0  X  WVp^U^DbMf  .  (9.72) 

and  that 

Vac  =  ^ 

where  subscript  t  refers  to  values  computed  at  the  tip.  These  equations  apply  to  rods  formed  of 
bluff  sections,  such  as  cylinders.  They  must  be  modified  when  dealing  with  airfoil  sections,  as  will 
be  discussed  next.  Also,  as  noted  by  Ross  (1964),  they  appear  to  overestimate  the  sound  measured 
by  Stowell  and  Eleming  (1936)  and  by  Yudin  (1944)  by  from  3  to  18  dB.  Rimsky-Korsakov 
(1975)  reported  agreement  with  these  results  for  rods  having  tip  Reynolds  numbers  between 
2  X  10^  and  4  X  10^,  levels  at  smaller  Reynolds  numbers  being  as  much  as  15  dB  lower. 

Vortex  Wakes  of  Airfoils 

Turbulent  wakes  of  airfoils  at  low  angles  of  attack  contain  discrete  vortices  that  resemble  von 
Karman  vortex  streets  of  bluff  bodies.  Unlike  bluff  bodies,  however,  no  simple  relation  exists 
between  body  dimensions  and  shedding  frequency.  The  reason  for  this  is  that  wake  widths  depend 
on  both  development  of  the  boundary  layer  over  the  section  and  detailed  trailing  edge  geometry. 
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Thus,  Tyler  (1928)  and  Lehnert  (1937),  defining  Strouhal  number  in  terms  of  airfoil  thickness, 
found  measured  values  to  be  strong  functions  of  Reynolds  number.  Taneda  (1958)  found  the 
variation  to  be  as  RjJ^  for  flat  plates  having  negligible  trailing  edge  thicknesses.  Gongwer  (1952) 
recognized  that  the  appropriate  dimension  should  be  the  separation  distance  of  the  vortex  sheets. 
He  added  the  boundary-layer  momentum  thickness,  8,  to  the  trailing  edge  thickness,  e,  finding 


f(e  +  8) 

Uo 


0.185  . 


(9.  74) 


The  effect  of  trailing  edge  shape  on  the  strength  of  the  oscillating  lift  associated  with  vortex 
wakes  has  been  studied  by  a  number  of  groups  in  connection  with  design  of  hydraulic  turbine  and 
propeller  blades  for  minimum  noise.  Three  factors  apparently  influence  the  force:  width  of  the 
street  determines  strength  of  the  individual  vortices  and  shedding  frequency,  in  accordance  with 
Eqs.  9.45  and  9.75;  distance  of  point  of  formation  of  vortices  from  the  trailing  edge  strongly 
affects  force  amplitude;  and  sharpness  of  the  trailing  edge  controls  its  susceptibility  to  vibration, 
which  vibration  would  be  expected  to  increase  the  oscillating  force  by  the  mechanism  previously 
discussed.  Figure  9.12  summarizes  results  published  by  Donaldson  (1956),  Ippen  et  al  (1960), 
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Fig.  9.1 2.  Evaluation  of  Trailing  Edges  from  Flat  Plate  Oscillating  Force  Measurements 

Heskestad  and  Olberts  (1960)  and  Toebes  and  Eagleson  (1961)  which  confirm  our  expectation 
that  an  edge  with  strong  vortices  formed  close  to  the  tip  experiences  maximum  force,  and  an  edge 
which  produces  a  narrow  vortex  wake  is  most  desirable. 

The  peak  oscillating  pressure  produced  at  the  trailing  edge  of  an  airfoil  has  been  shown  by 
Blake  (1975)  to  occur  at  the  point  where  the  streamline  representing  the  center  of  the  vortex 
street  leaves  the  airfoil,  as  assumed  by  von  Karman  and  Sears  (1938).  In  many  cases  this  is  right  at 
the  tail,  but  it  can  be  somewhat  upstream.  It  follows  that  peak  sound  is  radiated  from  near  the 
trailing  edge  and  not  from  the  wake. 

Vortex  Sounds  from  Rotating  Blades 

There  have  been  no  conclusive  experiments  in  which  airfoil  vortex  sounds  were  measured 
simultaneously  with  appropriate  hydrodynamical  characteristics  of  the  wake.  Ross  (1964)  sug- 
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gested  that  Eqs.  9.65,  9.66  and  9.70-9.73,  which  were  derived  for  bluff  bodies,  might  apply 
unchanged  to  more  streamlined  sections.  However,  there  is  reason  to  believe  that  only  a  small 
fraction  of  the  wake  energy  of  airfoils  occurs  as  discrete  vortices  and  that  the  induced  velocity,  u^, 
^  is  therefore  a  smaller  fraction  of  the  flow  speed.  If  this  is  the  case,  then  the  product  of  and 

should  be  somewhat  smaller  than  for  cylinders.  Also,  vortices  may  form  relatively  far  down- 
F  ^ 

stream,  thereby  reducing  the  ratio  of  to  .  For  these  reasons,  the  author  believes  that 

F 

equations  developed  for  bluff  sections  overestimate  noise  levels  for  airfoils  and  for  rotating  blades 
^  having  airfoil  sections  by  about  10  dB. 

9.4  Noise  from  Fans  and  Blowers 

Noise  Mechanisms 

t  Noise  spectra  of  fans  and  blowers  are  almost  entirely  produced  by  the  oscillating-force 

mechanisms  discussed  in  the  previous  two  sections.  Spectra  of  fans  include  both  tonal  and  broad¬ 
band  components.  Tonal  components  occur  at  multiples  of  blade  passage  frequency  and  are  caused 
by  flow  assymmetries  and  rotor-stator  interactions.  Sources  of  broadbnnd  noise  include  wake 
vortex  shedding,  boundary-layer  turbulence  and  blade  operation  in  turbulent  inflows.  While  there 
%  is  good  agreement  throughout  the  literature  on  causes  of  tonal  radiation,  considerable  controversy 

exists  as  to  whether  vortex  shedding  or  boundary-layer  turbulence  is  the  dominant  source  of 
broadband  noise  when  rotors  operate  under  non-turbulent  inflow  conditions.  Thus,  Wells  and 
Madison  (1957)  and  Rimsky-Korsakov  (1975)  mentioned  only  vortex  shedding,  and  Mugridge  and 
Morfey  (1972,  1973)  discussed  only  boundary-layer  turbulence.  Sharland  (1964)  calculated  levels 
H  from  both  sources  and  concluded  that  noise  from  vortex  shedding  is  from  3  to  10  dB  stronger  than 

noise  from  boundary-layer  turbulences.  He  also  demonstrated  that  under  turbulent  inflow  condi¬ 
tions  blade  interaction  with  incoming  turbulence  is  the  dominant  broadband  mechanism.  Barry 
and  Moore  (1971)  have  noted  that  high  shaft-rate  harmonics  caused  by  blade-to-blade  variations 
also  contribute  to  high-frequency  broadband  fan  spectra. 

% 

Spectra 

The  relative  importance  of  tonal  and  broadband  spectra  versus  overall  spectrum  shape  depends 
strongly  on  the  type  of  fan  or  blower.  Fans  are  divided  into  two  categories:  axial  and  centrifugal. 
Axial-flow  fans,  often  referred  to  3.%  propeller  fans,  may  operate  against  little  or  no  static  pressure, 
f  may  be  in  housings  or  may  be  free  standing.  Centrifugal  fans  and  blowers  impart  a  radial  motion  to 

the  fluid  and  operate  against  a  significant  static  pressure  drop.  They  operate  at  lower  tip  speeds 
and  usually  have  more  blades  than  axial-flow  units.  (Rotary  positive  displacement  blowers,  used  to 
deliver  small  volumes  of  gas  against  high  pressures,  are  not  classed  as  fans.) 

Blade  passage  frequencies  of  axial  flow  and  centrifugal  machines  are  generally  in  the  same 
§  range,  since  axial  machines  have  fewer  blades  but  operate  at  higlier  rpm’s.  Typically,  the  funda¬ 

mental  blade  frequency  lies  between  100  and  350  Hz.  Some  centrifugal  blowers  operate  at  speeds 
as  high  as  12,000  rpm  and  have  blade  tonals  above  2  kHz.  Blade  tonals  are  usually  the  strongest 
components  of  the  spectrum,  being  only  about  4  to  8  dB  lower  than  the  overall  level.  Above  the 
blade  frequency,  the  spectra  from  centrifugal  machines  decrease  quite  markedly  while  those  of 
^  axial-flow  units  are  relatively  flat.  Figure  9.13  compares  average  octave-band  spectra  of  the  two 

types  of  fans.  Exceptions  to  these  spectra  occur  when  excitation  frequencies  coincide  with  duct 
resonances,  in  which  case  strong  peaks  occur  well  above  the  blade  fundamental. 
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Fig.  9.13.  Average  Relative  Spectra  of  Axial  and  Centrifugal  Fans 

Noise  Levels 

Intensities  from  all  of  the  fluctuating-force  noise  mechanisms  discussed  in  the  previous  two 
sections  were  shown  to  vary  as  the  sixth  power  of  speed.  Yet  measurements  of  fan  noise  by 
Peistrup  and  Wesler  (1953),  Goldman  and  Maling  (1959)  and  Sharland  (1964)  all  show  weaker 
dependence  on  speed,  fifth  power  being  typical.  There  are  two  major  reasons  for  the  discrepancy. 
First,  blade  tonals  depend  on  inflow  assymmetries  caused  by  upstream  stators  and  other  struc¬ 
tures.  Such  wakes  tend  to  become  less  severe  with  increasing  Reynolds  number,  thus  causing  to 
decrease  slightly  with  increasing  speed.  Secondly,  the  third-power  dependence  on  Mach  number 
found  in  Eq.  9.28  is  valid  only  when  acoustic  wavelengths  are  large  compared  to  the  body  ex¬ 
periencing  the  oscillating  force,  i.e.,  kD<l.  Lowson  (1970)  has  shown  that  for  kD>2  the 
expressions  previously  derived  for  noise  from  fluctuating-force  sources  should  be  divided  by  2  kD, 
where 


kD 


2nmBnD 


=  2mBMi 


(9.  75) 


It  follows  that  at  high  frequencies  and/or  high  tip  speeds  fan  noise  attributable  to  fluctuating 
forces  should  vary  at  a  rate  no  greater  than  the  fifth  power  of  rotational  speed. 

Empirical  scaling  formulas  given  by  Goldman  and  Maling  (1955),  Wells  and  Madison  (1957) 
and  Allen  (1957)  all  agree  on  the  fiftli-power  dependence  of  noise  of  a  given  fan  on  rpm.  Taking 
into  account  the  approximate  cubic  dependence  of  mechanical  power  on  speed,  it  follows  that  the 
acoustic  efficiency  of  a  given  fan  varies  as  the  square  of  its  rpm.  However,  as  noted  by  Beranek  et 
al  (1955),  when  fans  operate  near  full  speed,  the  acoustic  efficiency  is  nearly  constant.  Within 
about  ±  5  dB,  they  found 


=  7.5  X  10-^ 


(9.  76) 


9.4  FANS  AND  BLOWERS  315 


for  a  number  of  centrifuged  fans  rated  between  1  and  50  hp.  Peistrup  and  Wesler  found  the 
acoustic  efficiencies  of  axial-flow  fans  to  be  somewhat  higher,  being  given  by 

Vac  =  77> 

The  difference  is  primarily  attributable  to  higher  operating  tip  Mach  numbers  of  axial  flow  units. 

Equations  9.76  and  9.77  give  average  values  of  acoustic  conversion  efficiencies  for  the  two 
major  classes  of  fans.  As  noted,  fans  with  higher  than  normal  tip  speeds  will  be  noisier  and  those 
with  lower  tip  speeds  will  generally  be  quieter  than  the  average.  The  importance  of  tip  speed  in 
controlling  fan  noise  was  recognized  by  Zinchenko  (1957)  who  presented  a  formula  for  noise 
levels  of  centrifugal  blowers  as  a  function  only  of  tip  speed.  This  can  be  written 

PWL  115  +  55  log  -  .  (9.78) 

100  m/s 

where  PWL  is  acoustic  power  level  in  dB  relative  to  10'*  *  W. 

A  relation  for  centrifugal  fan  noise  as  a  function  only  of  horsepower  was  given  by  Beranek  et 
al  (1955)  as 

PWL  90  A-  10  log  hp  .  (9.  79) 

Allen  (1957)  found  that  fans  make  more  noise  when  they  operate  against  a  higher  static  pressure, 
and  Heidmann  and  Feiler  (1974)  found  a  strong  correlation  with  temperature  rise  of  the  gas  being 
moved.  Thus,  Allen  suggested 

PWL  i  56  +  lOloghp  +  10  log  ^p  (9.80) 

for  centrifugal  fans,  where  Ap  is  measured  in  cm  of  water,  and  Heidmann  and  Feiler’s  results  can 
be  expressed  by 

PWL  =  91  +  lOloghp  +  10  log  Ad  .  (9.81) 

where  Ad  is  temperature  rise  in  degrees  Centigrade.  Other  factors  that  affect  fan  noise  include 
rotor-stator  spacing  and  blade  skew  of  axial  fans  and  impeller  clearance  and  blade  slope  of  centri¬ 
fugal  fans,  as  discussed  by  Neise  (1976). 

Positive  Displacement  Blowers 

Rotary  positive  displacement  blowers  of  the  Roots  type  are  used  extensively  as  scavenging 
blowers  to  supply  air  to  two-stroke-cycle  diesel  engines.  They  consist  of  two,  three  or  four 
intermeshing  rotors  that  force  air  through  a  semicircular  casing.  In  many  instances  they  are  the 
predominant  source  of  engine  room  noise,  as  reported  by  Zinchenko  (1957).  Spectra  from  these 
units  are  dominated  by  harmonics  of  the  rotor  meshing  frequency,  given  by  twice  the  product  of 
the  rotational  speed  and  the  number  of  rotors.  This  may  be  as  low  as  30  Hz  or  as  high  as  400  Hz. 
While  the  fundamental  is  usually  the  strongest  component,  Ptiede  (1966)  found  that  each  blower 
has  bands  of  frequencies  for  which  higher  harmonics  are  enhanced;  these  bands  appear  to  be 
related  to  cavity  resonances  of  the  unit.  Priede  also  concluded  that  rotor  tip  speed  and  number  of 
rotors  are  controlling  parameters. 
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Rotary  blowers  are  extremely  noisy.  Power  levels  of  over  120  dB  re  lO*'  *  W  are  common  and 
even  levels  as  high  as  140  dB  are  sometimes  experienced.  The  noise  is  especially  unpleasant  since  it 
is  dominated  by  tonal  components.  Zinchenko  suggested  the  use  of  large,  low-speed  units  in  order 
to  lower  the  dominant  frequencies  and  thereby  reduce  annoyance.  He  also  proposed  the  use  of 
multiple  reflection  intake  mufflers  to  achieve  at  least  25  dB  of  noise  reduction  above  500  Hz. 

9.5  Propeller  Singing 

Marine  propellers  sometimes  emit  strong  tones  between  100  and  1000  Hz.  Known  as  propeller 
singing,  this  phenomenon  has  been  recognized  for  about  50  years.  Similar  singing  phenomena  have 
also  been  observed  in  hydraulic  turbines.  The  sound  is  sometimes  so  intense  as  to  be  very 
annoying,  and  blade  vibrations  associated  with  it  are  often  strong  enough  to  produce  fatigue 
failure.  For  these  reasons,  early  efforts  by  engineers  were  primarily  aimed  at  eliminating  the 
problem  when  it  occurred,  and  more  recent  scientific  investigations  have  been  motivated  by  the 
desire  to  design  blades  that  avoid  singing  altogether. 

A  notable  characteristic  of  singing  is  its  dependence  on  otherwise  unimportant  features.  It  is 
not  uncommon  for  one  propeller  of  a  set  of  seemingly  identical  propellers  to  sing  while  others  in 
the  set  do  not.  Most  often  only  one  blade  of  a  propeller  actually  sinp,  and  this  occurs  only  during 
part  of  its  revolution.  Occasionally  two  blades  sing,  but  at  somewhat  different  frequencies.  Since 
small  physical  differences  determine  whether  or  not  a  blade  will  sing,  it  is  not  surprising  that  the 
literature  contains  many  apparently  conflicting  cures  for  this  problem.  Thus,  sharpening  of  leading 
edges,  sharpening  of  trailing  edges  and  blunting  of  trailing  edges  have  all  been  reported  to  eliminate 
singing  in  specific  instances. 

Early  papers  of  Gutsche  (1937),  Hunter  (1937),  Kerr  et  al  (1940)  and  Hughes  (1945)  attri¬ 
buted  singing  to  a  wide  variety  of  possible  causes,  including  cavitation,  hammer-like  blows  of  wake 
variations,  stalling,  shaft-bearing  friction,  and  vortex  shedding.  Work  (1951)  described  singing  as 
“vibration  of  propeller  blades  excited  by  hydrodynamic  forces.”  Gongwer  (1952),  Gutsche  (1957) 
and  Krivtsov  and  Pernik  (1957)  all  confirmed  the  dominance  of  vortex  shedding  and  it  is  now 
recognized  that  vortex  shedding  causes  most  cases  of  blade  singing.  Thus,  Burrill  (1946-1949)  and 
Hughes  (1949)  found  coincidence  of  singing  frequencies  with  resonance  frequencies  of  blade 
vibrations;  Lankester  and  Wallace  (1955)  found  that  propeller  sounds  emitted  in  the  absenc'e  of 
singing  have  a  broad  peak  about  an  octave  wide  in  the  same  region  of  the  frequency  spectrum 
where  singing  occurs;  and  Van  de  Voorde  (1960)  correlated  singing  susceptibility  with  trailing  edge 
shape. 

Current  understanding  of  blade  singing  is  based  on  the  description  of  vortex  shedding 
phenomena  given  in  a  previous  section.  Under  normal  operating  conditions,  each  section  of  a 
propeller  blade  has  a  vortex  wake,  frequencies  of  which  differ  from  section  to  section  because  of 
radial  variations  of  both  relative  flow  speed  and  trailing  edge  thickness.  The  sound  emitted  there¬ 
fore  covers  a  bandwidth  of  about  a  half  octave  to  an  octave  and  the  intensity  is  within  10  dB  of 
that  given  by  Eq.  9.71.  Each  blade  also  has  a  large  number  of  resonant  vibrational  frequencies,  a 
few  of  which  involve  in-phase  vibration  of  at  least  a  quarter  of  the  blade  trailing  edge.  It  is  these 
vibrational  modes  that  are  excited  most  easily  by  forces  applied  along  the  trailing  edge.  If  one  of 
these  easy-to-excite  vibrational  modes  lies  within  the  band  of  vortex  shedding  frequencies,  then 
the  trailing  edge  may  start  to  vibrate.  Vortices  in  the  immediate  vicinity  would  then  also  shed  at 
this  frequency,  increasing  the  coherence  length  and  consequently  increasing  both  force  and  vibra¬ 
tional  amplitude.  The  process  would  continue  to  build  up  until  a  large  part  of  the  blade  would  be 
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participating  and  at  this  point  certain  non-linear  effects  would  limit  the  motion.  Ross  (1964) 
estimated  the  intensity  from  singing  by  assuming  that  about  2S7(  of  a  blade  participates  in  the 
radiation,  finding 
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Figure  9. 14  shows  the  vortex  pattern  of  a  blade  during  singing,  the  vortices  having  been  made 
visible  by  cavitation. 


Fig.  9. 1 4.  Singing  Propeller,  as  Photographed  in  Water  Tunnel  at 
Hamburg  Shipbuilding  Research  hstablishment 

With  tliis  understanding  of  singing  it  is  now  clear  why  singing  is  such  a  critical  phenomenon. 
Only  a  few  vibrational  modes  of  a  blade  can  be  readily  excited  by  trailing  edge  excitation.  One  of 
these  must  coincide  with  a  vortex  shedding  frequency.  Any  change  of  a  blade  that  either  changes 
natural  frequencies  or  vortex  shedding  frequencies  will  probably  eliminate  singing.  In  this  connec¬ 
tion.  it  should  be  noted  that  blades  with  relatively  straight  trailing  edges  are  more  prone  to  singing 
than  those  with  curved  edges. 

In  a  study  of  singing  carried  out  in  a  water  tunnel.  Gumming  (1965)  found  that  the  range  of 
operating  conditions  over  which  singing  is  encountered  is  smaller  than  that  for  which  singing  can 
be  maintained  once  it  has  started.  He  also  confirmed  that  only  a  small  fraction  of  blade  vibrational 
modes  iS  likely  ever  to  be  involved. 

Apparently  singing  requires  appreciable  vibrational  amplitudes.  Therefore,  one  way  to  avoid 
singing  is  to  reduce  the  resonant  response  by  building  blades  of  a  high  damping  alloy  or  incor¬ 
porating  vibration  damping  treatments  of  the  type  described  in  Section  5.9.  Arnold  et  al  (1961) 
and  Eagleson  et  al  ( 1964)  have  developed  theories  for  singing  that  include  non-linear  effects  and 
demonstrate  the  importance  of  damping.  Hughes  (1949)  noted  that  cavitation  bubbles  on  a  blade 


318  9.  FLUCTUATING-FORCE  SOURCES 


act  to  increase  the  damping  by  absorbing  vibrational  energy.  This  explains  the  rather  common 
observation  that  singing  ceases  when  cavitation  becomes  pronounced. 

While  very  annoying  when  it  occurs,  singing  is  readily  curable.  Anti-singing  trailing  edges  such 
as  those  described  by  Van  de  Voorde  (1960)  and  Eagleson  et  al  (1964)  can  be  used  and/or  blades 
can  be  damped. 

9.6  Flow- Excited  Cavity  Resonances 

Another  example  of  vortex  sound  that  can  attain  very  high  levels  and  also  cause  fatigue  failure 
is  that  of  flow-excited  cavity  resonances.  As  discussed  in  Section  4.9,  when  certain  conditions  ate 
met,  vortices  shed  by  flow  past  a  cavity  mouth  may  excite  resonances  of  the  cavity  which  act  to 
further  strengthen  the  vortex  pattern  and  thereby  produce  intense  pressures.  The  phenomenon  is 
similar  to  singing  in  that  a  vortex  motion  is  strengthened  by  a  vibratory  motion.  Instead  of  a  solid 
body  the  vibration  is  provided  by  a  confined  fluid,  and  instead  of  being  relatively  rare  the 
phenomenon  is  quite  common.  An  example  is  sound  made  by  blowing  across  the  mouth  of  a  coke 
bottle. 

Relations  governing  the  frequency  of  vortex  formation  for  rectangular  cutouts  are  less  straight¬ 
forward  than  for  cylinders.  One  complicating  factor  is  that  several  vortices  may  exist  in  the  mouth 
of  a  cavity.  Another  is  that  thickness  of  the  boundary  layer  plays  an  important  role  in  frequency 
of  vortex  formation.  Figure  9. 15  shows  a  rectangular  cutout  of  length  L  and  depth  h,  showing  that 


Fig.  9.  IS.  Flow  Past  a  Rectangular  Cutout 

a  shear  layer  is  produced  between  the  outside  and  inside  flows.  This  shear  layer  is  unstable. 
According  to  Dunham  (1962)  and  East  (1966),  the  Strouhal  number  for  vortex  development 
obeys  a  relation  of  the  form 
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where  m  is  the  number  of  simultaneous  vortices,  is  the  average  travel  speed  of  a  vortex  in  the 
shear  layer,  and  is  the  formation  distance  of  the  first  vortex.  5^^  values  of  0.3  to  0.6  are 
common. 

East  has  shown  that  strong  acoustic  coupling  exists  when  the  frequency  also  satisfies  the 
relation 
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This  may  readily  occur  for  flow  of  air  past  a  cavity.  In  water,  however,  acoustic  coupling  can  only 
be  a  factor  if  the  cavity  is  very  deep  or  m  very  .large.  In  water,  coupling  usually  occurs  with 
flexural  resonances  of  the  cavity  walls,  as  explained  by  Dunham  and  discussed  in  Section  4.9. 

Ingard  and  Dean  (1958)  measured  intensity  of  sounds  emitted  by  cavity  resonators  excited  by 
vortex  flows.  They  found  that  the  sound  at  resonance  increases  as  C/^.  This  compares  with 
calculated  by  Blokhintsev  (1945).  However,  Blokhintsev  assumed  very  low  level  interaction  of 
cavity  resonances  with  vortex  formation  processes,  as  would  occur  at  very  low  speeds,  while  the 
Ingard  and  Dean  results  are  for  strong  coupling. 

Several  instances  of  very  strong  vortex-excited  cavity  resonances  have  been  reported,  the 
pressures  in  some  cases  being  sufficient  to  cause  fatigue  cracking  of  tank  walls.  Cures  are  relatively 
simple,  changing  the  shape  of  the  mouth  being  the  most  obvious.  If  the  opening  is  large  enough, 
vanes  can  be  used  to  break  up  the  flow.  Vortex  generators  similar  to  flow  spoilers  on  aircraft  wings 
can  also  be  used  to  change  the  nature  of  the  turbulent  flow  approaching  the  opening. 
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CHAPTER  10 


MECHANICAL  NOISE  SOURCES 


The  noise  sources  described  in  Chapters  3,  4,  7,  8  and  9  have  been  predominantly  hydro- 
dynamic.  The  present  chapter  discusses  basic  mechanisms  by  which  mechanical  sources  generate 
structure-borne  vibrations,  the  transmission  and  radiation  of  which  were  covered  in  Chapters  5  and 
6.  Phenomena  such  as  mechanical  unbalance,  electromagnetic  force  fluctuation,  impact  and  fric¬ 
tion  are  often  the  mechanisms  whereby  noise  is  generated  by  turbines,  motors,  transformers,  gears 
and  reciprocating  machines. 

No  useful  mechanical  process  can  occur  without  generating  vibration.  Small  unsteadinesses 
associated  with  work-producing  forces  and  torques  produce  vibrations  which  are  ultimately  trans¬ 
mitted  to  radiating  surfaces  and  are  therefore  sources  of  noise.  We  are  concerned  here  with  the 
production  of  these  vibrations.  Although  most  data  available  on  machinery  noise  are  for  airborne 
noise  levels,  the  same  functional  relations  may  be  expected  to  apply  for  underwater  sound. 

lO.l  Mechanical  Unbalances 

Motions  in  machines  are  either  rotating  or  reciprocating.  Each  generates  a  different  type  of 
mechanical  unbalance. 

Rotational  Unbalances 

All  rotational  systems  have  slight  amounts  of  static  and  dynamic  mechanical  unbalance  due  to 
imperfecticm  of  materials  or  construction,  load  and  thermal  distortions  and/or  bearing  misalign¬ 
ments.  As  discussed  by  Klyukin  (1961),  static  unbalance  can  be  represented  by  a  displacement  of 
the  center  of  gravity  of  a  rotor  from  the  center  of  rotation,  and  dynamic  unbalance  can  be 
represented  by  two  unbalanced  masses  lying  in  separate  transverse  planes.  The  resultant  fluctuating 
force  and  moment  are  both  proportional  to  the  square  of  the  angular  speed,  cj  =  2irn,  where  n  is 
rotational  speed  in  rps.  Unbalance  forces  and  moments  are  transmitted  through  bearings  to  the 
frame  and  foundation.  Since  vibratory  velocities  are  proportional  to  the  forces  causing  them  and 
acoustic  pressures  are  proportional  to  vibratory  velocities  of  radiating  surfaces,  it  follows  that  for  a 
given  machine  the  sound  power  radiated  from  mechanical  unbalances  increases  as  the  fourth  power 
of  rotational  speed.  Thus, 

~  ~  ~  (moPP  ~  .  (10. 1 ) 

Since  the  useful  mechanical  power  of  a  rotational  machine  increases  as  the  cube  of  its  rotational 
speed,  it  follows  that  for  a  given  machine 
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This  result  can  also  be  expressed  by 

PWL  =  A  +  13.3  log  hp  .  (10.3) 

where  the  constant  A  depends  on  type  of  machine,  amount  of  unbalance,  foundation  system, 
degree  of  isolation  and  nature  of  radiating  surface,  and  lip  is  the  horsepower  which  the  machine  is 
capable  of  delivering  at  the  speed  at  which  it  is  being  operated.  Although  derived  for  unbalance 
forces  of  a  single  machine,  Eq.  10.3  has  been  found  to  be  generally  applicable  for  centrifugal 
pumps  and  other  types  of  rotating  machinery.  Individual  machines  vary  considerably  from  one 
another  due  to  differences  in  degree  of  balance. 

Radiated  spectra  attributable  to  rotational  unbalances  are  dominated  by  single  tones  at  rota¬ 
tional  frequencies,  the  bandwidths  of  which  are  determined  by  stability  of  the  power  source  and 
of  the  rotational  speed.  Slight  motions  within  the  bearings  distort  the  normal  sine  wave  and  cause 
strengthening  of  alternate  cycles,  thus  producing  weak  second  harmonics  as  well  as  tones  at 
subharmonics.  In  addition,  rotational  unbalances  may  modulate  other  spectral  components  such  as 
blade-rate  tonals  of  fans  and  pumps  and  contact  frequencies  of  gears.  The  result  is  radiation  of 
high-order  harmonics  of  shaft  frequency  centered  around  these  other  components. 

Reciprocating  Unbalances 

Machines  characterized  by  reciprocating  motions  of  pistons  in  cylinders  that  transmit  forces  to 
crank  shafts  through  connecting  rods  generally  create  large  unbalance  forces  and  moments.  Entire 
texts  such  as  that  of  Biezeno  and  Grammel  (1954)  are  devoted  to  calculation  of  the  forces  and 
moments  produced  by  these  machines  and  to  methods  of  reducing  such  unbalances.  Reciprocating 
unbalance  forces  and  moments  occur  at  low-order  harmonics  of  crank  rotational  speed.  As  noted 
by  Lewis  (1961),  different  physical  arrangements  and  cylinder  phase  angles  produce  different 
strengths  of  the  various  harmonics,  and  some  of  the  stronger  components  may  be  balanced  by 
judicious  placement  of  counterweights. 

Figure  10.1  depicts  a  single  cylinder  of  a  reciprocating  machine  showing  attachment  of  a 
piston  to  a  crank  shaft  by  means  of  a  connecting  rod.  Variations  of  cylinder  gas  pressure,  of 


Fig.  10. 1.  Single  Cylinder  of  Reciprocating  Machine 

inertial  forces  of  the  moving  parts  and  of  the  crank  angle  cause  cyclical  fluctuations  of  torques  and 
forces.  These  can  be  smoothed  by  using  multiple  cylinders  with  their  connection  points  to  the 
crank  shaft  equally  spaced  around  a  circle.  However,  their  longitudinal  spatial  separation  results  in 
net  fluctuating  moments  applied  to  the  foundation. 
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A  number  of  different  arrangements  have  been  developed  for  multiple  cylinder  units,  including 
in-line,  vee,  opposed-piston  and  radial.  Each  of  these  has  advantages  and  disadvantages;  the  radial 
arrangement  is  probably  best  from  the  point  of  view  of  static  and  dynamic  balance.  However, 
although  dynamic  unbalance  is  often  an  important  source  of  annoying  low-frequency  vibrations,  it 
is  seldom  a  dominant  noise  source  of  reciprocating  machinery. 

10.2  Electromagnetic  Force  Fluctuations 

Most  modem  electrical  equipment  and  machinery  used  on  ships  are  relatively  quiet  compared 
to  other  types  of  machinery.  Electric  motors  are  seldom  as  noisy  as  the  pumps,  compressors  and 
blowers  they  drive,  though  they  may  occasionally  be  notable  noise  sources.  In  the  1930’s,  how¬ 
ever,  motor  noise  was  often  severe,  and  extensive  research  on  this  subject  was  carried  out  at  that 
time.  The  present  brief  discussion  is  included  because  failure  to  recognize  and  understand  electro¬ 
magnetic  force  fluctuations  could  result  in  return  to  the  earlier  situation. 

Magnetostriction 

When  most  materials  are  magnetized,  they  change  dimensions  slightly  due  to  re-alignment  of 
elementary  magnets.  The  iron  cores  of  a.c.  magnetic  systems  experience  such  dimensional  changes 
during  each  half  cycle  of  voltage.  Consequently,  their  surfaces  vibrate  at  twice  power-line 
frequency.  Due  to  non-linear  and  hysteresis  effects  vibration  is  not  a  pure  sinusoid  but  contains 
higher-order  harmonics.  The  resultant  spectra  consist  of  several  harmonics  of  twice  the  power-line 
frequency;  the  fundamental  is  usually  strongest,  producing  transformer  hum.  If  a  resonant  fre¬ 
quency  of  the  housing  should  coincide  with  one  of  the  harmonics,  then  that  frequency  will  also 
radiate  strongly. 

Articles  on  the  causes  and  cures  of  transformer  magnetostrictive  vibrations  and  noise  have  been 
written  by  Churcher  and  King  (1940),  Swaffield  (1942),  King  (1957,  1965),  Thompson  (1963) 
and  Wilkins  (1966).  They  agree  that  noise  increases  with  flux  density  and  weight  of  iron  and  that 
the  best  material  is  6%  silicon  iron  in  hot-rolled  laminations.  Thompson  has  also  found  that 
deviations  from  uniform  lamination  thickness  increase  noise.  Although  magnetostrictive  vibrations 
also  occur  in  rotating  a.c.  machinery,  Alger  (1954),  Fehrand  Muster  (1957)  and  (Campbell  (1963) 
have  found  that  this  effect  is  small  compared  to  vibrations  at  the  same  frequencies  caused  by 
magnetic  force  variations. 

Magnetic  Force  Variations  , 

Two  distinct  types  of  magnetic  force  fluctuation  occur  in  a.c.  motors.  Low-frequency  noise 
similar  to  transformer  hum  occurs  at  twice  the  line  frequency  and  is  independent  of  rotational 
speed.  High-frequency  noise  occurs  at  frequencies  related  to  rotor  speed  and  to  the  number  of 
armature  segments,  or  teeth. 

Low-frequency  vibrations  and  noise  arise  from  fluctuations  of  the  radial  attractive  force 
between  stator  and  rotor.  This  force  is  proportional  to  the  square  of  the  instantaneous  flux  density 
and  so  goes  through  a  complete  zero-maximum-zero  cycle  twice  during  each  voltage  cycle.  In  this 
respect  it  is  similar  to  magnetostrictive  hum.  Formulas  for  the  noise  produced  at  twice  power-line 
frequency  have  been  developed  by  Alger  (1954).  who  found  that  noise  decreases  significantly  with 
increasing  number  of  poles.  Since  the  speeds  of  a.c.  machines  are  also  reduced  by  using  large 
numbera  of  poles,  slow-speed  motors  are  much  quieter  than  those  rotating  at  close  to  power-line 
frequency.  Although  fundamental  low-frequency  vibration  of  a.c.  motors  occurs  at  twice  the  line 
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frequency,  Robinson  (1963)  has  shown  that  motion  of  the  shaft  in  the  bearings  permits  a  side-to- 
side  subharmonic  vibration  at  half  this  frequency,  i.e.,  at  line  frequency  itself.  Summers  (1955)  has 
found  that  because  of  slight  asymmetries  the  hum  component  of  two-pole  a.c.  induction  motors  is 
modulated  at  slip  frequency,  which  is  the  frequency  differential  between  line  and  rotational 
frequencies.  For  this  reason,  and  because  hum  noise  may  be  as  much  as  20  dB  higher  in  these 
units,  two-pole  a.c.  machines  should  be  avoided  in  situations  where  motor  noise  might  be 
significant. 

Rotor  slot  noise  occurs  in  d.c.  as  well  as  in  a.c.  machines  and  is  due  to  the  small  flux  variations 
that  occur  as  the  relative  positions  of  the  rotor  teeth  vary  with  respect  to  stator  poles.  The 
fundamental  frequency  of  this  type  of  noise  is  the  number  of  rotor  slots  times  the  actual  rota¬ 
tional  frequency.  In  a.c.  machines,  two  other  strong  components  occur  at  the  slot  frequency  plus 
and  minus  twice  the  line  frequency.  Taus, 

f^RntlT  (10.4) 

where  R  is  the  number  of  armature  teeth,  or  rotor  slots,  n  is  the  rotational  speed  in  rps./is  line 
frequency  and  the  symbol  j  means  plus,  minus  and  zero.  Muster  and  Wolfert  (1 956)  have  termed 
these  high-order  components  dissymmetry  harmonics,  since  their  strengths  are  determined  by 
stator  as  well  as  rotor  dissymmetries.  As  noted  by  Liibcke  (1956),  structural  resonances  influence 
the  relative  strengths  of  the  components.  It  seems  clear  that  rotor  slot  noise  can  be  minimized  by 
the  use  of  heavy,  highly  damped  frames  and  by  precision  in  manufacture.  Skewing  of  slots  to 
produce  smoother  flux  transitions  is  also  effective  in  reducing  these  components,  especially  in  d.c. 
machines. 

1 0.3  Impact  Sounds 

A  number  of  machinery  noise  sources  such  as  gears,  engine  valves  and  chain  drives  are  charac¬ 
terized  by  repeated  impacts  of  metal  parts  against  other  metal  surfaces.  Before  considering  specific 
sources,  we  will  examine  the  general  theory  of  impact  sounds  as  developed  and  applied  by  Cremer 
(1950,  1953),  Heckl  and  Rathe  (1963)  and  Ungarand  Ross  (1965). 

Impact  Vibratory  Relations 

Impacts  are  characterized  by  short  impulsive  excitations  of  structures,  the  period  between 
successive  pulses  being  long  compared  to  the  duration  of  each  pulse.  As  depicted  in  Fig.  10.2,  each 


Fig.  10.2.  Repeated  impacts 
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impact  causes  a  rapid  acceleration  to  an  initial  velocity,  ft^lowed  by  a  rapid  decay  prior  to  the 
next  impact.  The  instantaneous  velocity  of  each  pulse  may  be  represented  by 


w(t)  =  . 


(10.5) 


Cremer  assumed  that  the  impacted  structure  takes  on  the  velocity  of  the  mass  that  strikes  it,  which 
represents  an  upper  limit.  The  time  constant,  t,  in  which  the  velocity  decays  to  e*‘  of  its  initial 
value  is  a  function  of  the  mass  of  the  object  relative  to  the  impedance  of  the  structure  and  also  of 
the  damping  of  the  structure.  In  terms  of  t,  the  mean-square  velocity  is  given  by 


(10.6) 


provided  T  >>t.  From  Eq.  5.124,  the  power  transferred  from  the  impacting  body  to  the  struc¬ 
ture  is  given  by 


(10.7) 


where  is  the  real  part  of  the  input  impedance  of  the  structure.  Cremer  equated  this  power  to 
the  kinetic  energy  carried  by  the  impacting  mass  per  unit  time,  namely. 


-iKin  - 


(10.8) 


thereby  finding 


(10.9) 


The  spectrum  of  repeated  pulses  consists  of  a  large  number  of  tonals  separated  in  frequency  by 
the  reciprocal  of  the  repetition  period,  i.e.. 
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The  amplitudes  of  these  harmonics  can  be  found  from  Fourier  analysis,  using  Eq.  1.64,  from 
which 


w(oi) 


e^l'f  dt  = 


\l  + 


(10.11) 


The  impact  spectrum  is  therefore  flat  up  to  u)  =  (3tP  and  decreases  at  6  dB/octave  for  fwT>  ij, 
as  shown  in  Fig.  10.3.  The  actual  vibration  spectrum  of  a  structure  is  this  input  spectrum  multi- 
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Fig.  10.3.  Envelope  of  Spectrum  for  Repeated  Impacts 

plied  by  the  structure’s  response  spectrum.  Therefore,  highest  vibratory  and  acoustic  levels  can  be 
expected  when  harmonics  of  the  impact  frequency  coincide  with  structural  resonances.  Because 
such  coincidences  are  virtually  unavoidable,  use  of  structural  damping  to  reduce  resonant  response 
is  especially  important  in  reducing  impact  noise. 

Gear  Noise 

Gears  are  often  important  sources  of  machine  noise.  The  two  major  causes  of  gear  noise  are 
tooth  impacts  and  bobbing  error.  Tooth  impacts  produce  tones  at  multiples  of  the  tooth  contact 
frequency.  Usually  the  fundamental  is  strongest.  Rosen  (1961)  measured  noise  spectra  of  two 
planetary  gear  systems  composed  of  gears  having  straight  teeth,  which  are  called  spur  gears.  He 
recorded  as  many  as  six  harmonics,  with  the  second  harmonic  strongest.  Gear  noise  depends  on  the 
shape  of  the  teeth  as  well  as  the  accuracy  with  which  they  are  machined.  Except  for  resonance 
effects  caused  when  tooth  contact  frequencies  excite  specific  mechanical  resonances  of  the  web  or 
casing,  Rosen  found  that  the  noise  is  dependent  only  on  the  mechanical  power  being  transmitted. 
From  his  tests,  we  can  conclude  that  =  3  X  10"*  for  spur  gears. 

Helical  gears  are  generally  about  10  dB  quieter  than  spur  gears  for  the  same  power  transmis¬ 
sion.  Attia  (1969,  1970  and  1971)  found  that  contact-frequency  noise  of  helical  gears  decreases 
with  increased  pitch,  but  increases  markedly  if  the  number  of  teeth  in  contact  at  any  one  time  is  a 
whole  number.  He  also  found  that  Novikov  gears,  which  use  circular-arc  tooth  profiles,  are  6  to 
8  dB  noisier  than  involute  helical  gears.  Nakamura  (1967)  reported  that  gear  noise  increases  with 
load,  with  peripheral  speed  for  a  given  load  and  with  use  of  thinner  webs.  He  also  found  that  under 
light  loading  conditions  subharmonics  of  the  contact  frequency  may  be  produced  from  abnormal 
meshing  of  every  second  or  third  tooth.  Moeller  (1957)  and  Attia  (1969)  have  noted  that  proper 
lubrication  is  required  to  avoid  excessive  noise  caused  by  friction  between  the  teeth  when  under 
heavy  load. 

Mobbing  error  occurs  because  gears  are  cut  on  a  machine  that  is  itself  driven  by  gears.  If  the 
gear  drive  of  the  cutting  machine  is  not  smooth,  it  will  produce  a  wavy  outer  surface  of  the  gear 
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being  cut,  which  waviness  acts  like  a  second  set  of  gear  teeth.  Mobbing  tones  can  be  eliminated  by 
honing  or  polishing  the  teeth  after  cutting,  as  discussed  by  Klyukin  (1961).  Klyukin  also  recom¬ 
mended  use  of  heavy  and/or  damped  rims  and  webs  as  well  as  operation  at  moderate  load  factors. 

10.4  Piston- Slap  Noise  in  Reciprocating  Machinery 

Piston  Slap 

Piston  slap  refers  to  impact  of  a  piston  against  a  cylinder  wall  as  a  result  of  sidewise  motion  of 
the  piston  across  the  cylinder  clearance  space  due  to  reversal  of  the  direction  of  the  cross-force 
component  of  connecting-rod  force.  As  shown  in  Fig.  10.1,  the  connecting  rod  of  a  typical 
reciprocating  machine  moves  from  side  to  side  relative  to  the  primary  line  of  piston  motion.  The 
direction  of  the  cross-force  component  ciianges  when  this  occurs.  The  piston,  which  has  been 
riding  against  one  cylinder  surface,  moves  to  the  other  side  where  it  strikes  the  cylinder  wall  and 
causes  an  impact-type  vibration.  Piston  slap  also  occurs  when  the  connecting-rod  force  changes 
sign.  Figure  10.4  shows  an  oscillogram  taken  from  an  accelerometer  mounted  on  an  engine  cylin¬ 
der.  Each  individual  impact  e.xcites  high-frequency  resonant  vibrations  which  decay  prior  to  the 
next  impact. 


Fig.  10.4.  Oscillographic  Record  of  Piston  Slap 

Several  piston  slaps  occur  during  each  crank  shaft  revolution.  Because  they  are  not  equally 
spaced,  the  fundamental  repetition  frequency  is  the  crank  rotational  frequency.  The  resultant 
spectrum  from  each  cylinder  consists  of  numerous  harmonically-spaced  tonals  whose  envelope  is 
described  roughly  according  to  Eq.  10. 1 1  and  Fig.  10.3.  In  a  multiple-cylinder  engine,  the  angular 
connections  to  the  crank  shaft  are  staggered  to  counter  dynamic  unbalances,  as  discussed  in 
Section  10.1.  As  a  result,  harmonics  that  are  multiples  of  the  number  of  in-line  cylinders  are 
accentuated.  These  are  called  firing-rate  tonals  and  occur  in  compressors  as  well  as  in  diesels.  The 
spectrum  of  a  typical  engine  therefore  consists  of  as  many  as  120  harmonics  of  the  fundamental 
rotational  frequency;  those  harmonics  that  are  multiples  of  the  firing  rate  and  those  that  excite 
structural  resonances  are  strongest. 

Piston  slap  exists  in  most,  though  not  all,  reciprocating  machines.  It  is  sometimes  eliminated 
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by  tight  cylinder  clearances  and/or  use  of  offset  crankshafts  and  wristpins.  Large,  slow-speed 
(under  250  rpm)  marine  reciprocating  and  diesel  propulsion  engines  usually  incorporate  articulated 
connecting  rods,  thereby  eliminating  piston  cross  forces  and  virtually  eliminating  piston  slap. 
Rhombic  drive  mechanisms,  such  as  that  used  in  the  Stirling  engine,  also  eliminate  cross  forces. 

Significance  of  Piston  Slap 

It  is  generally  recognized  today  that  piston  slap  is  a  major  mechanical  noise  source  of  most 
reciprocating  compressors  and  of  medium-  and  high-speed  marine  diesel  engines  and,  furthermore, 
that  it  is  a  major  cause  of  pitting  erosion  of  cylinder  liners,  as  noted  by  Joyner  (1957).  However, 
the  importance  of  piston  slap  as  an  underwater  sound  noise  source  has  been  recognized  only 
within  the  past  20  years.  Prior  to  about  1955,  the  general  assumption  was  that  the  dominant 
sources  of  diesel  engine  structural  vibrations  were  mechanical  unbalances  and  pulses  associated 
with  high  cylinder  pressures  during  combustion.  In  the  U.S.  in  the  late  1940’s,  pancake  diesels 
having  radial  cylinder  arrangements  were  selected  for  submarine  installations,  rather  than  the  more 
usual  in-line  or  vee  arrangements,  because  it  was  thought  that  elimination  of  low-order  unbalances 
would  reduce  underwater  diesel  noise.  Modification  of  firing  cycles  was  also  investigated  in  order 
to  reduce  pressure  pulses  associated  with  combustion.  Neither  of  these  projects  was  successful;  in 
fact,  the  pancake  engines  were  found  to  be  somewhat  noisier  than  the  engines  they  replaced. 

Evidence  of  the  dominance  of  another  source  was  revealed  by  extensive  noise  and  vibration 
tests  carried  out  under  Mercy  (1955)  at  the  Brooklyn  Naval  Shipyard.  Mercy  compared  the  noise 
and  vibration  of  an  engine  when  motorized  with  that  when  fueled  and  found  very  little  change  of 
either  spectrum  shape  or  amplitude.  He  then  gradually  dismantled  the  engine,  finding  the  biggest 
decrease  in  noise  and  vibration  when  the  pistons  were  removed.  Similar  results  have  been  reported 
by  Hobson  (1960)  and  Griffiths  and  Skorecki  (1964). 

Mercy’s  finding  that  a  motorized  diesel  produces  almost  the  same  spectrum  as  a  fueled  engine 
and  the  knowledge  that  spectra  of  reciprocating  compressors  are  similar  to  those  of  naval  diesels 
led  Ross  and  Ungar  (1965)  to  the  conclusion  that  piston-slap  noise  described  and  analyzed  by 
Zinchenko  (1957)  is  the  dominant  source  of  noise  of  medium-  and  high-speed  marine  engines. 
Other  studies  such  as  those  of  Griffiths  and  Skorecki  (1964)  and  Haddad  and  Pullen  (1974) 
confirmed  this  conclusion.  Measurements  of  diesel  noise  as  a  function  of  load,  speed,  piston 
clearance  and  type  of  connecting  rod  all  conform  to  expectations  based  on  piston  impact  analysis. 

Piston  Impact  Velocity 

Detailed  analyses  of  lateral  piston  motions  in  reciprocating  machines  have  been  made  by 
Zinchenko  (1957),  Crane  (1959),  Griffiths  and  Skorecki  (1964),  Alvarez  (1964)  and  Ungar  and 
Ross  (1965).  These  analyses,  which  differ  only  in  small  details,  all  consider  inertia  and  gas  pressure 
forces  acting  on  a  piston  and  calculate  the  cross  component  as  a  function  of  time.  When  the  cross 
component  passes  through  zero,  the  piston  accelerates  as  it  crosses  the  gap  and  arrives  at  the  far 
wall  with  impact  velocity,  w^. 

Figure  10.5  depicts  the  geometry  and  forces  involved  in  piston  impact  analyses.  The  various 
dimensions  and  angles  shown  in  the  figure  are: 

D  piston  diameter, 

L  connecting-rod  length, 

R  crank  radius. 


1 
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5  piston  stroke  (=  2R), 

X  distance  of  lateral  motion, 
y  piston  position  relative  to  center  of  stroke, 

6  piston  clearance, 

0  connecting-rod  angle,  and 

9  crank  angle. 

The  instantaneous  forces  experienced  by  the  piston  are: 

/qh  connection-rod  force, 

/)•  inertia  force  of  the  reciprocating  mass  in  direction  of  piston  motion, 
/p  pressure  force,  and 

lateral  force. 


Fig.  lO.S.  Geometric  and  Force  Diagrams  for  Piston  Impact  Analyses 

When  the  piston  rubs  against  a  surface  of  the  cylinder,  the  cylinder-wall  normal  force  balances  the 
lateral  component  of  the  connecting-rod  force.  But  when  the  latter  changes  sign,  either  due  to  a 
change  in  the  angle  of  the  connecting  rod  or  to  a  change  in  the  sign  of  the  connecting-rod  force, 
the  piston  moves  over  to  the  other  side  of  the  cylinder.  We  are  concerned  here  with  the  impulse  of 
the  resultant  impact  and  the  attendant  noise  and  vibration. 
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From  the  force  diagram  of  Fig.  10.5  we  may  write  two  scalar  equations  balancing  the  y  and  x 
force  components: 


fp  -  fi  -  fcR  COS0  =  0 


and 


4  =  fcR  ^  • 

Solving  for  from  Eq.  10.12,  Eq.  10.13  becomes 

4  =  ^4  ■  • 

The  angle  P  is  related  to  the  crank  angle  6  by 


(10.12) 


(10.13) 


(10.14) 


sin  j3  =  —  sin  6  , 
L 


from  which  it  follows  that  for  small  angles 


„  sin  P  R  „  ,  , 

tan  ^  =  —  —  .  —  ^  —  sin  ff  1 1  + 


‘^1  -  sin^  0  L 
The  piston  position  measured  from  mid  stroke  is  given  by 

y  =  R  cos  0  -  L(1  -  cos  &) 

Assuming/?^  <<L^, 


—  { —  I  sm^ 

2  \l) 


(10.15) 


0  . 


(10.16) 


(10.17) 


y  R 

—  =  cos  6  -  - (1  -  cos  20)  .  (10.18) 

R  4L 

For  constant  crank  rotational  speed,  co,  the  inertia  force  associated  with  piston  reciprocating 
motion  is  given  by 

fj  =  ~  nipp  ~  mpRu}^(cos  0  +  —  cos  20)  ,  (10.19) 

where  is  the  effective  mass  of  the  piston  and  includes  that  fraction  of  the  mass  of  the 
connecting  rod  that  can  be  considered  to  move  as  part  of  the  piston. 

The  cylinder  pressure  follows  a  cycle  similar  to  that  shown  in  Fig.  10.6.  It  is  generally  difficult 
to  express  the  pressure  by  a  meaningful  analytical  function;  however,  at  times  of  piston  lateral 
motion  the  piston  pressure  is  either  close  to  its  maximum  value  or  close  to  zero.  We  may  therefore 
distinguish  two  kinds  of  impact:  those  in  which  cylinder  pressure  is  important  and  p  i.e.,  its 
value  close  to  the  peak  of  the  pressure  cycle,  and  those  in  which  the  cylinder  pressure  is  virtually 
zero  and  inertia  forces  dominate. 
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TDC 


Fig.  10.6.  Cylinder  Pressure  as  Function  of  Crank  Angle 

For  pressure-con  trolled  impacts,  which  occur  near  the  top^ead-center  (TDC)  position,  the 
pressure  force  is 


and  the  inertia  force  can  be  approximated  by 


fi 


L  +  4R 
2L  +  2R 


(10.20) 


(10.21) 


Since  d  is  small,  the  inertia  force  is  virtually  constant  during  a  pressure-controlled  impact.  Com¬ 
bining  Eqs.  10.14,  10.16,  10.20  and  10.21  and  assuming  0*  <</,  the  cross  force  during  a 
pressure-controlled  impact  near  TDC  is  given  by 


(10.22) 


Neglect  of  a*  terms  can  be  shown  to  introduce  no  more  than  a  5%  error  in  the  calculations  for  the 
range  of  parameters  found  in  practice. 

In  those  parts  of  the  cycle  for  which  the  pressure  forces  are  negligible,  such  as  at  bottom  dead 
center  (BDC)  and  during  the  scavenging  stroke  of  a  four-stroke  engine,  the  cross  force  is  controlled 
by  the  inertia  force.  Combining  Eqs.  10.14,  10.16  and  10.19,  the  cross  force  during  inertia- 
controlled  Impacts  is 
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=  -  ff  tan  P  =  -  nipRoi^  —  sin  6  U  +  —  ^ 


^cos  6  +  —  cos  20^ 


(10.23) 


Two  types  of  sign  reversal  can  occur  in  this  equation.  One  type  occurs  at  the  top  and  bottom  of 
the  stroke  when  sin  6  changes  sign  by  going  through  zero;  the  other  occurs  near  90°  when  the 
cosine  term  changes  its  sign.  Because  the  two  resultant  motions  cause  similar  impacts,  we  may 
estimate  the  force  by  calculating  it  at  the  point  of  reversal  of  the  sign  of  sin  d.  For  this  type,  and 
neglecting  terms  involving  the  square  of  the  angle  relative  to  unity,  the  normal  force  is 
approximately 


4  =  T  ntpRtjj^ 


U'-i) 


(10.24) 


where  the  top  sign  refers  to  impacts  at  the  top  of  the  stroke  and  the  lower  sign  to  those  at  the 
bottom.  Neglect  of  higher  powers  of  0  causes  somewhat  more  error  for  inertia-dominated  impacts 
than  for  impacts  controlled  by  pressure.  However,  the  author  has  carried  out  calculations  retaining 
these  extra  terms  and  has  shown  them  not  to  be  significant. 

The  impact  speed  of  the  piston  is  calculated  by  integrating  Newton’s  second  law  for  motion 
across  the  gap.  For  inertia-controlled  impacts  at  TDC  or  BDC, 


m„x  =  +  m„Ro3^ 
p  p 


U'-f) 


It  follows  that 


X  =  ^  Rui 


H'-B 


(10.25) 


(10.26) 


R^  /  R\  6^ 

^'TrrjT- 


At  the  far  wall  jr  ^  5,  the  cylinder  clearance,  and  the  resultant  angle,  d,-,  is 


(10.27) 


R^d  ±  R/L) 


The  velocity  at  impact  is  thus 


=  Ro)  —  I  — 


7(7)f('-f) 


(10.28) 


(10.29) 
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By  a  similar  analysis,  the  velocity  of  the  piston  for  a  pressure<ontroHed  impact  is 


I  9  /  S\^  R  //-a\ 

w’  =  R<jj  I — I  —  1  —  ( - I 

P  2  \R  I  L  \  a  ) 


(10.30) 


where 


a 


^pPm 


(10.31) 


is  the  ratio  of  inertia  to  pressure  forces  during  a  pressure-controlled  impact.  As  noted  by  Ungar 
and  Ross  (1965),  this  quantity  is  also  the  ratio  to  the  peak  piston  pressure  of  the  centrifugal  force 
per  unit  area  that  the  piston  would  exert  if  it  were  attached  at  the  crank  radius.  This  ratio  is  the 
critical  parameter  controlling  the  nature  of  the  dominant  impacts. 

The  parameter  a  can  be  shown  to  be  a  function  of  piston  material,  linear  piston  speed,  s  =  2nS, 
and  peak  piston  pressure,  p^.  Thus,  expressing  the  piston  mass,  mp,  by 


it  follows  that 

Pp  2 
a  = - £ - s^ 

2  Pm  S 


(10.32) 


(10.33) 


where  H  is  the  effective  piston  depth  including  a  contribution  from  the  connecting  rod.  Assuming 
//  to  be  about  one  third  of  the  stroke. 


a  = - P— 

Pm 


Values  of  a  for  diesels  generally  lie  between  about  0.06  and  0.25. 
The  average  ratio  of  the  velocities  for  the  two  types  of  impact  is 


(10.34) 


(10.35) 


which  is  also  the  ratio  of  crank  angle  travel  during  an  impact  controlled  by  inertia  to  crank  angle 
travel  during  an  impact  controlled  by  pressure. 


Cylinder  Wall  Vibrations 

From  our  previous  discussion  of  impact  noise  it  follows  that  the  energy  transferred  to  the 
cylinder  wall  by  each  piston  impact  can  be  estimated  from  Eq.  10.8  using  Eqs.  10.29  and  10.30 
for  impact  velocities.  The  total  power  transferred  is  the  product  of  the  number  of  cylinders,  /,  the 
rotational  frequency,  n,  and  the  vibrational  energy  associated  with  each  cylinder  per  revolution. 
Distinction  must  be  made  between  2-stroke-cycle  engines  that  fire  every  revolution  and  4-stroke- 


i 
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cycle  engines  that  intersperse  scavenging  strokes  between  power  strokes  and  fire  only  every  second 
revolution.  From  Eqs.  10.8,  10.29,  10.30  and  10.35, 


- = - (-  (  — )  —  (t’+w,) 

spc  2  \2 J  \R  j  \l  J  ' 


(10.36) 


where  spc  stands  for  number  of  strokes  per  cycle  and  is  number  of  inertia-controlled  impacts 
per  complete  cycle.  The  number  of  inertia-controlled  impacts  depends  on  the  balance  between 
inertia  and  gas  forces.  For  2-sttoke-cycle  engines  there  is  always  one  impact  at  BDC  where  the  sign 
of  ^  changes  and  sometimes  two  additional  impacts  at  other  angles.  Four-stroke-cycle  diesels  have 
two  impacts  at  BDC,  one  at  TDC  and  either  two  or  four  additional  impacts  due  to  force  reversals, 
as  shown  in  Fig.  1 0.7.  Thus,  on  average,  =  1.4  spc  and  the  vibratory  power  is  approximately 


=  1.7iasp„Ap[  —  \  j — )  / - +1.4] 

\s  f  \f/  \  spc  / 


(10.37) 


TDC  BDC  TDC  BDC  TDC 


0  90  180  270  360  90  180  270  360 

d  (DEGREES) 


Fig.  10.7.  Piston  Cross  Force  during  Full  Cycle  of  a  Four-Stroke  Engine,  after  Zinchenko  (1957) 

Vibratory  power  due  to  inertia-controlled  impacts  for  a  given  engine  increases  as  the  cube  of 
piston  speed;  vibratory  power  due  to  pressure-controlled  impacts  increases  approximately  as  the 
5/3  power.  It  is  now  clear  why  piston-slap  noise  of  a  motorized  diesel  is  almost  as  great  as  that  of  a 
fueled  engine.  When  an  engine  is  motorized,  a  is  large  and  y^  small;  this  elimination  of  7*  from 
Eq.  10.37  generally  decreases  the  vibratory  power  by  less  than  a  factor  of  two.  i.e.,  by  less  than 
3dB. 
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The  efficiency  of  conversion  of  mechanical  power  into  vibratory  power  can  be  estimated  by 
dividing  Eq.  10.37  by  an  expression  for  the  mechanical  power  of  a  fueled  diesel.  This  power  is 
given  by 


=  —^pSP=  —^pP  .  (J0.S8) 

spc  spc 

where  "p  is  the  mean  effective  pressure.  Ungar  and  Ross  (1965)  have  noted  that  under  normal 
operating  conditions  p  is  usually  close  to  one  third  of  the  peak  cylinder  pressure,  p^ .  It  follows 
that  the  vibration  conversion  efficiency  is  approximately 

4/3  I  R  \  213 

(~)  ^i)  (10.39) 

Ungar  and  Ross  found  from  examination  of  data  on  a  number  of  marine  engines  that  5/5  is  of  the 
order  of  3  X  10'^  and  RfL  is  usually  about  0.25,  from  which  10~^  for  typical  values  of  the 

parameters. 

Ungar  and  Ross  used  the  methodology  of  Section  6.4  and  estimated  that  the  radiation 
efficiency  of  airborne  sound  from  typical  engines  is  of  the  order  to  10'^.  Multiplying  by  the 
vibration  conversion  efficiency,  they  concluded  that  a  typical  1000  hp  engine  would  produce  an 
airborne  acoustic  power  level,  PWL,  of  about  1 10  dB  re  10*‘  ^  W.  Variations  of  piston  clearance, 
strokes  per  cycle,  piston  speed  and  engine  material  can  cause  deviations  of  at  least  ±10  dB  about 
this  mean  value. 

Experimental  Verification 

Oscillograms  of  the  type  shown  in  Fig.  10.4  and  observation  of  multi-harmonic  spectra  are  two 
indications  that  an  impact  phenomenon  produces  the  dominant  vibrations  in  most  reciprocating 
machines.  Evidence  in  support  of  piston  slap  as  that  phenomenon  is  found  in  experiments  in  which 
a  single  engine  parameter  is  varied.  Equation  10.37  for  vibratory  power  is  the  basis  for  predictions 
of  these  variations.  Substituting  fora  in  Eq.  10.37  from  Eq.  10.34,  one  obtains 

^.ibr  =  ISiPpU^S^D^  +  /  a'J  .  (10.40) 

This  expression  predicts  noise  dependence  on  number  of  cylinders,  rotational  speed,  stroke, 
diameter,  piston  clearance,  load,  strokes  per  cycle  and  ratio  of  crank  radius  to  length  of  connecting 
rod. 

Zinchenko  (1956,  1957)  measured  the  airborne  engine  noise  of  over  60  Soviet  diesels  including 
some  that  differed  only  in  number  of  cylinders.  He  verified  the  proportionality  of  noise  to  / 
predicted  by  Eq.  10.40.  The  dependency  of  cylinder-wall  vibration  on  piston  clearance  expected 
from  Eq.  10.40  was  confirmed  by  measurements  made  by  Alvarez  (1964).  However,  as  shown  in 
Fig.  10.8,  Skobtsov  et  al  (1962)  found  that  airborne  noise  levels  of  diesels  increase  with  piston 
clearance  at  about  half  the  predicted  rate. 

Nowhere  in  the  analysis  is  dependence  of  noise  on  load  specifically  included.  Any  changes  due 
to  load  must  therefore  be  secondary.  Load  can  affect  7  slightly  and  differences  of  cylinder  heating 
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Fig.  10.8.  Airborne  Noise  of  a  Diesel  Engine  as  Function  of  Piston  Clearance,  after  Skobtsov  et  al  (1962) 

due  to  load  may  affect  piston  clearances.  As  expected,  data  from  six  diesels  reproduced  in 
Fig.  10.9  show  no  consistent  trend  of  noise  with  load. 

It  is  well  known  that  diesels  are  noisier  when  they  first  start  up  than  after  1 5  or  20  minutes’ 
operation.  This  can  be  explained  by  initial  lack  of  an  oil  film  and  by  the  larger  clearances 


Fig.  10.9.  Dependence  of  Noise  on  Load  of  Several  Russian  Diesels,  after  Zinchenko  (1957) 
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characterizing  a  cold  engine  compared  to  a  warm  one.  Both  these  factors  cause  more  severs  piston 
slap  in  a  cold  engine. 

Equation  10.40  predicts  only  a  slight  dependence  of  piston-slap  vibratory  power  on  number  of 
strokes  per  cycle.  However,  Eq.  10.38  indicates  that  mechanical  power  is  reduced  when  spc  is 
increased  from  two  to  four.  Statistical  analysis  of  Zinchenko’s  noise  data  shows  that  for  the  same 
horsepower  rating  four-strokb  engines  are  indeed  2.S  to  3  dB  noisier  than  two-stroke  engines. 

At  very  low  speeds,  for  which  inertia  impacts  produce  less  vibration  than  pressure  impacts,  Eq. 
10.40  predicts  that  vibrations  and  noise  will  increase  approximately  as  the  square  of  the  rotational 
speed  (6  dB/ds).  On  the  other  hand,  in  the  limit  at  high  speeds  when  inertia  impacts  dominate,  the 
dependence  should  be  as  the  cube  of  speed  (9  dB/ds).  Most  engines  operate  between  these  limits, 
though  closer  to  the  upper  one.  We  would  therefore  expect  that,  on  average,  noise  of  a  given 
engine  would  increase  at  a  rate  of  8  dB  per  double  speed.  Figure  10.10  shows  data  on  seven 
Russian  diesels  confirming  this  expectation  based  on  piston-slap  analysis.  Similar  results  were 
reported  by  Brammer  and  Muster  (1975). 


RPM 


Fig.  10. 10.  Diesel  Noise  as  a  Function  of  Speed,  as  reported  by  Zinchenko  (I9S7) 

The  ratio  of  crank  radius  to  connecting-rod  length  determines  the  maximum  angle  of  con¬ 
necting-rod  relative  to  direction  of  piston  motion  and  therefore  the  fraction  of  connecting-rod 
force  that  contributes  to  cross  force.  Equation  10.40  indicates  that  this  angle  should  play  a  role  in 
piston-slap  noise.  Although  this  has  not  been  studied  directly,  it  is  interesting  to  note  that  the 
radial  pancake  engines  mentioned  previously  have  exceptionally  short  connecting  rods  and  ex¬ 
perience  severe  cylinder  liner  pitting  from  piston  impacts.  They  also  produce  exceptionally  high 
noise  levels. 

Equation  10.40  predicts  that  vibratory  power  is  proportional  to  density  of  piston  material. 
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However,  radiation  analyses  indicate  that,  other  things  being  equal,  radiation  efflciency  decreases 
with  increasing  material  density.  Ross  and  Ungar  (196S)  concluded  that  aluminum  block  engines 
should  be  somewhat  noisier  than  those  made  of  steel.  In  two  cases  in  which  aluminum  and  steel 
block  models  of  the  same  engine  were  tested,  Zinchenko  ( 19S6)  found  the  aluminum  engines  to  be 
3  to  4  dB  noisier. 

In  another  confirmation  of  the  dominance  of  piston  impacts,  Zinchenko  measured  the  noise 
from  two  engines  differing  from  the  others  only  in  having  articulated  connecting  rods.  He  found 
engine  noise  in  these  cases  to  be  7  to  10  dB  lower  than  for  similar  engines  with  single  connecting 
rods. 

Empirical  Noise  Formulas 

A  number  of  empirical  formulas  for  airborne  noise  levels  of  diesel  engines  have  been  developed 
from  the  noise  data  published  by  Zinchenko  (1956,  1957).  Since  Zinchenko’s  sound  pressure 
measurements  were  made  relatively  close  to  the  engines,  i.e.,  at  0.5  m,  they  do  not  actually  reveal 
the  fifth  power  dependence  on  linear  dimensions  predicted  by  the  analysis,  but  rather  seem  to  fit 
third  to  fourth  power  relations.  Ross  and  Ungar  (1965)  found 

SPL  =  94  +  10  log  i  .  (10.41) 

\  Pblock  / 

An  equally  good  fit  to  the  data  is  given  by 

SPL  =  91  +  10  log i  +  28lognD  ,  (10.42) 

which  is  shown  in  Fig.  10. 1 1.  Zinchenko’s  data  can  also  be  correlated  with  engine  horsepower  and 
rpm,  as  plotted  in  Fig.  10.12.  A  formula  which  represents  these  data  is 

SPL  =  86  +  10  log  [ftp  —  ]  +  18  log  .  (10.43) 

\  2  J  1000 

where  N  is  rotational  speed  in  rpm.  This  formula  indicates  clearly  that  for  the  same  rated  power 
high-speed  engines  are  generally  noisier  than  slow-speed  engines. 

Underwater  Noise  Implications 

Although  underwater  noise  measurements  of  marine  diesels  have  not  been  published, 
Zinchenko’s  airborne  noise  measurements  and  the  foregoing  analyses  of  the  basic  mechanisms 
involved  make  certain  conclusions  clear.  First,  piston  slap  is  a  dominant  source  of  underwater 
noise  from  marine  reciprocating  machines.  Second,  the  selection  of  machines  with  low  rpm’s  and 
low  linear  piston  speeds  will  result  in  relatively  low  noise  levels,  as  indicated  by  Eqs.  10.40  and 
10.43  and  Fig.  10.12.  Third,  if  piston  clearances  are  kept  as  small  as  is  consistent  with  reasonable 
frictional  wear.  lower  noise  levels  will  be  achieved.  Fourth,  tall  machines  with  relatively  long 
connecting  rods  are  quieter  than  more  compact  ones  incorporating  short  rods.  Finally,  slow-speed 
marine  diesels  and  old-fashioned  steam  reciprocating  engines  are  especially  quiet  since  they  not 
only  operate  at  low  speeds  but  also  incorporate  articulated  connecting  rods.  In  this  connection,  we 
note  a  recent  trend  in  merchant  ships  in  which  medium-speed  geared  diesels  are  being  used  in  some 
installations  in  place  of  slow-speed  direct-drive  engines.  These  medium-speed  engines  may  be 
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Fig.  10.1 1.  Airborne  Noise  of  Diesel  Engines,  as  measured  by  Zinchenko  (19S6,  19S7) 
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Fig.  10.12.  Diesel  Noise  as  Function  of  Engine  Power  and  Speed,  as  measured  by  Zinchenko  (19S6,  1957) 
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expected  to  product  as  much  as  20  dB  more  piston-slap  noise  since  the  speed  factor  implies  about 
10  to  12  dB  higher  levels  and  the  replacement  of  the  articulated  connecting  rod  could  add  another 
8  to  10  dB. 

Equations  10.39  and  10.43  imply  that  for  equal  power  two-stroke  engines  are  quieter  than 
four-stroke  engines.  However,  this  is  true  for  the  piston-slap  component  only.  As  discussed  in 
Section  9.4,  the  fact  that  two-cycle  engines  use  positive  displacement  scavenging  blowers,  which 
are  quite  noisy,  may  offset  the  2  to  3  dB  piston-slap  advantage.  In  this  connection,  Hempel  (1966, 
1968)  reported  that  turbocharging  an  engine  has  little  effect  on  piston-slap  noise,  but  that  the 
turbocharger  itself  adds  strong  high-frequency  components  to  the  overall  noise. 

There  are  other  noise  sources  that  sometimes  contribute  significantly  to  the  spectra  of  reci¬ 
procating  machinery.  Thus,  combustion  applies  a  sudden  pulse  to  the  cylinder  structure  similar  to 
an  impact.  This  source,  which  is  dominant  in  many  automotive  engines,  has  been  studied  exten¬ 
sively  by  Goswami  and  Skorecki  (1963),  Austen  and  Priede  (1965),  Priede  and  Grover  (1967)  and 
Brammer  and  Muster  (1975).  These  investigations  have  all  reported  that  the  rate  of  rise  of  cylinder 
pressure  is  a  factor  controlling  combustion  noise  spectra  above  500  Hz.  Priede  (1967)  has  also 
measured  noise  from  fuel-injection  equipment,  finding  that  rapid  changes  of  fluid  pressure  in 
fuel-injection  pump  elements  excite  pump  camshaft  vibrations  in  the  500  to  800  Hz  range  and  that 
the  injectors  themselves  produce  noise  above  2  kHz.  Priede  concluded  that  injector  noise  would 
only  be  noticeable  at  low  engine  speeds  or  on  small  engines.  Finally,  impact  sounds  associated  with 
diesel  valve  mechanisms  have  been  shown  by  Fielding  and  Skorecki  (1966)  to  be  occasional  noise 
sources. 


10.5  Bearing  Noise 

Bearings  in  rotating  machinery  both  transmit  and  generate  sonic  vibrations.  Of  the  two  com¬ 
mon  types,  sliding  bearings  more  commonly  transmit  noise  than  generate  it.  Occasionally,  when 
they  become  damaged  or  are  poorly  lubricated,  sliding  bearings  generate  high-pitched  resonant 
vibrations  that  are  both  loud  and  annoying.  More  usually,  noise  generated  by  the  oil  pumps 
required  to  lubricate  sliding  bearings  is  much  greater  than  that  attributable  to  the  bearings 
themselves. 

Ball  bearings,  on  the  other  hand,  are  often  sources  of  tones  that  are  related  to  both  rotational 
speeds  and  resonances  of  the  outer  ring.  Igarashi  (1960,  1962  and  1964)  found  that  the 
frequencies  of  outer  ring  resonances  can  be  estimated  from 


^  1  m(m*  -  /)KCg 

2ir 


(10.44) 


where  k  is  the  radius  of  gyration,  R  the  radius  of  the  ring  and  m  is  an  integer.  As  speed  changes, 
the  distribution  of  intensity  among  these  resonances  changes,  but  the  frequencies  remain  constant. 
Ring  resonances  are  excited  by  impacts  of  the  balls.  Igarashi  and  Rufflni  (1963)  reported  that  such 
impacts  are  reduced  signiflcantly  by  axial  preloading,  and  this  has  become  common  practice  in 
situations  where  ball-bearing  noise  is  deemed  to  be  important. 

Ball  bearings  sometimes  produce  subharmonic  vibrations.  As  explained  by  Tamura  and 
Taniguchi  (1961),  when  the  number  of  balls  is  small,  a  bearing  may  act  like  a  spring  whose  spring 
constant  varies  cyclically  with  motion  of  the  balls.  The  result  is  excitation  of  the  retaining  ring  at  a 
frequency  equal  to  half  of  the  product  of  the  retainer  speed  times  the  number  of  bails. 
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Twenty  years  ago.  bearings  were  considered  to  be  important  noise  sources  of  electric  motors. 
Today,  with  the  development  of  precision  manufacturing  methods  and  axial  preloading,  bearings 
are  only  noisy  when  they  are  close  to  being  worn  out  or  when  they  are  improperly  installed. 
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NOMENCLATURE 


Underwater  acoustics  is  a  multi-discipline  field  involving  concepts  from  fluid  mechanics,  aero- 
dynanucs,  thermodynamics,  electrical,  mechanical  and  marine  engineering  and  naval  architecture, 
as  well  as  acoustics.  When  possible,  the  author  has  selected  symbols  and  abbreviations  familiar  to 
workers  in  each  of  these  fields.  In  cases  where  this  would  cause  confusion  due  to  duplication 
preference  has  usually  been' given  to  acoustics. 

Over  4S0  symbols  and  abbreviations  used  in  this  volume  are  listed  here.  Common  symbols  and 
abbreviations  used  in  more  than  one  chapter  are  given  first.  Nomenclature  restricted  to  only  one  or 
two  chapters  is  then  listed  by  chapter.  In  most  instances  reference  is  made  to  the  page,  equation  or 
figure  where  the  symbol  is  first  used  and/or  defined.  A  few  symbols  that  occur  only  once  in  the 
text  and  are  defined  where  they  occur  have  been  omitted. 


Roman  Letters 

A.  B.  C 
A,  B.  C,  D 
A,B, 

a,  b 

a,  h>i.  4. 

a 

B 

b 


D 

Oo 

d 


A.l  General  Nomenclature 


general  vectors 

amplitudes;  coefficients;  constants 

complex  numbers;  amplitudes;  coefficients 

vector  components 

complex  conjugates 

radial  component  of  7 

coefficients;  constants 

complex  coefficients 

radius 

radius  of  radiating  body 

bulk  modulus 

width  or  thickness 

speed  of  wave  propagation 

speed  of  sound  in  a  fluid 

longitudinal  wave  speed  in  a  solid 

shear  wave  speed  in  a  solid 

substantial;  material  derivative 

diameter 

dipole  strength 

total  derivative 

distance;  separation 


P.  11 


P.  11 
Eq.  1.52 
P-  14 


p.  57 
Eq.  2.53 

Eq.  2.1 
Eq.  2.53 
Eq.  5.1 
Eq.  5.2 
p.24 


P.  77 
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Roman  Letters  (continued) 


E 

energy 

^ac 

acoustic  (radiated)  energy 

Eq.  4.49 

e 

exponential 

F.f.G 

functions 

r 

force 

F 

complex  value  of  force 

Fo 

force  amplitude 

f 

frequency 

A/ 

bandwidth 

U 

component  of  force  vector  per  unit  volume 

p.  48 

fo 

resonance  frequency 

p.  63 

G 

shear  modulus 

Eq.  5.2 

g.r 

acceleration  of  gravity 

Eq.  2.36 

H.  h 

depth;  thickness 

1 

acoustic  intensity 

Eq.  2.69 

i 

Eq.  1.54 

Uhk 

index  numbers 

unit  cartesian  vectors 

Eq.  1.24 

•^(y 

Bessel  functions 

i 

integer 

K 

various  parameters,  coefficients 

k 

wave  number 

Eq.  2.8 

r 

wave  vector 

Eq.  2.13 

components  of  wave  vector 

Eq.  2.13 

L 

length 

noise  level  (dB  or  dBs) 

p.  10 

source  level  (dB  or  dBs) 

P.  7 

e 

turbulence  scale  length  (eddy  size) 

p.  54 

M 

Mach  number 

Eq.  1.2 

Ff 

acoustic  Mach  number 

Eq.  2.67 

m,  n 

index  numbers;  integers;  exponents 

m 

mass 

entrained  mass 

Eq.  4.13 

N 

number  of 

unit  vector  normal  to  a  surface 

Eq.  1.47 

«/ 

direction  cosines 

Eq.  2.2 

P 

pressure  amplitude 

Eq.  2.75 

static  pressure  in  atmospheres 

Eq.  4.40 

P 

pressure  (instantaneous  or  rms) 

P 

acoustic  pressure 

Eq.2.19 

Po 

ambient  static  pressure;  local  steady  value  of  instantaneous  pressure 

Eq.  2.20 

Bo 

monopole  pressure  field 

Eq.  4.58 

1 

1* 
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Roman  Letters  (continued) 

• 

Q 

source  stability  ;  resonance  sharpness 

Eq.  1.18  and 

Eq.  S.138 

■ 

Q 

mass  flux  of  a  source 

Eq.  3.27 

■ 

Qo 

amplitude  of  mass  flux 

Eq.  4.1 

i 

<7 

mass  flux  per  unit  volume 

Eq.  3.6 

' 

R 

radius 

j 

R 

resistance 

input  resistance 

Eq.  5.116 

radiation  resistance 

Eq.  3.1 

r 

radial  coordinate;  distance 

radial  unit  vector 

P.  14 

Z 

s 

area  (cross>section  or  surface) 

So 

mean  area  of  radiating  body 

s 

distance  along  a  path 

T 

period  of  time 

: 

4 

J 

A 

t 

time 

j 

# 

t' 

retarded  time 

Eq.  2.6 

U 

fluid  speed 

flow  speed 

p.  54 

u 

instantaneous  surface  velocity;  fluid  speed 

Eq.  4.2 

t 

“l 

component  of  fluid  speed 

p.  53 

j 

% 

amplitude  of  surface  velocity 

Eq.  4.3 

V 

volume 

equilibrium  volume 

Eq.  4.13 

V* 

particle  velocity 

p.  24 

• 

component  of  particle  velocity 

p.  26 

V.  V,. 

acoustic  particle  velocity 

p.  26 

local  steady  value  of  ^ 

p.  24 

H' 

power 

acoustic  (radiated)  power 

Eq.  1.1 

• 

mechanical  power 

Eq.  I.l 

vibratory  power 

Eq.  6.61 

w 

normal  displacement  of  vibrating  surface 

p.  Ill 

li' 

vibratory  velocity 

p.  113 

jr.  r.z 

functions  of  x,  y,  z 

Eq.  2.16 

9 

;ir 

reactance 

radiation  reactance 

Eq.  3.1 

•*.>’.  r 

cartesian  coordinates 

* 

general  variable 

» 

r 

Young's  modulus 

Eq.  5.1 

» 

J 
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Roman  Letters  (continued) 

Z  impedance 

Z^  input  impedance 

Zf  radiation  impedance 

specific  acoustic  impedance 


Greek  Letters 

a,  0 

a 

«r 

7 

V 
V* 
d_ 

V 

n 

\c 

^rad 

%ibr 

0 

e 

X 

M.  m' 

V 
TT 

P 

P' 

Po 

Ps 

2 


^ii 

♦ 

4> 

CO 


coefficients;  parameters 

absorption  or  dissipation  coefficient 

reflection  coefficient 

transmission  coefficient 

ratio  of  specific  heats 

gradient  operator 

Laplacian 

partial  derivative 

Kronecker  delta 

variable 

loss  factor 

acoustic  conversion  efficiency 
radiation  efficiency;  loss  factor 
vibration  conversion  efficiency 
angle;  phase  angle 
temperature 
angle  of  incidence 
wave  length 

total  mass  per  unit  length,  area 
kinematic  viscosity 
3.14159  . . . 
density 

acoustic  density  fluctuation 
fluid  static  (mean)  density 
density  of  structure  material 
summation 

specific  radiation  resistance,  reactance 
time  constant;  time  delay;  decay  time 
turbulent  stress  tensor 
amplitude  of  potential 
potential 

angle;  phase  angle 
angular  frequency  (Ivf) 


i 


Eq.  5.114 
Eq.  3.1 
Eq.  2.68 


Eq.  2.94 
Eq.  2.105 
Eq.  2.108 
Eq.  4.27 
Eq.  1.36 
Eq.  1.40 

P.  12 

Eq.  2.90 
Eq.  1 .1 
Eq.  1.4 
Eq.  1.4 


Fig.  2.2 
Eq.  2.8 
p.  113 
Eq.  6.104 


Eq.  2.22 

p.  113 

Eq.  3.3 

Eq.  3.14 
Eq.  2.64 
p.  14 

Eq.  2.7 


iWrii'*'!'' VrriiBiM 


5 


E 


s 


1 


t 


» 
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Abbreviations 


AG 

array  signal-to-noi$e  gain 

p.  10 

curl 

vector  rotation  operator 

Eq.  1.38 

dB 

decibel 

P.  4 

dBs 

dB  spectrum  (1  Hz  band) 

p.  8 

div 

divergence  operator 

Eq.  1.37 

Cgi 

centimeter-gram-second  system  of  units 

a.c. 

alternating  current 

c.g. 

center  of  gravity 

d.c. 

direct  current 

fps 

feet  per  second 

grad 

gradient  operator 

Eq.  1.35 

Hz 

Hertz  (cycles  per  second) 

hp 

horsepower 

kt 

knot 

MKS 

meter-kilogram-second  system  of  units 

N 

Newton  (unit  of  force) 

Pa 

Pascal  (N/m^) 

PWL 

power  level  (dB) 

Eq.  1.13 

RP(  ) 

real  part  of 

Eq.  2.10 

rms 

root  mean  square 

rpm 

revolutions  per  minute 

rps 

revolutions  per  second 

SPL 

sound  pressure  level  (dB) 

Eq.  1.11 

TL 

transmission  loss  (dB) 

Eq.  1.9 

W 

Watt 

WWII 

World  War  II 

A.2  Nomenclature  by  Chapter 


Chapters  1-4 


a 

ratio  of  dp  to  dp 

Eq.  2.22 

a 

array  parameter 

Eq.  4.99 

£ 

complex  speed  of  sound 

Eq.  2.90 

0(6) 

directivity  function 

Eq.  4.66 

DF 

directivity  factor 

Eq.  4.102 

Df 

directivity  index  (dB) 

Eq.  4.107 

DT 

detection  threshold  (dB) 

p.  10 

e 

electric  voltage 

p.  4 

K 

gravitational  force 

Eq.  2.36 

n 

force  due  to  gradient  of  pressure 

Eq.  2.37 

fc 

effective  center  frequency  of  a  filter 

Eq.  1.17 

! 

» 

i 


i: 

1 
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Chapters  1-4  (continued) 


receiver  and  source  depths 

Fig.  4.12 

'o 

reference  intensity 

Eq.  1.10 

IL 

intensity  level  (dB) 

Eq.  1.10 

K 

spring  constant  for  gas  in  a  bubble 

Eq.  4.26 

wave  number  at  resonance 

p.  67 

L.  L' 

array  lengths 

p.  83 

M 

momentum 

Eq.  2.40 

N 

number  of  elements  in  an  array 

p.  83 

^RD 

recognition  differential  (dB) 

p.  10 

incident  pressure  amplitude 

Eq.  2.102 

amplitudes  of  reflected  and  transmitted  rays 

Eq.  2.102 

PTL 

power  transmission  loss  (dB) 

Eq.  2.111 

P 

pressure  radiated  by  piston  for  ka  <<  1 

p.  90 

Pi 

rms  pressure  inside  pipe 

Eq.  4.136 

Pii 

instantaneous  stress  tensor 

Eq.  3.9 

Po 

reference  sound  pressure 

Eq.  l.ll 

R 

effective  cross-sectional  radius 

Fig.  4.20 

R 

resistance  to  bubble  motion 

Eq.  4.25 

f 

rms  distance 

Eq.  4.53 

horizontal  distance 

Fig.  4.12 

"o 

reference  distance 

p.  43 

SE 

signal  excess  (dB) 

Eq.  1.23 

SL 

signal  level  (dB) 

Eq.  1.19 

S/N 

signal-to-noise  ratio  (dB) 

p.  10 

To 

oscillation  period 

Eq.  4.31 

TA 

transmission  anomaly  (dB) 

Eq.  2.87 

u 

rms  fluctuating  fluid  velocity  in  pipe 

Eq.  4.136 

reference  power 

Eq.  1.13 

& 

transmission  parameter  (Ch.  2) 

Eq.  2.104 

P 

surface  interference  parameter  (Ch.  4) 

Eq.  4.54 

5 

logarithmic  decrement 

Eq.  4.32 

r 

time  delay 

Eq.  4.67 

e 

phase  angle  between  acoustic  pressure  and  particle  velocity 

Eq.  2.80 

phase  angle  on  surface  of  radiator 

Eq.4.5 

angle  of  maximum  radiation 

Eq.  4.64 

e,  e, 

reflection,  transmission  angles 

Fig.  2.2 

array  angle  parameter 

Eq.  4.89 

phase  angle  between  two  sources 

Eq.  4.57 

resonance  angular  frequency 

Eq.  4.28 
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Chapters  5  and  6 


B.B^ 

bending  rigidity  of  beam,  plate 

p.  113; 

Eq.  6.2 

b 

beam  element  width 

p.  11 1 

irrotational  compressional  wave  speed  of  bulk  solids 

Eq.  5.3 

boundary-layer  wall  friction  coefficient 

Eq.  6.103 

longitudinal  wave  speed  of  solids 

Eq.  5.1 

•=P 

plate  wave  speed 

Eq.  5.9 

•=s 

shear  wave  speed 

Eq.  5.2 

D 

boundary-layer  velocity  defect  parameter  (Sec.  6.6) 

Eq.  6.102 

E-B 

Euler-Bernoulli 

p.  116 

£i 

vibratory  force  transmitted  to  foundation 

p.  143 

input  force  to  mount  generated  by  machine 

p.  143 

^.v 

extensional  force  experienced  by  fiber  of  bending  element 

p.  Ill 

F, 

normal  force  in  bending 

Fig.  5.5 

fc 

coincidence  frequency 

p.  163 

m-th  order  flexural  resonance  frequency 

p.  124 

H 

vector  potential  for  shear  waves 

Eq.  6.25 

h 

beam  thickness:  plate  thickness 

p.  120 

'V 

'''ate  thickness 

Eq.  6.77 

/ 

moment  of  inertia 

p.  113 

/' 

mass  moment  of  rotatory  inertia 

Eq.  5.20 

1,1, 

intensity  of  incident  and  transmitted  waves 

Eq.  6.82 

Lewis'  coefficient  for  accession  to  inertia 

Eq.  5.159 

K 

relative  shear  area 

Eq.  5.23 

relative  shear  area  for  plates 

Eq.  6.3 

beam  flexural  wave  number 

p.  177 

*c 

wave  number  for  coincidence 

Eq.  6.35 

low-frequency  approx,  to  wave  number  for  coincidence 

Eq.  6.58 

*/ 

wave  number  for  flexural  waves 

p.  1 16 

kf 
*  o 

low-frequency  approx,  for  flexural  wave  number 

p.  126 

wave  number  in  fluid 

p.  162 

wave  number  for  plate  flexural  waves 

Eq.  6.76 

wave  number  for  shear  wcves 

Eq.  6.25 

effective  hydrodynamic  wave  number  (Sec.  6.6) 

Eq.  6.1 19 

L 

beam  length 

p.  123 

h 

perimeter 

Eq.  6.70 

M 

bending  moment  (Ch.  S) 

p.  1  12 

Mi 

J 

flexural  wave  Mach  number 

Eq.  6.38 

m 

order  number  of  resonance;  mode  number 

p.  124 

V 

number  of  modes 

p.  142 

n 

mode  number  (circumferential) 

Eq.  6.79 

f  1 

dynamic  pressure  of  free-stream  velocity 

Eq.  6.116 

0 
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Chapters  S  and  6  (continued) 


radiation  resistance  per  unit  area 

Eq.  6.77 

u 

x-component  of  boundary-layer  velocity  (Sec.  6.6) 

p.  185 

$ 

u 

fluctuating  x-component  of  boundary-layer  velocity  (Sec.  6.6) 

Eq.  6.114 

“c 

convection  velocity  for  boundary-layer  fluctuations 

p.  193 

“0 

velocity  at  momentum  thickness 

p.  189 

boundary-layer  friction  velocity 

Eq.  6.96 

V 

flexural  wave  speed 

Eq.  5.34 

%’  \ 

high-  and  low-frequency  approx,  to  flexural  wave  speed 

p.  118 

input  vibratory  power 

Eq.  5.116 

“'o 

vibratory  displacement  at  source 

p.  137 

input  vibrational  velocity 

p.  137  ‘ 

K 

radiation  reactance  per  unit  area 

Eq.  6.43 

hu 

admittances  of  isolator,  foundation  and  source  (Sec.  5.9) 

Eq.  5.149 

\ 

low-frequency  estimate  of  input  impedance 

Eq.  5.1 15 

hu 

impedances  of  isolator,  foundation  and  source  (Sec.  5.9) 

p.  143 

z 

distance  from  neutral  plane  (Ch.  5) 

Fig.  5.4 

2 

distance  from  wall  in  boundary  layer  (Sec.  6.6) 

p.  185 

displacement  of  neutral  plane 

Fig.  5.15 

dimensionless  distance  from  wall  in  boundary  layer  (Sec.  6.6) 

Eq.  6.97 

f 

a 

relative  rotatory  inertia 

Eq.  5.21 

a 

rotatory  inertia  relative  to  shear 

Eq.  5.43 

P 

fluid  loading  factor 

Eq.  6.45 

r 

shear  parameter  for  flexural  waves 

Eq.  5.24 

I'. 

plate  shear  parameter 

Eq.  6.4 

7 

coefficient  of  bending  wave  exponential  decay 

p.  116 

5 

bending  wave  shear-frequency  parameter 

Eq.  5.42 

6 

boundary-layer  thickness  (Sec.  6.6) 

p.  185 

5* 

boundary-layer  displacement  thickness 

Eq.  6.94 

e 

relative  entrained  mass 

Eq.  5.17 

e 

roughness  height  in  boundary-layer  theory  (Sec.  6.6) 

p.  189 

% 

radiation  loss  factor 

Eq.  6.47 

% 

structural  loss  factor 

Eq.  6.48 

TIj 

total  loss  factor 

Eq.  6.48 

d 

flexural  angle  in  bending 

Fig.  5.4 

d 

boundary-layer  momentum  thickness  (Sec.  6.6) 

Eq.  6.95 

^n, 

angle  for  maximum  radiation 

p.  172 

trace  matching  angle 

Fig.  6.4 

K 

radius  of  gyration 

Eq.  5.15 

\ 

wave  length  at  coincidence 

K 

low-frequency  calculated  coincidence  wave  length 

Eq.  6.68 

V 

wavelength  of  flexural  wave 

Fig.  6.4 
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Chapters  5  and  6  (continued) 


wave  length  in  fluid 

Fig.  6.4 

beam  and  plate  masses  per  unit  area 

Eq.  6.76 

V 

plate  curvature  parameter 

Eq.  6.78 

extension 

Fig.  5.4 

Ps>Ps 

density  of  structure 

p.  113 

a 

Poisson’s  ratio 

Eq.  5.4 

specific  radiation  resistance  for  reverberant  flexural  wave  field 
on  plates 

Eq.  6.69 

extrapolated  wall  shear  stress  (Sec.  6.6) 

Fig.  6.19 

wall  shear  stress 

Eq.  6.96 

«i> 

phase  shift  of  flexural  waves 

Eq.  5.80 

K 

modal  amplitude 

Eq.  5.134 

n 

reference  angular  frequency 

Eq.  5.36 

plate  reference  angular  frequency 

Eq.  6.9 

(jJ 

coincidence  angular  frequency 

Eq.  6.34 

t 

CJ 

c 

low-frequency  calculated  angular  frequency  for  coincidence 

Eq.  6.45 

in 

angular  frequency  for  m-th  resonance 

p.  124 

Chapters  7-10 

piston  cross-sectional  area 

Eq.  10.20 

a 

vortex  core  radius  (Ch.  7) 

p.  229 

a 

longitudinal  separation  of  vortices  (Ch.  9) 

Fig.  9.5 

a 

lift  curve  slope  (Ch.  7) 

Eq.  7.74 

a 

mean  reflection  loss,  in  nepers  (Ch.  8) 

Eq.  8.36 

a<0) 

initial  radius  of  growing  or  collapsing  bubble 

p.  206 

"c 

bubble  radius  when  collapse  speed  is  maximum 

Eq.  7.27 

equilibrium  radius  for  gas  in  a  bubble 

Eq.  7.17 

"m 

minimum  radius  of  a  cavitation  bubble 

Eq.  7.20 

maximum  radius  of  a  cavitation  bubble 

Eq.  7.10 

B 

number  of  blades 

p.  258 

b 

thickness  of  airfoil,  cylinder,  etc. 

Eq.  7.71 

Cd 

drag  coefficient 

Eq.  7.73 

form  drag  coefficient 

Eq.  9.49 

force  coefficient 

Eq.  9,30 

fluctuating  force  coefficient 

Eq.  9.27 

steady-state  lift  coefficient 

Eq.  7.72 

fluctuating  lift  coefficient 

Eq.  9.36 

S 

pressure  coefficient 

Eq.  7.54 

Cq 

torque  coefficient 

Eq.  8.19 

Cy» 

steady-state  thrust  coefficient 

Eq.  8.18 

C^T 

fluctuating  thrust  coefficient 

Eq.  9.33 

7 

boundary-layer  wall  friction  coefficient 

Eq.  7.58 
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Qiapters  7-10  (continued) 


^Kiif  ^Pot 

kinetic  and  potential  energies 

p.  207 

e 

airfoil  trailing  edge  thickness 

Eq.  9.74 

r 

fluctuating  force 

Eq.  9.1 

drag  force 

Eq.  7.73 

% 

form  drag 

Eq.  9.48 

lift  force 

Eq.  7.72 

% 

induced  lift  force 

Eq.  9.55 

K 

magnitude  of  fluctuating  force 

Eq.9.1 

T 

a.c.  power-line  frequency 

Eq.  10.4 

piston  forces  (Sec.  10.4) 

Fig.  10.5 

G(yl 

Sear’s  function  for  airfoil  gust  response  (Ch.  9) 

Eq.  9.36 

H 

ocean  depth  (Sec.  8.7) 

p.  281 

H 

effective  piston  depth  (Sec.  10.4) 

Eq.  10.32 

h 

lateral  vortex  spacing  (Sec.  9.3) 

Fig.  9.5 

h 

cavity  depth  (Sec.  9.6) 

Fig.  9.15 

h 

intensity  per  1  Hz  band 

Eq.  8.7 

J 

advance  ratio 

Eq.  8.21 

i 

number  of  engine  cylinders  (Sec.  10.4) 

Eq.  10.36 

K 

cavitation  parameter 

Eq.  7.53 

Ko.K, 

modified  Bessel  functions  of  second  kind 

Eq.  9.38 

advance-speed  cavitation  parameter 

Eq.  8.25 

inception  value  of  cavitation  parameter 

Eq.  7.55 

tip  cavitation  parameter 

Eq.  8.3 

overall  source  level  above  100  Hz  (dB) 

p.  274 

i 

mean  free  path  for  sound  waves  in  ocean  (Sec.  8.7) 

Eq.  8.36 

M, 

tip  Mach  number 

Eq.  9.71 

m 

order  of  harmonic 

Eq.  9.32 

mp 

effective  piston  mass  (Sec.  10.4) 

Eq.  10.19 

N 

rotational  speed  in  rpm 

Eq.  8.1 

^• 

rotational  speed  for  cavitation  inception  (Ch.  8) 

Eq.  8.1 

number  of  inertia  impacts  per  cycle  (Sec.  10.4) 

Eq.  10.36 

n 

rotational  speed  in  rps 

Eq.  8.2 

P 

static  pressure  differential  for  bubble  growth  or  collapse 

Eq.  7.5 

P 

effective  average  piston  pressure  (Sec.  1 0.4) 

Eq.  10.38 

partial  pressure  of  gas  in  bubble 

Eq.  7.16 

Pi 

pressure  inside  a  bubble 

Eq.  7.1 

p 

Pi 

inductive  near-field  pressure  (Ch.  9) 

Eq.  9. 1 1 

Pm 

maximum  piston  pressure  (Sec.  10.4) 

Eq.  10.20 

Py 

vapor  pressure 

Eq.  7.16 

Q 

equilibrium  partial  gas  pressure  (Ch.  7) 

Eq.  7.19 

Q 

propeller  torque  (Ch.  8) 

Eq.  8.13 

R 

number  of  armature  (rotor)  slots  or  teeth  (Sec.  10.2) 

Eq.  10.4 
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Giapters  7-10  (continued) 


Reynolds  number 

Eq.  7.56 

S 

piston  stroke  (Sec.  10.4) 

Fig.  10.5 

^N 

Strouhal  number 

Eq.  9.42 

s 

airfoil  chord  length  (Ch.  7-9) 

Eq.  7.71 

s 

piston  linear  speed  (Sec.  10.4) 

Eq.  10.33 

image  distance  (Sec.  9.3) 

Fig.  9.8 

spc 

strokes  per  cycle  (Sec.  10.4) 

Eq.  10.36 

T 

propeller  thrust 

Eq.8.12 

f 

fluctuating  thrust 

Eq.  9.33 

Tc.T^ 

time  for  bubble  collapse  and  growth 

p.  207 

^5 

speed  of  advance 

p.  261 

free  streamline  velocity 

Eq.  9.51 

tip  speed 

Eq.  8.2 

vortex  sheet  induced  velocity  (Sec.  9.3) 

Eq.  9.45 

W 

weight  of  explosive  in  pounds  (Sec.  7. 1 0) 

p.  243 

^N 

Weber  number 

Eq.  7.57 

w(t) 

impact  velocity  (Ch.  10) 

Eq.  10.5 

propeller  induced  velocity  (Ch.  8) 

Fig.  8.7 

gust  amplitude  (Ch.  9) 

Eq.  9.36 

peak  value  of  impact  velocity  (Ch.  10) 

Fig.  10.2 

a 

angle  of  attack 

Eq.  7.74 

a 

ratio  of  inertia  to  pressure  forces  (Sec.  10.4) 

Eq.  10.31 

“o 

angle  of  attack  for  zero  lift 

Eq.  7.74 

“r 

total  effective  absorption  loss  coefficient  (Sec.  8.7) 

Eq.  8.37 

0 

pitch  angle  (Ch.  8) 

Fig.  8.7 

0 

connecting-rod  angle  (Sec.  10.4) 

Fig.  10.5 

r 

circulation 

Eq.  7.64 

7 

Sear’s  reduced  frequency  parameter  (Ch.  9) 

Eq.  9.37 

S.  6“ 

density  of  ships  on  ocean  surface  (Sec.  8.7) 

Eq.  8.40 

5 

piston  clearance  (Sec.  10.4) 

Fig.  10.5 

r?,>  Vp 

propeller  efficiencies  (Ch.  8) 

Eqs.  8.20, 
8.23 

V 

viscosity 

p.  209 

density  of  piston  material  (Sec.  10.4) 

Eq.  10.32 

a 

surface  tension 

Eq.  7.1 

T 

thrust  loading  factor  (Ch.  8) 

Eq.  8.24 

wall  shear  stress 

Eq.  7.58 

♦ 

hydrodynamic  potential 

Eq.  7.2 

0 

hydrodynamic  pitch  angle  (Ch.  8) 

Fig.  8.7 

(*) 

angular  speed  (2vnJ 

Eq.  9.40 

1 
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A.3  Abbreviations  Used  in  References 


A.S.A. 

Acoustical  Society  of  America 

A.S.M.E. 

American  Society  of  Mechanical  Engineers 

ASW 

Anti-Submarine  Warfare 

CIT. 

California  Institute  of  Technology 

D.T.M.B. 

David  Taylor  Model  Basin 

J. 

Journal  of 

M.I.T. 

Massachusetts  Institute  of  Technology 

N.A.CA. 

National  Advisory  Committee  for  Aeronautics 

N.A.S.A. 

National  Aeronautics  and  Space  Administration 

N.D.R.C. 

National  Defense  Research  Committee 

N.S.R.D.C 

Naval  Ship  Research  and  Development  Center 

O.N.R. 

Office  of  Naval  Research  (U.S.  Navy) 

O.S.R.D. 

Office  of  Scientific  Research  and  Development 

R.  and  M. 

Reports  and  Memoranda 

S.A.E. 

Society  of  Automotive  Engineers 

U.C.L.A. 

University  of  California  at  Los  Angeles 

U.S.N. 

United  States  Navy 

op.  cit. 

Work  cited  in  references  for  this  chapter 

APPENDIX  B 
DECIBEL  ARITHMETIC 

Decibels  are  especially  useful  when  numbers  representing  physical  quantities  are  being  multi¬ 
plied  or  divided.  As  indicated  in  Section  1.2,  these  operations  are  replaced  by  addition  and 
subtraction.  However,  decibels  are  awkward  to  use  when  addition  or  subtraction  of  physical 
quantities  is  required.  The  method  of  accomplishing  the  indicated  process  depends  on  whether  the 
signals  are  coherent  or  incoherent.  Formulas  for  carrying  out  the  several  types  of  decibel  addition 
and  subtraction  are  given  in  this  appendix. 

Addition  and  Subtraction  of  Coherent  Signals 

Consider  two  instantaneous  acoustic  pressures  having  the  same  frequency, 

p\  =  Pt^  cosfut  -  d,)  (B.l) 

and 

P'l  =  PjV^  cos(o3t  -  di)  .  (B.2) 
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where  px  and  are  nns  pressures.  The  corresponding  sound  pressure  levels  are 

Li  =  20  log  ^^and  L2  =  20  log .  (B.3) 

Po  Po 

where  p^  is  the  reference  pressure,  as  discussed  in  Section  1.2.  The  result  of  combining  these 
signals  is 

Lr  =  10  log ,  (B.4) 

pI 

where 

P\  -  (p\  +  PiP'  “  Pi  +  pi  +  4pxP2  cosfut  -  Oi)  coslut  -  82) 

=  Pi  pi  2piP2  cos  (8 1  -  82)  .  (B.5) 

This  result  depends  on  the  phase  angle  between  the  two  signals.  If  they  are  equal  and  in  phase,  the 
result  is  6  dB  higher  than  either.  If  they  are  equal  and  exactly  out  of  phase,  the  resultant  pressure 
is  zero.  If  they  are  not  equal  in  magnitude,  the  maximum  value  of  Lj  will  always  be  less  than  6  dB 
above  the  level  of  the  stronger  signal.  Equation  B.S  applies  to  subtraction  as  well  as  addition  since 
these  are  equivalent  processes  but  with  different  phase  angles. 

Incoherent  Addition 

Most  often  the  signals  being  considered  are  either  broadband  or  of  different  frequencies,  in 
which  case  the  long-term  average  of  the  product  of  the  cosines  is  zero.  In  this  case, 


Lj  =  10  log  =  10  log  {10^1^^^  -1-  .  (B.6) 

pI 

This  is  known  as  the  power  sum  of  two  levels  and  can  be  extended  to  any  number  of  incoherent 
sources. 

A  rapid  method  of  making  power  summations  can  be  derived  from  the  above.  Taking  Li  >  L2, 
Eq.  B.6  can  be  written 


Lt  = 


10  log 


A  - 

pl  \  p\  } 


10  log 


jq(Li  -  L2HIO 


It  follows  that  unless  Z,2  is  within  1 2  dB  of  Z,|  the  total  level  will  be  virtually  unaffected.  When  L2 
is  within  1 2  dB  of  Z,  1 ,  Fig.  B.  1  can  be  used  to  obtain  the  power  sum. 


Fis.  B.I.  Power  Sum  of  Two  Incoherent  Pressures 


Subtraction  of  Incoherent  Sources 

When  one  source,  Ii,  is  turned  off,  the  level  will  drop  by  an  amount  that  will  depend  upon 
how  close  the  level  of  the  removed  source  was  to  the  total  from  all  sources.  Solving  Eq.  B.7  for 
two  incoherent  sources  fr""  f.j  gives 


r  io<^T- 1  r  /  1 

T  -  10  log  -  =  Lt  +  10  log  \  I - - - 


This  result  is  graphed  in  Fig.  B.2,  where  it  can  be  seen  that  the  remaining  signal  becomes  lower  as 
the  secured  source  approaches  the  total.  When  the  two  sources  are  equal,  the  difference  level  is 
3  dB  lower  than  their  sum,  in  agreement  with  Fig.  B.  1 . 


Lt-Lj 


10  8  7  6  5  4  3  2.5  2 
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Noltingk-Neppiras  equation  210-220 
Noihlinear  effects  43-44 
Non-uniform  beams  1 15,  130-134 
Novikov  gears  33 1 
Nozzles  223 
Nuclear  submarines  272 

Oil  Unkers  277,  279-280, 283 

Orthotropic  plates  1 76-1 78 

Oscillating  lift  295-298 

Oscillating  motion  of  a  rigid  body  288 

Oscillating  rigid  sphere  289-292 

Oscillating  thrust  coefficient  294 

Out-of-phase  sources  76-78 

Outer  turbulent  region  of  boundary  layer  1 85-1 88 

Pancake  diesels  333, 342 
Partially  baffled  pistons  94-95 
Particle  velocity  31-34 
Passenger  ship  Attrid  275 
Passive  sonar  9-1 1 

Pennsylvania  State  University  254,  268 

Periodic  motions  55-56 

Periodic  structures  1 77-1 78 

Permanent  gases  in  cavitation  bubbles  209-214 

Pipes  97,223,241-242 

Pipe  bends  223,242 

Pipe  cavitttion  241-242 

PMons  89-95 


Piston  in  a  baffle  90-94 
Piston  in  a  non-rigid  baffle  94 
Piston  in  a  non-plannr  baffle  95 
Piston  set  in  a  cylinder  95 
Piston  slap  332-345 
Planar  arrays  93-94 
Plane  sound  waves  31-33,  37-38 
Plane  waves  20-22 
Planetary  gear  systems  33 1 
PUtes  106-108,  158-172 
Plate  flexural  vibrations  158-169 
Plate  flexural  wave  radiation  158-184 
Platform  noise  4 

Point-excited  infinite  plates  169-172 
Poisson’s  ratio  108 
Polar  coordinates  160 
Positive  displacement  blowers  315-316 
Power  level  7 
Prolate  spheroids  98,  298 
PropeUers  203,  253-273,  288,  297-300,  316-318 
Propeller  blade-element  analysis  260-262 
Propeller  blade  tonals  293-299 
PropeUer  cavitation  203,  253-260,  264-265,  269-273 
Propeller  induced  hull  forces  297-298 
Propeller  operation  in  uniform  flows  260-265 
Propeller  singing  316-318 
Propulsive  efficiency  262 
Pseudo  sound  55 

Pulsating  fluid  motions  in  hole  openings  95 
Pulsating  spheres  57-68 
Pulse  jeu  97 

Pumps  242,  288,  299-300,  327 
Pump  cavitation  242 

Quadrupoles  45-55,  195 

Radiation,  of  sound  (see  specific  sources) 

Radiation  below  coincidence  169-171 
Radiation  efficiency  3,  46-47,  50-5 1 , 53-54, 60-6 1 , 
66,92,94,  167,  171,289-291 
Radiation  from  arbitrary  bodies  97-1 00 
Radiation  from  collapsing  bubbles  215-220 
Radiation  from  cylinders  99 
Radiation  from  exhaust  pipes  97 
Radiation  from  finite  plates  173-180 
Radiation  from  fluctuating  forces  45-46, 48-50,  52-53, 
288-299,  304-309 
Radiation  from  fluctuating  volumes  4S46, 49-52,  57-102 
Radiation  from  hulls  98-102, 178-180 
Radiation  from  hull  openings  95-97 
Radiation  from  pipe  ends  95-96 
Radiation  from  plate  flexural  vibrations  158-184 
Radiation  from  rigid  pistons  89-95 
Radiation  from  tank  resonances  96-97 
Radiation  from  two  monopoles  72-81 
Radiation  impedance  59-62 
Radiation  load  factor  167-169,  171 
Radiation  lost  factor  46-47 
Radiation  reactance  45-46,  50,  166,  291 
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Radiation  lesistance  45-46,  50,  92, 177 

Radius  of  gyration  1 13 

Rain  noise  71-72 

Random  forces  142-143 

Raylei^  waves  109 

RayU  32 

Real  quantities  15-16 

Reciprocating  compressors  333 

Reciprocating  machinery  327-328, 332-345 

Reciprocating  unbalances  327-328 

Recognition  differential  10 

Rectangular  cutouts  318-319 

Rectangular  pistons  93 

Rectilinear  vrMices  229-231 

Reduced  frequency  295-297 

Reference  pressures  5-7,361 

Reflection  by  ocean  surfaces  42 

Reflection  of  sound  3942 

Resonance  frequencies  of  gas  bubbles  65 

Resonances  of  non-uniform  beams  130-134 

Resonant  structures  140-143 

Response  of  structures  to  sound  waves  180-181 

Retarded  time  20 

Reverberant  modes  175-178,183 

Reverberant  sound  2,281-282 

Reynolds  number  53,  227-229,  240,  300-303, 307 

Rhombic  drive  333 

Roots  biowets  315-316 

Rotary  positive  displacement  blowers  313, 315-316 

Rotating  blade  experiments  253-260 

Rotating  rods  3 1 1 

Rotational  unbalances  326-327 

Rotor-slot  motor  noise  329 

Rotor-stator  interactions  299 

Rough  walb  189-190 

Roughness  effects  on  cavitation  228-229 

Scabrs  11-12 

Scalar  potentnis  13-14 

Scale  effects  227-229, 237 

Sear’s  function  295-297, 299 

Second  law  of  thermodynamics  1-2 

Seismic  profiling  242-243 

Self-noise  4,184,193-194,196 

Semi-infinite  beams  135-136 

Shaft-rate  modutotion  269,  278-279,  298-299 

Shaft-rate  tonab  298-299 

Shear  modulus  107 

Shear  parameter  1 14,  159 

Shear  waves  107,118 

Ships  152-153,280-285 

Ship-gmerated  ambient  noise  280-285 

Ship  resonances  152-153 

Side  lobes  84-85 

Signal  excesa  10 

Signat-to-noise  ratio  10 

Simply-supported  beams  123-130 

Singing  blades  300, 308, 3 160 18 

Single  bubble  cavitation  nobs  2 1 5-220 


Single  bubble  growth  and  collapse  205-220 

Skewed  propellers  297 

Skin-friction  coefficient  228 

Slender  body  theory  98-99 

Snell’s  bw  38-39,  148,  162,177 

Solid  rectangular  bars  1 19-1 22 

Sonar  background  noise  4 

Sonar  domes  196 

Sonar  equation  9-1 1 

Sonar  self-noise  4,184,193-194,196 

Sonoluminescence  222 

Sound  (see  also  radiation) 

Sound  isolation  by  walb  184 

Sound  pressure  leveb  5-8 

Sound  radiated  by  cavitation  bubbles  21 5-220 

Sound  speed  in  solids  107-109 

Sound  waves  19-44, 107-109 

Sounds  from  gas  bubbles  62-69 

Sounds  from  rotating  rods  3 1 1 

Sounds  from  splashes  68-71 

Sounds  from  surface  impacts  68-69 

Sounds  of  running  water  62-68 

Source  level  7 

Source  stability  9 

Sources  in  motion  55-56 

Space-rate-of-decay  of  vibration  140 

Spatbl  filters  88-89 

Specifle  acoustic  impedance  32-35, 46,  169,  290 

Specific  radtttion  reactance  46 

Specific  radbtion  resistance  46,  169,  290 

Spectral  analysb  9,18 

Spectral  width  9 

Spectrum  level  8 

Spectrum  of  cavitation  noise  220-222 

Speed  of  sound  29, 107-109 

Spheres  pulsating  out  of  phase  292 

Spherical  coordinates  14,33,50-51 

Spherical  sources  50-51 

Spherical  symmetry  14 

Spherical  waves  33-38 

Spheroidal  wave  functions  98 

Splash  noise  68-72 

Spur  gears  33 1 

Standing  waves  33,  35 

Static  tenrik  strength  of  liquids  203-205 

Static  unbabnee  326 

Stirling  engine  333 

Streu  tensor  48-50 

Strouhal  number  300-304,318 

Structural  damping  145-149,  331 

Structural  vibrations  106-153 

Structure-borne  sound  106-151,158-184 

Strut  cavitation  231-233 

Strut  osdlbting  forces  298 

Submarines  253, 266,  270-273 

Submarine  propeller  cavitation  270-273 

Submicroscopic  nuclei  in  liquids  203-205 

Substantbl  24-25 

Supercavitating  hydrofoib  240 
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SupertukeiB  277,279,283 
Surface  cavitation  203 
Surface  image  interference  78-81 
Surface  integrals  IS 

Surface  roughness  on  cavitation  228-229 
Surface  ships  233,272-280 
Surface  tension  204, 208-209,  228 
Surface  waves  109 

Tankeis  277,279-280,283 

Tapered  cantilever  beams  133-134 

Temporal  fluctuations  283-28S 

Tensile  strength  of  liquids  203-20S,  209 

Tensors  11-13 

Tensor  notation  11-12 

Thermal  sources  of  sound  ^$-46 

ThreeHtimensional  body  cavitation  224-229 

Thrust  coefficient  262 

Thrust  loading  factor  263 

Time-rate-of-decay  of  vibration  140 

Timoshenko  beam  equation  1 1 S-1 1 7,  1 25,  130,  I S8-1 59 

Tip-cavitation  parameter  256,  264,  272 

Tip-vortex  cavitation  253,  269 

TNT  charges  243-245 

Tonal  radiation  from  rotating  propellers  56,  269-270, 
293-299, 327 

Tooth  impacts  of  gears  331 

Torpedoes  253,266,287 

Torque  coefficient  262 

Trafflc  noise  280-285 

TraiUng  edge  shape  311-312,316-318 

Transducer  size  effects  192-194 

Transfer  impedance  135 

Transformer  hum  328 

Transient  cavitation  256-257 

Transmission  anomaly  36-37 

Transmission  at  boundaries  3842 

Transmission  loss  5,9-11,35-37,4842,181-184 

Transmission  ratio  181-184 

Transmission  through  a  plane  boundary 

Transmission  through  wall  structures  IbO  *4 

Transport  theorem  25 

Turbines  288,299,316 

Turbulence  noise  45-46, 49-50,  53-55 

Turbulent  boundary  layers  18^196 

Turbulent  pressure  fluctuations  184,  192-196 

Turbulent  stresses  45-46, 49-52,  57-102, 190, 195 

Twoelement  array  (two-pole)  72-83 
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Ultrasonics  applications  202,  222 
Unbaffled  pistons  94-95 
Unbalance  forces  326-328 


Underwater  explosions  242-245 
Uniform  beanw  vibrations  1 1 5-1 30 
Unsteady  airfoil  theory  295-297 

VaKes  223,242 

Valve  cavitation  242 

Van  der  Waab’  equation  of  state  203 

Vapor  cavitation  203 

Vectors  1 1-1 5 

Vector  arithmetic  1 2 

Vector  differentiation  1 2-1 3 

Vector  operations  1 2-1 3 

Vector  operators  13-14 

Velocity  potential  30 

Venturis  223,241 

Vertical  directionality  of  ambient  noise  283 

Vibration  absorbers  1 50 

Vibration  damping  139-142,  145-149,  176, 317 

Vibration  suppressors  ISO 

Viscoelastic  materials  145-149 

Volume  cavitation  203 

Volume  integrals  1 5 

Volume  pulsations  of  gas  bubbles  62-68 

Vortex  cavitation  223,  228-231,  239-240,  253-254 

Vortex  shedding  sounds  299-319 

Vortex  sounds  from  rotating  blades  312-313 

Vortex  streets  301-308 

Vortex  wakes  299-3 1 2 

Wake  cavitation  231 

Wake  diagrams  266-268 

Wake  operation  of  propellers  265-270,  294-299 

Wake  turbulence  54,  223 

Wake  turbulence  cavitation  223 

Wake  vortices  299-312 

Wall  pressure  fluctuations  192-196 

WaU  shear  stress  185-191,228 

WaU-shear-stress  velocity  186 

Water-to-nir  transmission  41-42,182 

Water-to-water  transmisaon  181-182 

Wave  approach  to  resonance  calculation  1 28-132, 1 52-1 53 

Wave  equation  19-31, 47-50 

Wave  motion  19, 106 

Wave  motions  in  solids  106-1 10 

Wave  number  21-22 

Wave  speeds  19-22,107-109 

Wave  vccton  22 

Wave-vector  fBteis  27,  194 

Waves  in  plates  108-109 

Weber  number  228 

Whipping  modes  100-101,106 

Wind-generated  ambient  sea  noise  69-71 

Wing-tip  vortex  cavitation  239-240,  253 

Wing-tip  vortices  239-240 

Young's  modulus  107 


